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Letter to Students 


Why Study Geometry? 


Reason 1: Geometry is useful Engineers, architects, painters, carpenters, 
plumbers, teachers, electricians, machinists, and homebuilders are only a few of 
the people who use geometry in their daily lives. Geometric principles are 
important in the construction of buildings and roads, the design and use of 
machinery and scientific instruments, the operation of airplanes, and the 
planning of new inventions plus many other activities,. 

Henson 2: Geometry is challenging. Many people enjoy the challenge of 
solving riddles and other types of puzzles. The study of geometry offers similar 
intriguing challenges—challenges that arc particularly appealing because they 
involve visible figures as well as words and ideas. 


Here’s a first challenge for you. 

How many squares are in the figure 
shown? [The answer is upside down 
at the bottom of the next page.) 


Reason Geometry is logical. As we become educated, we learn to rely more 
on reason and proof and less on superstition, prejudice, and guesswork. One of 
the main purposes of this book is to help you appreciate the pow T er of logic as a 
tool for understanding the world around you. For this reason, the first six 
chapters focus on the concept of proof. Although proofs may seem difficult to 
you for a few weeks, with reasonable effort on your part the feeling of difficulty 
will soon pass. You will be amazed at your skill in forging a chain of reasoning 
and will appreciate as never before the uses of logic in mathematics and in your 
daily life. 












Reason 4: Geometry gives visual meaning to arithmetic and algebra. Here is a 

problem that does so: 

<■ 

If angle 2 is five limes as large as angle 1, whuf is the size of each of the angles? 

A little thought might lead us to write the equation 

x + 5x = 180 

which we can use to solve the problem, [Where do you think the x, the fix, and 
the number 180 came from?) 

The important ideas of geometry must be developed gradually. Almost 
every day. your geometry homework will include a few problems Involving 
areas, perimeters, and the measures of angles and segments. You will begin to 
learn about the significant concepts of probability, rotation, and reflection in 
Chapter 1, in Chapter 2, you will review and begin to extend what you have 
learned about coordinate graphs in your algebra studies, As you progress, you 
will become more and more familiar with these topics, 

You will find that some of the problems in this book can be solved in your 
head, some require paper and pencil, and some are most easily solved with the 
aid of a scientific calculator. 

The geometry course on which you are about to begin is one that we hope 
you will find fun, exciting, and powerful. We, the authors, wish you well on the 
year’s journey. 
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Introduction to Geometry 




his painting, Open Book by Paul Klee, 
incorporates geometric shapes and relationships 




1.1 


Getting Started 


Objectives 

After studying this section, you will be able to 

■ Recognize points 

■ Recognize lines 

* Recognize line segments x 

■ Recognize rays 

■ Recognize angles 

■ Recognize triangles 



Pan One: Introduction 

Points 

In the diagram at the right, five points are 
represented by five dots. The names of the 
points are A, B, C, D T and E. (We use capital 
letters to name points.) 


* A 


-C 


*0 


.B 

. E 


Lines 

The diagram below represents three lines . Lines are made up of 
points and are straight. The arrows on the ends of the figures show 
that the lines extend infinitely far in both directions. 

All lines are straight and extend infinitely far in both directions. 



■ The line on the left is called line m. 

■ Since we can name a line in terms of any two points on it, the line 
in the middle can be called by a variety of names, 

< 7 —> > <—> <—> 

BD BC CD CB DB DC 

m The line on the right can be called by any of three names. 

line ( EF FE 

In algebra you learned that a number line is formed when a 
numerical value is assigned to each point on a line. 
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A B 

< I I t I I I I I I t I H > 

- 3 - 2-10 1 2 3 

The coordinate of A is - 2, The coordinate of B is l|. 


Line Segments 

The following diagram represents several line segments, or simply 
segments . Like lines, segments are made up of points and are 
straight. A segment, however, has a definite beginning and end. 



A segment is named in terms of its two endpoints 


■ The segment on the left can be called either RS or SR. 

* In the middle figure there are two segments-. The vertical (up-and- 
down) segment can be called either PX or XP. The horizontal 
(crosswise) segment can also be named in two ways. Can you 
name these two ways? 

■ How might we name the segment whose endpoints have coordi¬ 
nates 3 and 0 in the figure on the right? 


Rays 

In the diagram below, three rays are represented. Rays, like lines 
and segments, are made up of points and are straight. A ray differs 
from a line or a segment in that it begins at an endpoint and then 
extends infinitely far in only one direction. 



When we name a ray, we must name the endpoint first so that it is 

clear where the ray begins, 

H The ray on the left is called AB. _ > _^ 

■ The ray in the middle can be called CD or CE. (As long as the 
endpoint is given first, any other point on the ray can be used in 
its name.) 

■ The ray on the right can be named in only one way. Do you know 
what its name is? 
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Angles 

Two rays that have the same endpoint form an angle . 

Definition An angle is made up of two rays with a common 

endpoint This point is called the vertex of the angle. 
The rays are called sides of the angle- 




■ In the diagram above, the angle on the left is called A3. The 3 
placed inside the angle near the vertex names it. 

■ The second angle in the diagram can be called by any of three 
names. 

ABAC A CAB AA 

(Notice that when we use three letters, the vertex must be 
named in the middle.) 

■ The third angle is called AD. 

■ In the Last figure above, there are three angles. Can you tell which 
angle is AO? Because names might refer to more than one angle in 
a diagram, we never name an angle in a way that could result in 
confusion. 

A1 can also be called APOY or AYOP. 

A2 can also be called AYOR, AYOX, AROY, or AXOY. 

The other angle in this figure can be named APOR. See if you 
can find three other names for this angle. 

Triangles 

We shall call the following figure triangle ABC (AABC). 


A 



A triangle has three segments as its sides. You may wonder whether 
we can talk about an AB in the triangle, since there are no arrows 
in the diagram. The answer is yes. We shall often talk about rays, 
lines, and angles in a diagram of a triangle. So a triangle not only 
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has three sides but has three angles as well. Can you name the angle 
at the top of the triangle shown on the preceding page in three 
ways? 

The triangle is the union (U) of three segments. 

AABC = AB U BC U AC 

The intersection (fl) of any two sides is a vertex of the triangle. 
AB Pi BC = B 



a How many lines are shown? (imagine that there are arrows in the 
diagram.) 

h Name these lines, 
c Where do AC and DE intersect? 
i Where does AC intersect BC? (AC D BC = —j 

e What is the union of BA and BD? (BA U BD — — 1 —) 


Answers 


Problem 2 


Answers 

Problem 3 

Solution 


a 2 

^ ^ ^ ^ ^ ^ ^ ^ ^ y ^^ 

b Line m, DB, DE, BD, BE, ER, or ED; 

4—> < — > <— > *—> 4 — * * 

AB, AC, BA, BC, CA, or CB 
c B_ 

d AC (Remember sets? If P and Q are two sets of points, then 
P n Q = {all points in P and in Q}.) 
e Z.ABD (P U Q = {all points in P or in Q or in both},) 


a Name the ray that has endpoint A and goes in the direction of C. 
Sj Name the segment joining A and B. 

a AB or AC 
b AB or BA 

Draw a diagram in which the intersection of AB with CA is AC 
(AB n CA = AC). 

A C B 
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Problem 4 Draw a diagram in which AABC H DE = F. 

Solution A 

8 

There are other correct answers, and a lot of wrong ones. 



Part Three: Problem Sets 


Problem Set A 


In the back of the book, you will find answers to many of the 
problems. It will help you learn to check your answer in the back 
after you solve a problem. Then rethink your work if necessary. 

1 What are three possible names for the A & _ B 

line shown? 


2 What are four possible names for the 
angle shown? 

3 Can the ray shown be called XY? 




5 a AB n BC = l 
6j EC U EA = 1 

c AC n DB = l 
id DC n AB = 1 

e AC n EC = 1 

f BA U BC = 1 

g ecucbube = _L 



6 a Name AOPR in all other possible 
ways: 

ti What is the vertex of ATOS? 
c How many angles have vertex R? 
d Name ^ITSP in all other possible ways, 
e How many triangles are there in the figure? 
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Problem Set A, continued 


1 Figure 1 shows the reflection of the letter 
F over a line. Copy Figure 2 and draw 
the reflections of the letters P, A, and / 
over the given line. 


Figure 1 
A 


F 


=1 


V 


8 a A line is made up of — 1 — 

b An angle is the union of two — 1 — with a common —1 


Figure 2 
A 

P 

A 

J 


9 Draw a number line and label points F s G, H, and J with the 
coordinates — 4|, 2, 5, and 3-5 respectively. One of these points is 
the midpoint (the halfway point) between two others. Which is it? 

10 Given a rectangle with sides 2.5 cm and 3.6 cm 

8.6 cm long, find 

a The rectangle’s area 

h The rectangle’s perimeter (the distance 
around it) 


Problem Set B 

11 a In AHJK, HJ is twice as long as JK and 

exactly as long as HK. If the length of 
HJ is 15, find the perimeter of (the 
distance around) AHJIC 

El If the length of HJ were 4x, the length 
of HK were 3x, the length of JK were 
2x, and the perimeter of AHJKjwere 
63, what would the length of HJ be? 

12 Draw a diagram in which AB n CD = CB. 


H. 



Problem Set C 

13 Draw a diagram in which the intersection of AAEF and ADPC is 
ED. 


14 a What percentage of the triangles in the 
diagram have CT as a side? 

b What percentage have AC as a side? 
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1.2 



Measurement of Segments 
and Angles 


Objectives 

A/ter studying this section, you will be able to 

■ Measure segments 

■ Measure angles 

■ Classify angles by size 

■ Name the parts of a degree 

■ Recognize congruent angles and segments 


Part One: Introduction 

Measuring Segments 

We measure segments by using such instruments as rulers or 
metersticks. We may use any convenient length as a unit of measure. 
Some of the units that are currently in common use are inches, feet, 
yards, millimeters, centimeters, and meters, To indicate the measure 
of AB, we write AB. 


P Q 

< 1 I 4—h+ - M— I —f l > 

-6-5-4-3-2-10 1 2 3 


C D 

On the ruler shown, find the length of AB in inches and the length 
of CD in centimeters. On the number line, find PQ. 

Measuring Angles 

Angles are commonly measured by means of a protractor ■ (The 
diagram at the top of the next page shows how a protractor can be 
used to measure a 117° angle.) We shall measure angles (As) in 
degrees (°). In later courses, you may use other units, such as radi¬ 
ans or grads. 

The measure, or size, of an angle is the amount of turning you 
would do if you were at the vertex, looking along one side, and then 
turned to look along the other side, (A surveyor’s transit works in 
much the same way.) 
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If you turned all the way around (to face your starting direction), 
you would turn 360°. You can use this fact to estimate the size of an 
angle. 


Surveyor's 

Transit 



A 

P 


A 



AP appears to have been turned one fourth of the way around from 
AR, so you might guess that Z_A is approximately a 90° angle. 



Angle 1 required less than a quarter turn, A good guess would be 
that it is a 60° angle. 



Angle BOC required more than a quarter turn, so its size could be 
estimated at 130°. 

Some math courses deal with negative angles, zero angles, and 
angles greater than 180°, In this course, you will usually be working 
with angles greater than 0° and less than or equal to 180°, 

0 < angle measure < 180 
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Classifying Angles by Size 

As shown below, we classify angles into four categories according to 
their measures* 


Acute 

Angles 



Right 

Angles 


> 



v 



Straight 

Angles 

<—-- 



A 


V 


Definitions An acute angle is an angle whose measure is greater 
than 0 and less than 90. 

A right angle is an angle whose measure is 90* 

An obtuse angle is an angle whose measure is 
greater than 90 and less than 180* 

A straight angle is an angle whose measure is 180* 
(As you can see, a straight angle forms a straight 
line.) 


Parts of a Degree 

As you know, each hour of the day is divided into 60 minutes, and 
each minute is divided into 60 seconds. Similarly, each degree Q of 
an angle is divided into 60 minutes ('), and each minute of an angle 
is divided into 60 seconds (")* 

60' = 1° (60 minutes equals 1 degree.) 

60" = 1' (60 seconds equals 1 minute*) 

Thus, 87|° = 87°30' 

60,4° = 60°24' 

90® = 89°60' (since 60' = 1°) 

180° = 179°59'60" (since 60" = 1' and 60' = 1°) 
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Study the following examples closely. 

Example 1 Change 41 1 ° fo degrees and minutes. 

Since there are 60' in 1°, |° is |(60) minutes, or 24'. 
Hence, 41§° = 41°24\ 

Example 2 Given: Z.ABC is a right angle. 

4ABD = 67°21'37" 

Find: zlDBC 

Subtract 67°21'37" from 90° as follows. 

89°59'60" (90° = 89 s 59'60'') 8 

— 67°21'37" 

22°38'23' r 



Example 3 


Change 60°45' to degrees. 

We must change 45' to a fractional part of a degree. Since 60' = 
45 is divided by 60, and the fraction is reduced. 

^ = - So 60°45' = 6o|°. 

fin 4 ^ 


i°, 


Congruent Angles and Segments 

In the diagram below, /.s A, B, and C are congruent. We write 
A.A = Z.B s LC. 



Definition Congruent (=) angles are angles that have the same 
measure. 


In a similar way, segments can be congruent. 


Definition Congruent (s) segments are segments that have the 
same length. 



In the diagram above, segments AB, CD, and EF are congruent. We 
write AB = CD = EF. 

Often, we use identical tick marks to indicate congruent angles 
and segments. In the following diagram, the identical tick marks 
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indicate that there are four pairs of congruent parts. Can you name 
them? 




Part Two: Sample Problems 


Problem 1 


Answers 
Problem 2 


Solution 


CJassi/y each of the angles below as acute, right, or obtuse. Then 
estimate the number of degrees in the angle. 



In the diagram below, ZDEG - 80\ ZDEF - 50°, ZHJM = 120°, and 
LHJK — 90°, Draw a conclusion about ZFEG and ZKJM. 



ZFEG = 30° and ZKJM = 30°, 



Problem 3 


Solution 


Given: ZABC is a right angle. 

LA = (3x -I- 4)°, A 

L 2 = (x + 6)° 

Find: mZl (the measure of LI) B 

Since ZABC is a right A, mZl + mZ2 = 90. 

(3x + 4) + (x + 6) - 90 
4x + 10 = 90 
4x = 80 
X = 20 

Since mZl = 3x + 4, mZl = 3(20) + 4, or 64. 



Problem 4 


LB is acute. 

a What are the restrictions on mZB? 
b What are the restrictions on x? 
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Solution 


a Since A.B is acute, mzlB > 0 and 
mZ.B < 90 (0 < mAB < 90)- 

Is 2x + 14 > 0 and 2x + 14 < 90 

2x > —14 and 2x < 76 

x > —7 and x < 38 

Thus, - 7 < x < 38. 


Problem 5 


Solution 


Find the angle formed by the hands of a dock at each time, 
a 4:00 Si 5:15 


a Since 360° is divided into 12 inter¬ 
vals on a clock, each interval is 30°. 
From 12 to 4 there are 4 intervals, so 
the angle is 4(30°), or 120°. 


12 



is Remember that the hour hand is 
on 5 only when the minute hand 
is on 12. At 5:15 the hour hand is 
one fourth of the way from 5 to 6. 

Since j(30°) = the hands form 
an angle of 60 + or 67^ de- 




Part Three: Problem Sets 

Problem Set A 

1 Change each of the following to degrees and minutes, 
a 61 1 ° b 71.7° 


2 Change each of the following to degrees, 
a 132°30' b 19°45' 


3 Which two of the angles below appear to be congruent? 



4 a QV n TS = l 

b wp n vr = _L_ 

c WP U VR = l 
d SQ U SR - l . 
e How many angles have 
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5 a Evaluate 49°32'55" + 37°27'15", 
b Evaluate 123°15' - 40°26\ 


G There is a right angle at each corner of PRST. (Later 
in the course you will learn that PRST is a rectangle*) 

a If ATPO — 60°, how large is ARPO? 
b If APTQ = 70°, how large is ^STO? 
c If Z.TOF - 50°, how large is 4P0R? 

d Classify ATOS as acute, right, or 
obtuse. 



7 a Which angle appears to have the same 
measure as LXl 

fa Which angle appears larger, A2 or A3? 

€ Does A3 appear to be congruent to A4 
or to A5? 



8 If Z.CBD = Z.DBE, find mAA. 



E 




9 Find the measure of the angle formed by the hands of a clock at 
each time* 

a 3:00 h 4:30 c 7:20 d 1:45 


ID a Find PQ* 

b If R's coordinate is 7, why is PQ ^ QR? 

c What must the coordinate of R be in 
order for Q to be the midpoint of PR? 

111 Given: A CAR is a right angle. 
mzlCAT = 37°66'10" 

Find: mZ_RAT 


Problem Set B 

12 a How many triangles (A) are in the 
diagram? 

fa How many angles (Z_s) in the figure 
appear to be right? 

c How many angles in the figure appear 
to be acute? 

d How many angles in the figure appear 
to be obtuse? 

e Name the straight angles in the figure* 


P Q R 

< 1111 1 1 --> 

- 2-10 1 2 3 
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Problem Set B, continued 


13 The perimeter of (the distance around) 
ABCD is 66, and DC is twice as long as 
CB. How long is AB? 


14 Given: XS = YT, YS = XT, 

XT = 2r + 5, 

XS = 3m + 7, 

YS = 3§r + 2, 

YT = 4.2m + 5 
Solve for r and m, 

15 Given: L\ = 1-2 , 

m^l = x + 14, 
mZ.2 = y — 3 

Solve for y in terms of x* 

IS If /.PDA is a right angle and if /-POC is 
three times as large as Z.COA, find 
mZ_POC, 

17 ZP is acute* 

a What are the restrictions on m^P? 
h What are the restrictions on x? 

18 The hand is at 12 on the clock. 

a If the hand were rotated 90° clockwise, 
at what number would it point? 

b If the hand were rotated 150° clock¬ 
wise and then 30° counterclockwise, at 
what number would it point? 





Problem Set C 


19 /.ABC and ACBD have the same measure. 

If Z.ABC = (y + 2f and Z.CBD = (2x - 29j)°, 

is Z.ABD a straight angle? 



20 Change 15|° to degrees, minutes, and seconds. 
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21 Given: A TRS is a straight angle. 
£TRX is a right angle. 
mz_TRS = 2x + 5y, 
mZ_XRS = 3x + 3y 
Solve for x and y. 


■ X 



22 Maxie and Minnie were taking a stroll in the Arizona desert 
when a spaceship from Mars landed. A Martian walked up to 
them and pointed to Figure 1. “XLr8r, XLr8r, XLrSr plus YBcaws, 
YBcaws,” she said. Pointing to Figure 2, she said, “YBcaws plus 
XLrSr, XLr8r, XLrSr.” What might XLr8r mean? 



23 Change 72°22'30 w to degrees. 


MATHEMATICAL EXCURSION 


Geometry in Nature 

Orange sections and spiraling leaves 


If you cut a cross section of an orange, you 
will see that it is divided into sections that 
together form a 360° angle. The mathematician 
Johannes Kepler (1571-16301 thought that all 
fruits and flowers that grew on trees had five 
sections or petals. You can see that this isn’t 
true, but the sections of an orange do appear to 
be the same size and shape. 

Flower petals, and leaves on stems grow in a 
spiral pattern and form angles of consistent sizes. 

Phyllotaxis is the distribution of leaves 
around the stem of a plant. The measure of the 
angle formed by any two leaves in succession on 
a stem is equal to the measure of the angle 
between any two other leaves in succession. 

The most common angles seem to be 
144° and 135°. A 144° angle is characteristic 


for rose leaves. Sup¬ 
pose you draw a series 
of 144° angles with a 
protractor, using one 
of the sides of the 
last angle you drew 
for each new angle 
and proceeding in a 
clockwise direction. 
You will see that the 
angles eventually di¬ 
vide a circle into five 
equal parts. 

Botanists say that these angles exist be¬ 
cause each bud grows where it will have the 
most room between the bud before it and the 
one that will come after it. 



Section 1.2 
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C OLLINEARITY, BETWEENNESS, 

and Assumptions 


Objectives 

A/ter studying this section, you will be able to 

■ Recognize collinear and noncollinear points 

■ Recognize when a point can be said to be between two others 

■ Recognize that each side of a triangle is shorter than the sum of 
the other two sides 

■ Correctly interpret geometric diagrams 


Part One: Introduction 

Collinearity 

It is often useful to know that a group of points lie on the same line. 


Definition 


Points that lie on the same line are called collinear . 

Points that do not lie on the same line are called 

noncollinear * 

D- 

E . * F 

COLLINEAR POINTS NON COLLINEAR POINTS 



In the diagram at the right, R T S T and T are collinear points. P t O, 
and X are also collinear. M t O, X, and Y are noncollinear. 



Betweenness of Points 

In order for us to say that a point is between two other points, all 
three of the points must be collinear. 

0 

* 


T is between A and R We do not say 0 is between X and Y 
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Triangle Inequality 

For any three points, there are only two possibilities: 

1 They are collinear. (One point is between 
the other two. Two of the distances add 
up to the third.) 

2 They are noncollinear. (The three points 
determine a triangle.) 

Notice that in the triangle, 14 + 11 > 24. 

This is an example of an important charac¬ 
teristic of triangles: The sum of the lengths of 
any two sides of a triangle is always greater 
than the length of the third. 



Assumptions from Diagrams 

You may wonder what you should and should not assume when you 
look at a diagram. The chart below gives the general rules you 
should follow as you work with this book. (There are, however, 
occasional exceptions, as in Section 1.2, problem 19.) 


How to Interpret a Diagram 


You Should Assume 

Straight lines and angles 
Collmearity of points 
Betweenness of points 
Relative positions of points 


You Should Not Assume 

Right angles 
Congruent segments 
Congruent angles 
Relative sizes of segments 
and angles 


The following example will help you understand what assumptions 
can be made. 

Example Given; Diagram as shown 

Question: What should we assume? 


The following are some of the many valid interpretations. 

Do Not Assume 

Z.BAC is a right Z_. 

CD = DE 
/-B = LE 

ACDE is an obtuse angle. 
BC is longer than CE. 


Do Assume 

ACD and BCE are straight lines, 
zLBCE is a straight angle. 

C, D, and E are noncollinear. 

C is between B and E. 

E is to the right of A. 



Reread and study the chart and the example carefully, for it is 
important that you know what to assume from a diagram. 
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Part Two: Sample Problems 

Problem 1 For each diagram, fell whether X is between P and R, (Answer Yes or No,} 


a P X R 



Problem 2 


Solution 


Draw a diagram in which A, B, and C are coliinear, A, D, and E are 
collinear, and B t C, and D are noneoiiinear* 


The diagram at the right shows one of 
the possible solutions. 



Problem 3 


a Should we assume that $, T, and V 
are coJIinear in the diagram? 


b Should we assume that AS = 90°? 

Answers a Yes 
b No 




Part Three: Problem Sets 


Problem Set A 

I Find mZABC (the measure of ZABC). 




D 


2 Draw a diagram showing four points, no three of which are 
collinean 
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E 


C 


3 F 



D 


a Name all points collinear with E and F. 

is Are G, E, and D collinear? Are F and C collinear? 

c Which two segments do the tick marks indicate are congruent? 

d Is ZA = ZD? 

e Is ZF at ZABF? 

f Where do AC and FE intersect? 

g AG n GF - ? 

b AG U GF = ? 

i B lies on a ray whose endpoint is E* Name this ray in all 
possible ways. 

j Name all points between F and D. 


4 G 


E 


H 


F 


a Should we assume that angles E, F, G, and H are right angles? 
Explain your answer. 

b Should we assume that points E, F, and G are noncoll inear? 
Explain your answer. 


5 Draw a number Line and shade all points that are at or between 
-5 and 2. Find the length of this shaded segment. 


6 


1 


ZABC is a right angle. The ratio of the 
measures of ZABD and zlDBC is 3 to 2. 
Find mZ_ABD, (Hint: Let mZ,ABD = 3x 
and mZDBC = 2x.) 


Explain how the sum of two acute angles 
a Acute li Obtuse 



€ Right 


8 a Change 124|° to degrees and minutes* 
h Change 84°50' to degrees. 
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Problem Set A, continued 

9 Z.ABD = (3x)° 

ADBC = x° 

Find: mAABD 



Problem Set B 

10 A, K, O, and Y are collinear points. K i s between O and A, the 
length of AO added to the length of AY is equal to the length of 
OY (OA + AY = OY), and A is to the right of O, Draw a diagram 
that correctly represents this information. 

11 Draw a diagram in which F is between A and E, F is also 
between R and S, and A, E, R, and S are noncollinear. 

12 If AB = 16, BC = 8, and AC = 24, which point is between the 
other two? 

13 a AC must be smaller than what B 

number? 6 /\ 9 

b AC must be larger than what number? / 

A Z -^ C 

14 Q is between P and R on a number line. P = — 8, and R = 4. 
a What do we know about the coordinate of Q? 

h What do we know about the length PQ + QR? 


Problem Set C 

15 Given: mZJ = 2x + 40, 
m/12 = 2y + 40, 
mA3 = x + 2 v 

Find: m^l, mZ2, and mZ_3 


15 When Brock Clock was asked what time it was, he said, “Well, 
the minute hand is pointing directly at one of the twelve num¬ 
bers on the clock, the hour hand is pointing toward a spot whose 
nearest number is at least five greater than the number the 
minute hand is pointing toward, the angle formed by the hands 
is acute, the sun is shining in the east, and it is not five minutes 
past the hour.” Wow! What time was it? 

17 To the nearest second, what is the first time after 12:00 that the 
hour hand and the minute hand of a clock are together? 
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1.4 


Beginning Proofs 


Objective 

A/ter studying this section, you will be able to 
■ Write simple two-column proofs 



Part One: Introduction 

Much of the enjoyment and challenge of geometry is found in 
“proving things.” In this section, we shall give examples of two- 
column proofs. The two-column proof is the major type of proof you 
will use as you study this book. 

We shall also introduce our first theorems. 


Definition A theorem is a mathematical statement that can be 
proved. 

This section also illustrates a procedure that we shall use nu¬ 
merous times in this textbook: 


Theorem Procedure 


1 We present a theorem or theorems. 

2 We prove the theorem(s). 

Note Although all theorems presented can be proved, we 
shall omit the proofs of certain theorems. 

3 We use the theorems to help prove sample problems. 

4 You are then given the challenge of using the theorems to 
prove homework problems. Theorems will save you much 
time if you learn them and then use them. 


We now present our first two theorems. 
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Theorem 1 


If two angles are right angles, then they are 
congruent 


24 


Given: AA is a right A. A 
zlB is a right Z.. 

Prove: ZlA s Z.B 


A - > 


A 


B 




Proof: 

Statements Reasons 


1 Z.A is a right angle. 

1 Given 

2 mZ.A = 90 

2 If an angle is a right angle, then its 


measure is 90. 

3 Z.B is a right angle. 

3 Given 

4 mZB = 90 

4 Same as 2 

5 LK = Z.B 

5 If two angles have the same measure, 


then they are congruent. (See steps 2 


and 4.) 


Theorem 2 If two angles are straight angles, then they are 
congruent 


Given: Z.ABC is a straight angle. 
Z.DEF is a straight angle. 

Prove: Z.ABC a Z.DEF 
Proof: 

Statements _ 

1 /.ABC is a straight angle. 

2 mAABC = 180 

3 ADEF is a straight angle. 

4 mZ_DEF = 180 

5 ZABC a Z.DEF 


D E F 

Reasons 

1 Given 

2 If an angle is a straight angle, 
then its measure is 180. 

3 Given 

4 Same as 2 

5 If two angles have the same 
measure, then they are 
congruent. (See steps 2 and 4.) 


Now that we have presented and proved two theorems, we are 
ready to use them to help prove some sample problems. 

We will use the theorems themselves as reasons in our proofs. 
You should also use the theorems as reasons in your homework 
problems. 

Remember, the purpose of a theorem is to shorten your work. 
Therefore, when doing homework problems, do not use the proofs of 
theorems as a guide. Use the sample problems as a guide, 
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Part Two: Sample Problems 


Problem 1 


Proof 


Problem 2 


Proof 


Problem 3 


Proof 


Given; Z_A is a right angle. 
LG is a right angle. 

Conclusion; LA = LC 



Statements 

Reasons 

1 A A is a right angle. 

1 Given 

2 AC is a right angle. 

2 Given 

3 AA s AC 

3 If two angles are right angles, then 


they are congruent. 


You probably recognize that reason 3 is Theorem 1. Although it may 
seem easier merely to write “Theorem 1," do not do sol Eventually, 
such a shortcut would make it harder for you to learn the concepts 
of geometry. 


Given; Diagram as shown 
Conclusion; ZEFG = Z.HFJ 


Statements 



Reasons 


1 Diagram as shown 

2 ZEFG is a straight angle. 

3 ZHFJ is a straight angle. 

4 Z.EFG = ZLHFJ 


Given; aRST = 50°. 

^TSV = 40°; 

LX is a right angle. 

Prove; LRSV = LX 


1 Given 

2 Assumed from diagram 

3 Assumed from diagram 

4 If two angles are straight angles, 
then they are congruent 


A 



Statements 


Reasons 


1 ZRST = 50° 

1 Given 

2 Z.TSV = 40° 

2 Given 

3 Z.RSV = 90° 

3 Addition (50° + 40° = 90°) 

4 Z.RSV is a right angle. 

4 If an angle is a 90° angle, it is a right 


angle. 

5 AX is a right angle. 

5 Given 

6 ARSV = AX 

6 If two angles are right angles, then 


they are congruent. 
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Part Three: Problem Sets 


Problem Set A 

In problems 1 and 2, copy the figure and the incomplete proof. 
Then complete the proof by filling in the missing reasons. 

1 Given: Z1 is a right Z, pj ^ 

Z2 is a right Z. 

Prove: Z 1 = Z2 


Statements 


Reasons 


1 

2 

3 


Z1 is a right angle. 
Z2 is a right angle. 
Zl = Z2 


1 

2 

3 


2 Given: Diagram as shown 
Prove: ZAGD = ZEGB 


Statements 



1 

2 

3 

4 


Diagram as shown 
ZAGD is a straight angle. 
ZEGB is a straight angle. 
ZAGD = ZEGB 


1 

2 

3 

4 


In problems 3-7, use the two-column form of proof. 


3 Given: ZA is a right angle. 

ZB is a right angle. 

Prove: ZA = ZB 


A 

B 



D 


4 Given: ZCDE = 110°, 

ZFGH = 110° 

Conclusion: ZCDE = ZFGH 



5 Given: JK = 2.5 cm, NO = 2.5 cm 
Conclusion: JK = NO 



N 



0 Given: Diagram as shown 
Prove: ZAPR = ZSPB 
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7 Given: Zl = 20°, 

Z2 = 40°, 

Z3 = 30° 

Prove: LX YZ is a right angle 


8 Draw the figure ABCDEF. B 

a Draw its reflection over AF. 

<—> 

b Draw its reflection over AB. 

c Draw a 90° clockwise rotation of the 

figure about B. A 



E 

F 


9 Find the angle formed hv the hands of a clock at 11:40. 

10 The square has a perimeter of 42. 
a Solve for x. 

h If the perimeter were greater than 42, what 
would we know about the value of x? 


Problem Set B 

11 Given: ZABD = 10°, 

A ABC = 100°, 
ZEFY = 70°20', 
ZXFY = 19°40' 

Prove: ZDBC s ZXFE 



12 Point P has a coordinate of 7 on a number line. If you “slide” P 
35 units in the negative direction, what are the coordinates of the 
resulting point P'? 

13 a Draw a number line, labeling points A — f— 1) and B = (5). 

Then label point A', the reflection of A over B. 

b Does AB - BA'? 
c What do we know about point B? 


Problem Set C 


14 The measure of an obtuse angle is 5y + 45. What are the restric¬ 
tions on y? 


15 Given: LI = (x + 7)°, 

L2 = (2x - 3)°, 
Z.ABC = (x 2 ) 0 , 
ZD = (5x - 4)° 

Show that ZABC = ZD. 


B 
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1.5 



Division of Segments and 
Angles 


Objectives 

After studying this section, you will be able to 

■ Identify midpoints and bisectors of segments 

■ Identify trisection points and trisectors of segments 

■ Identify angle bisectors 
0 Identify angle trisectors 


Part One: Introduction 

Midpoints and Bisectors of Segments 

We shall often work with segments that are divided in half, 


Definition A point (or segment, ray, or line) that divides a seg¬ 
ment into two congruent segments bisects the seg¬ 
ment. The bisection point is called the midpoint of 
the segment. 


X 


■> 


X is not a midpoint 


Y 

< -- - T- > 

Y is not a midpoint 


Only segments have midpoints. It does not make sense to say 
that a ray or a line has a midpoint. Do you understand why? 

How many midpoints does PQ have? • - . 

_ P Q 

How many bisectors could PQ have? 


Study the following examples. 


Example 1 


Example 2 


If XY bisects AC at B, what conclusions can we draw? 

Conclusions: ■ 

B is the midpoint of AC. ^ 

■AB at BC 



1/ D is the midpoint o/ FE, what conclusions can we draw? 
Conclusions: 

FD = DE __ ' __ 

Point D bisects FE. F 

DG bisects FE. 



D 


C 


E 
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Example 3 I/OKs KP, what conclusions can we draw? O * 
Conclusions: 

K is the midpoint of OP. J __— 

JM is a bisector of OP. 

Point K bisects OP, 

Trisection Points and Trisecting a Segment 

A segment divided into three congruent parts is said to be trisected. 



Definition Two points (or segments, rays, or lines) that divide a 
segment into three congruent segments trisect the 
segment. The two points at which the segment is 
divided are called the trisection points of the 
segment. 


Again, only segments have trisection points; rays and lines do 
not have trisection points. 


Example 1 1/ AR = RS = SC, what conclusions 

can we draw? 

Conclusions: 

R and S are trisection points of AC. 
AC is trisected by R and S. 

Example 2 1/ E and F are trisection points of DG, 

what conclusions can we draw? 

Conclusions: 

DE = EFj= FG 

HE and HF are trisectors of DG. 



H 



Angle Bisectors 

An angle, like a segment, can be bisected. 


Definition A ray that divides an angle into two congruent angles 
bisects the angle, The dividing ray is called the 
bisector of the angle. 


If Z.ABD as ZDBC, then BD 
(not DB) is the bisector of 


ZABC, 



If Z.NOP = ZPOR andOQ 
bisects Z.POR, then OP (not 

PO) is the bisector of 
ZNOR, and Z1 s Z2. 
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Angle Trisectors 

Two rays can divide an angle into three equal parts. 


Definition Two rays that divide an angle into three congruent 
angles trisect the angle. The two dividing rays are 
called trisectors of the angle. 


If AABC = Z.CBD = ZDBE, 
then BC and BD trisect 



If SV and SX are trisectors 
of ZTSY, then ZTSV = 




Part Two: Sample Problems 

Problem 1 The tick marks indicate that 

RS ^ ST. Is S the midpoint of RT? 

Answer No, the points are not collinear. 



Problem 2 

Answer 

Problem 3 
Answer 


If BD bisects ZABC, does DB bisect 
ZADC? 

No. We need more information. 


A 


D 



B 


C 


If B and C trisect AD t do EB and EC 
trisect ZAED? 

No! It is true that AB = BC = CD, 
but the fact that the segment has 
been trisected does not mean that 
the angle has been trisected. 


E 



A 

B 

C 

D 


Problem 4 Given: PS bisects ZRPO. 

Prove: ARPS = AOPS 



Proof Statements _ Reasons _ 

1 PS bisects ARPO. 1 Given 

2 ARPS = AOPS 2 If a ray bisects an angle, it divides the 

angle into two congruent angles. 


/ 
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Problem 5 


Proof 


Given: CM bisects AB (In Chapter 3 we shall 
call CM a median of the triangle.) 
Conclusion: AM = MB 


Statements Reasons 



1 CM bisects AB. 1 Given 

2 AM as MB 2 If a line bisects a segment, it divides the 

segment into two congruent segments. 


Problem 6 

Given: DH = HF 

G F 


Prove: H is the midpoint of DF, / 

Proof 

Statements 

Reasons 


1 DH = HF 

2 H is the midpoint of DF. 

1 Given 

2 If a point divides a segment into 
two congruent segments, it is the 
midpoint of the segment. 


Problem 7 EH is divided by F and G in the ratio 5:3:2 from left to right. If 
EH = 30, find FG and name the midpoint of EH. 


E F G H 


Solution According to the ratio, we can let EF — 5x, FG = 3x, and GH - 2x. 

First we draw a diagram and place the algebra on it as part of the 
solution. 

_5x _ 3x 2x 

E F G H 

5x + 3x + 2x = 30 
lOx = 30 
x = 3 

Thus, FG = 3(3), or 9. Since EF = 15 and FH - 15, F is the midpoint 
of EH. 

Problem 8 Given: KO bisects Z.JKM. 

AfKM = 41°37' 

Find: mZ.OKM 

Solution |(41°37') = 20|°18|' 

= 20°48j' (since | e = 30') 

= 20°48'30" (since \ = 30") 
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Part Three: Problem Sets 

Problem Set A 

1 Name the congruent segments, 
a O is the midpoint of CD, 



2 Name the congruent angles, 
a RO bisects zLNRP. 



b SW bisects XV. 


X W 



b XT and XV S 
trisect Z.SXW, 


V 

W 


3 


Name the angle bisector. 

a j 



b mZPOK = mZMOK 



4 Find ZXTZ if TZ bisects ZXTY and XXTY equals 
a 60° 
b 48°50' 

c 36~° 
ill 85°74' 



5 B and C trisect AD. ABC 

a Find the coordinates of B and C. -5 

b Find AC, 


6 Given; OM = x + 8, 

MP = 2x - 6, 

OP = 44 

Is M the midpoint of OP? 

7 Given: mZFGJ = 3x - 5, 

mXJGH = x + 27; 
GJ bisects Z.FGH. 
Find: mZ.FGJ 


0 M P 
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8 B and C are trisection points of AD, and 
XD = 12. 
a Find AB. 
b Find AC. 

c If AB = x + 3, solve for x. 
d If AB = x + 3 and AE = 3x + 6, 
find AE. 

e What segment is C the midpoint of? 
f Do EB and EC trisect ZAED? 


E 



9 Given: ^ABC - 90°, 

L\ = (2x + 10)°, 

/L2 = (x + 20)°, 

Z.3 = (3x)° 

Has /.ABC been trisected? 



In problems 10 and 11, reason 2 in each proof is stated incorrectly. 
Supply the correct final reason for each problem. 

10 Given: ZlDEG as Z.FEG 
Prove: EG bisects Z.DEF, 


Statements 

Reasons 

1 ZDEG = Z.FEG 

1 Given 

2 EG bisects zlDEF. 

2 If a ray divides an angle into two 
angles, the ray bisects the angle. 
(What is the correct reason?) 



11 Given: KJ as HJ 

Prove: J is the midpoint of HK. 


Statements 


Reasons 



M 


1 KJ as HJ _ 1 

2 J is the midpoint of HK. 2 


Given 

If a point is the midpoint of a 
segment, it divides the segment 
into two congruent segments. 
(What is the correct reason?) 


In problems 12-17, write a proof in two-column form. 

12 Given: WS bisects Z.RWP. 

Prove: ARWS as ziPWS 



Section 1.5 Division of Segments and Angles 



















Problem Set A, continued 


13 Given; XY = YZ 

Prove: Y is the midpoint of XZ. 



14 Given: ZAEB = Z.BEC = Z.CED 
Conclusion: EB and EC trisect Z.AED. 


E 



IS Given: IA = L2 

Conclusion: HK bisects Z.FHJ. 


16 Given: ZTXW is a right angle. 

Z.TYV is a right angle. 

Prove: Z.TXW s zTYV 



17 Given: B is the midpoint of AC. 
Prove; AB = BC 


A 

B 

C 



D 


Problem Set B 

18 OG and OH divide straight angle FOJ 
into three angles whose measures are in 
the ratio 4:3:2. Find mAFOG. 



19 Given: TP b isects VS and MR, 

VM bs SR, 

MP = 9, VT = 6, 
perimeter of MRSV - 62 
Find: VM 

20 PR and PS trisect ZQPT. 

a If mZRPS = 23°50', 
find m/lQPT. 

b If mZQPT = 120°48'30", 
find mZQPS. 
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21 a Find the value of x. 
b Is Q the midpoint of PR? 


P 


Q 


R 


Problem Set C 

22 Given; OP and OR trisect Z.NOS. 
mZ_NOP = 3x - 4 y, 
mZIPOR = x - y, 
mZ.ROS = y - 10 

Find: mZ.ROS 


I — x 2 + 3— |— 4 + 2x —[ 



23 Z.BAC = 120°, and points D, E, and F are 
in the interior of Z.BAC as shown. AD 
bisects Z.BAF, AE bisects iCAF. Find 
mz.DAE, 



24 The measures of two angles are in the ratio 5:3. The measure of 
the larger angle is 30 greater than half the difference of the 
angles, Find the measure of each angle, 



The Science of Deduction 

WendeJJ Griffen objects 


political science 
a * University 

■ of Arkansas. 

JUhH m K. After ^ree 

jSaS Ik tA years in the 

yHS |jp§ I, avmy he 

entered 
the University 

of Arkansas Law 
School, receiving a law 
\ degree in 1979. Now a partner 

in the general litigation depart 
ment of a Little Rock law firm, Griffen spends 
most of his time defending employees in work¬ 
ers’ compensation cases, in his rare free mo¬ 
ments he enjoys reading. Asked to name his 
favorite fictional character, he answers without 
hesitating, ‘ Sherlock Holmes, naturally!*’ 


Deductive reasoning, the cornerstone of 
mathematical proof, is responsible for a 
huge proportion of the scientific and techno¬ 
logical achievements of the past three hun¬ 
dred years, but it Is equally important in a wide 
variety of nonmathematical endeavors. Trial 
lawyer Wendell Griffen believes that the ability 
to use deductive reasoning is one of the most 
useful tools a trial lawyer can possess. Why? 
“Because a trial is an exercise in reason/' 
he explains. Each side in a dispute has dif¬ 
ferent pieces of the puzzle. “When we look 
at the evidence we find riddles, and riddles 
within those riddles/' he says. “Who is at fault? 
Which witness is more credible? A trial lawyer’s 
Job is to construct a model of events so that the 
judge and jury can reason their way through to 
a logical conclusion/’ 

Griffen attended high school in his hometown 
of Delight, Arkansas, and earned a degree in 
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1.6 


Paragraph Proofs 


Objective 

After studying this section, you will be cibJe to 
■ Write paragraph proofs 

■ Part One: Introduction 

Although most of the proofs you will encounter this year will be in 
two-column form, you also need to be familiar with paragraph 
proofs. They are important because the proofs in journals, more- 
advanced mathematics courses, and other areas of study are usually 
in paragraph form. 

The sample problems that follow demonstrate how to write para¬ 
graph proofs, as well as how to show that a particular conclusion 
cannot be proved true or can be proved false. 



Part Two: Sample Problems 

Problem 1 Given: AO = 67 1°, 

AP = 67°30' 

Prove: AO = AP 

0 



■> 



Proof Since there are 60 minutes in 1 degree, 67*30' equals 67|°. 

Since AO and AP have the same measure, they are congruent. 


Problem 2 


Proof 


Given: Diagram shown 
Prove: ADBC = AE 

(2x) 

^ i 

According to the diagram, A ABC is a straight angle. Therefore, 

2x + x = 180 
3x = 180 
x = 60 

Since ADBC = 60° and AE = 60°, the angles are congruent. 
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Problem 3 


Proof 


Given: Z1 is acute. 

Z2 is acute. 

Conclusion: Z1 = Z2 


This conclusion cannot be proved. For example, if mZl = 20 and 
mZ2 = 30, they are both acute but Z1 is not congruent to Z2. (An 
example, like this, of a case in which a conclusion is false is called a 
counterexample) 



Problem 4 Given: ZD = 90°; 

ZE is obtuse. 

Prove: ZD = ZE 


A 


D --- > 



Proof This conclusion can be proved to be false. Since ZE is obtuse, its 

measure is greater than 90, Since ZD and ZE have different mea¬ 
sures, they are not congruent (ZD ^ ZE), 



Part Three: Problem Sets 


Problem Set A 

In problems 1-6, write paragraph proofs. 


1 Given: = 119§ s , 

LS = 119*40' 
Conclusion: ZV = ZS 



2 Given: Diagram shown 
Prove: ZFEH - ZJKM 



M 


> 


2 Given: Diagram shown, ZOPT - 90° 

Prove: The measure of ZVAY is twice that 
of ZRPT. 




4 Given: AB = x + 4, 
BC - 2x, 

AC = 16 

Conclusion: AB = BC 
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Problem Set A, continued 


5 Given: AD is obtuse. 

Z.C is greater than 90° (AC > 90°). 

Conclusion: AD = AC 


6 Given: A1 is obtuse. 
A 2 is acute, 

Prove: A1 = A2 



Problem Set B 

In problems 7-9, write paragraph proofs. 

7 Prove that if A1 = Z.2, they are both 
right angles. 


8 Prove the following statement; “If an obtuse angle is bisected, 
each of the two resulting angles is acute.” 


9 Given: CE bisects ABCD. 

AA is a right angle. 
mABCE - 45 

Prove: AA = ABCD 


A 


A 


<r* 

B 





C 

D 


C 



Problem Set C 

In problems 10 and 11, write paragraph proofs. 

10 Given; Diagram shown; 

AC bisects ZBAD, 

AE bisects ZDAF. 

Prove: ZCAE is a right angle. 


Prove: a m^l = mZj + mZH 
b mZ_l > mzl] 




Problem Set D 

12 Given: mzlA + mZABC + mZACB = 180, 
mZD 4- mZDBC + mZDCB = 180; 

BD bisects ZABC. CD bisects ZACB. 
Prove: mZD - 90 A |(mZA) 

(Write a paragraph proof.) B 
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1.7 


Deductive Structure 


Objectives 

After studying this section, you will be able to 
m Recognize that geometry is based on a deductive structure 
* Identify undefined terms, postulates, and definitions 
■ Understand the characteristics of theorems and the ways in which 
they can be used in proofs 


■ Part One: Introduction 

The Structure of Geometry 

You have just spent a few days writing two-column proofs and 
paragraph proofs. Since you have learned how to prove a few state¬ 
ments, you may be interested in knowing something about the 
theory of proofs. 

Geometry is based on a deductive structure —a system of 
! thought in which conclusions are justified by means of previously 
assumed or proved statements. Every deductive structure contains 
the following four elements. 

■ Undefined terms 
■ Assumptions known as postulates 
■ Definitions 

■ Theorems and other conclusions 

Undefined Terms, Postulates, and Definitions 

Undefined terms, postulates, and definitions form the foundation on 
which the rest of a deductive structure is based. Examples of the 
undefined terms you have already encountered are point and line. 
Although we have not defined these terms, we have described points 
and lines, so that everyone should have a fairly clear idea of what 
they are. 

As yet, we have not formally presented any postulates. We have, 
however, used some algebraic postulates in solving problems. 


Definition A postulate is an unproved assumption. 


The postulates presented in this book will be preceded by the 
heading Postulate . 
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You have already seen a number of definitions, such as the 
definitions of acute angle, right angle, obtuse angle, and straight 
angle. 


Definition A de/inifiojn states the meaning of a term or idea. 

In this book, important definitions are identified by the heading 
Definition. 

One very important characteristic of definitions is that they are 
reversible. For example, the definition of midpoint (of a segment) can 
be expressed in either of two ways: 

1 If a point is the midpoint of a segment, then the point divides the 
segment into two congruent segments. 

2 If a point divides a segment into two congruent segments, then the 
point is the midpoint of the segment. 

In some problems, form 1 of the definition of midpoint must be 
used. In other problems the definition must be reversed, as in form 2 
above. 

Notice that this definition is stated in the form 

“If p, then q" 

where p and q are declarative statements. Such a sentence is called 
a conditional statement or an implication , The “if’ part of the 
sentence is called the hypothesis* The “then" part of the sentence is 
called the conclusion . “If p, then q” can be symbolized p => q (also 
read “p implies q"). 

The converse of p ==> q is q => p. To write the converse of a 
conditional (“If. . . , then . . . ”) statement, you reverse parts p and 
q, The converse of “If p, then q” is “If q, then p,” so forms 1 and 2 
of the definition of midpoint are converses of each other. 

Theorems 

As you have seen, a theorem is a mathematical statement that can be 
proved. Almost ail the theorems presented in this book will be 
numbered for ease of reference. Each theorem will be preceded by a 
heading such as the following: 

Theorem 78 

You will prove some theorems and other relationships as home¬ 
work problems. As you work, remember that you must prove conclu¬ 
sions by using conclusions previously assumed or proved. Thus, you 
cannot use Theorem 1 in order to prove Theorem 1. 

Theorems and postulates are not always reversible. For example, 
“If two angles are right angles, then they are congruent" is true. The 
converse statement, “If two angles are congruent, then they are right 
angles," is false. 
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Remember, 

* Definitions are always reversible 

■ Theorems and postulates are not always reversible 

If you are to be successful in writing proofs, you must memorize 
postulates, definitions, and theorems. There is no easier way, 

A complete mastery of the deductive structure of geometry is not 
possible in a short time. However, we do wish to point out the most 
common error that students make—using the converse of a state¬ 
ment at the wrong time. 

It is important to pay attention to the direction of the flow of 
logic in order to avoid this error. The theorem “If two angles are 
right angles, then they are congruent” means that whenever we 
encounter right angles, we can conclude that they are congruent. 
There is a flow from right angles to congruent. 


input (fact) 


Conditional (theorem) \ 

Output (conclusion) 


Z1 is a rt Z, 


Z2 is a rt. Z . 




if 2 Zsare 
rt. Zs, then 
they are congruent. 


Z1 = Z2 


In this case, the flow works in only one direction—the converse of 
the statement, “If two angles are congruent, then they are right 
angles” is not true. Remember, only definitions are always reversible. 
Theorems and postulates are not always reversible. 

The major purpose of this section and the next is to acquaint 
you with some terminology. As you study Chapter 2 and Chapter 3, 
you will grow to appreciate and understand these sections even 
more. The homework problems in these sections are rather different 
from those you have been solving, and we think you will enjoy 
them. 



Part Two: Sample Problem 

Problem State the converse of each of the following statements and tell whether 

the converse is true or false. 

a If an angle contains 90 degrees, it is a right angle, 
b If Mary received a B on her history test, then she passed the test. 


Answers 


a If an angle is a right angle, it contains 90 degrees. (True) 
h If Mary passed her history test, she received a B on the test. (False) 
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Part Three: Problem Sets 

Problem Set A 

1 What four elements are found in any deductive structure? 

2 Which of the following kinds of statements are always reversible? 

a Definitions I) Theorems c Postulates 

3 Answer each question Yes or No. 

a Do we prove theorems? b Do we prove definitions? 

4 Tell whether each of the following statements is a theorem or a 
definition. 

a If two angles are right b If a ray bisects an angle, it 
angles, then they are divides the angle into two 

congruent. congruent angles. 

5 a Write the converse of each of the following statements. 

i If A, then B, 

ii Rain => wet 

iii If an angle is a 45° angle, then it is acute. 

iv If a point is the midpoint of a segment, it divides the 
segment into two congruent segments. 

b Discuss the truth of each of the converses in part a. 

In problems 6 and 7, comment on the reasoning used. 

6 The school colors are orange and black, so I’ll wear my orange 
skirt to the game and everyone will notice me. 

7 I’ve flipped this silver dollar five times and the toss has come up 
heads each time. Thus, the odds are greater than 50-50 that the 
toss will come up tails next time. 


Problem Set B 

In problems 8-12, study each of the arguments and state whether 
or not the conclusion is deducible, If it is not, comment on the error 
in the reasoning. 

8 If a student at Niles High has room 303 as his or her homeroom, 
the student is a freshman, Joe Jacobs is a student at Niles High 
and has room 303 as his homeroom. Therefore, Joe Jacobs is a 
freshman. 

9 If the three angles of a triangle are acute, then the triangle is 
acute. In triangle ABC, angle A and angle B are acute. Therefore, 
triangle ABC is acute. 

10 All school buses stop at railroad crossings, A vehicle stopped at 
the Santa Fe railroad crossing. Therefore, that vehicle is a school 
bus. 
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11 All cloudy days are depressing. Therefore, since I was depressed 
on Thursday, Thursday was cloudy. 

12 If two angles of a triangle are congruent, then the sides opposite 
them are congruent. In AABC, AA = AB. Therefore, in AABC, 
BC a AC. 


Problem Set C 

13 Study the following five statements, 

1 Spoof is the set of all purrs, 

2 Spoof contains at least two distinct purrs, 

3 Every lilt is a set of purrs and contains at least two distinct 
purrs, 

4 If A and B are any two distinct purrs, there is one and only 
one lilt that contains them. 

5 No lilt contains all the purrs, 

a Show that each of the following statements is true, 
i There is at least one lilt, 
it There are at least three purrs, 
iii There are at least three lilts, 

b If the lilt "girt” contains the purr "pil” and the purr "til” and 
if the lilt “mirt” contains the purr "pil” and the purr "til” 
then the lilt "girt” is the same as the lilt "mirt” except in one 
case. What is this case? 

14 The Bronx Zoo has a green lizard, a red crocodile, and a purple 
monkey. They are the only animals of their kind in existence. 
One violently windy Saturday, their name tags blew off, and 
their keeper's journal was tom to shreds. Inasmuch as they were 
to appear on television at 7:30 Sunday morning, the night watch¬ 
man had to replace their name tags. He managed to piece to¬ 
gether the following information from the mangled journal. 

1 Wendy cannot get along with the lizard, 

2 Katie playfully took a bite out of the monkey's ear one 
month ago. 

3 Wendy never casts a red reflection in the mirror. 

4 Jody has the personality of a crocodile, but she isn't one. 

Match the animals with their names. 
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Objective 

After studying this section, you will be able to 
* Recognize conditional statements 

■ Recognize the negation of a statement 

■ Recognize the converse, the inverse, and the contrapositive of a 
statement 

■ Use the chain rule to draw conclusions 


Part One: Introduction 

Review of Conditional Statements 

In this section, we will review and extend the discussion of condi¬ 
tional statements in Section 1.7. Recall that a conditional statement 
is a sentence that is in the form "If , . then ...” Many declarative 
sentences can be rewritten in conditional form. 

Declarative Sentence: Conditional Form; 

■ Two straight angles are * If two angles are straight angles, 
congruent. then they are congruent. 

Remember that 

■ The clause following the word if is called the hypothesis 

■ The clause following the word then is called the conclusion 

■ The conditional statement "If p, then q” can be written in symbols 
as p => q 

Negation 

The negation of any statement p is the statement “not p.” (Thus, the 
negation of “It is raining” is “It is not raining.”) The symbol for "not 
p” is ~p. Notice also that the negation of "It is not raining” is “It is 
raining”—in general, not (not p) = p, or ~~p = p. 

Converse, Inverse, and Contrapositive 

Every conditional statement “If p, then q” has three other statements 
associated with it. (You have already been introduced to the first of 
these—the converse). 

1 A converse (If q, then p.) 

2 An inverse (If —p, then ~q.) 

3 A contrapositive (If ~q, then ~p.) 
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Example Find the converse, the inverse, and the contrapositive of the statement 

“1/ yon Jive in AtJanta, then you live in Georgia/ 1 

The statement is in the form “If p, then q," with p being “You live 
in Atlanta" and q being “You live in Georgia/' 

Converse: “If you live in Georgia, then you live in Atlanta/' 

(If q s then p.) 

Inverse: “If you don’t live in Atlanta, then you don't live in Georgia/’ 
(If —p, then ~q.) 

Contrapositive: “If you don't live in Georgia, then you don’t live in 
Atlanta/ 1 (If -q, then ~p.) 

You may have noticed that some of the statements in the preceding 
example are not necessarily true, although the original statement is 
true. A useful tool for determining whether or not a conditional 
statement is true or false is a Venn diagram. Assume that the 
following statement is true: “If Jenny lives in Atlanta, then Jenny 
must live in Georgia." 

All the people who live in Georgia are 
represented by points on the large circle and 
in its interior (G). 

All the people who live in Atlanta are 
represented by points on the small circle 
and in its interior (A). 

Notice that every person in set A, in¬ 
cluding Jenny (J), is also in set G. 

The Venn diagram for this conditional statement may be used to 
test whether its converse, inverse, and contrapositive are true or 
false. 

Converse: “If Jenny lives in Georgia, then she must live in Atlanta." 

This statement is not necessarily true, as 
shown by the diagram. Notice that point J 
may lie in G but not in A. This means that 
Jenny could live in Georgia and yet not live 
in Atlanta. 

In general, the converse of a conditional statement is not neces¬ 
sarily true. Try a similar argument with the same Venn diagram to 
convince yourself that the inverse of a conditional statement is also 
not necessarily true. 

Contrapositive: “If Jenny does not live in Georgia, then she does not 
live in Atlanta." 

This time point J lies outside of G, so it 
cannot lie in A. Any point that is not in G is 
also not in A, Therefore, the contrapositive 
is true. 
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This analysis suggests the following important theorem: 


Theorem 3 If a conditional statement is true, then the contra¬ 
positive of the statement is also true. 

(If p, then q O If~q, then ~p.) 


In other words, a statement and its contrapositive are logically 
equivalent. 

Chains of Reasoning 

Each proof that you do involves a series of steps in a logical se¬ 
quence. In many cases, the sequence will take the following form. 

If p => q and q => r, then p =$> r. 

This is called the chain rule, and a series of conditional statements 
so connected is known as a chain of reasoning. 

Example If we accept the two statements “If you study hard, then you will earn 
a good grade” (p => q) and "If you earn a good grade, then your 
family will be happy” (q => r), what can we conclude? 

We can conclude that p => r—that is, if you study hard, then your 
family will be happy. 



Part Two: Sample Problems 

Problem 1 Write the converse, the inverse, and the contrapositive of the following 
true statement; “1/ two angles are right angles, then they are congru¬ 
ent” 


Solution Converse: “If two angles are congruent, then they are right angles.” 

(The converse is false; for example, each angle may have a 
measure of 60.) 

Inverse: “If two angles are not right angles* then they are not congru¬ 
ent,” (The inverse is also false.) 

Contrapositive: “If two angles are not congruent, then they are not 
right angles.” {The contrapositive is true—the state¬ 
ments are logically equivalent.) 


Problem 2 Draw a conclusion from the following statements; 

if gremlins grow grapes, then elves eat earthworms, 
if trolls don't tell tales* then wizards weave willows, 
if trolls tell tales* then elves don't eat earthworms. 

Solution First, we rewrite the statements in symbolic form. 


40 


Chapter 1 Introduction to Geometry 








( 1 ) g =£> e 

( 2 ) ~t=>w 

(3) t ■—^ ' 6 

To complete the chain of reasoning, we can rearrange the statements 
and use contrapositives as needed to match symbols. Thus, 

(1) g => e 

(3) e => —t (t ~e is equivalent to e ^ ~t.) 

(2) ~t => w 

g w (The symbolmeans “therefore.”) 

Hence, if gremlins grow grapes, then wizards weave willows. 


Part Three: Problem Sets 

Problem Set A 

1 Write each sentence in conditional (“If. . then . . form, 
a Eighteen-year-olds may vote in federal elections. 

Ii Opposite angles of a parallelogram are congruent. 

2 Write the converse, the inverse, and the contrapositive of each 
statement. Determine the truth of each of the new statements. 

a If each side of a triangle has a length of 10, then the triangle's 
perimeter is 30. 

is - If an angle is acute, then it has a measure greater than 0 and 
less than 90. 

3 If a conditional statement and its converse are both true, the 
statement is said to be biconditional. Which of these statements is 
biconditional? 

a If two angles are congruent, then they have the same measure, 
h If two angles are straight angles, then they are congruent. 

4 Draw a Venn diagram for the true conditional statement “If a 
person lives in Chicago, then the person lives in Illinois,” 
Assuming that each of the following “Given . . .” statements is 
true, determine the truth of the conclusion, 

a Given: Penny lives in Chicago. 

Conclusion: Penny lives in Illinois. 
h Given: Benny lives in Illinois. 

Conclusion: Benny lives in Chicago. 

c Given: Kenny does not live in Chicago. 

Conclusion: Kenny must live in Illinois. 

ii Given: Denny does not live in Illinois. 

Conclusion: Denny lives in Chicago. 
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Problem Set A, continued 


5 Write a concluding statement for each of the following chains of 
reasoning. 


a a => b 


Is p => — Q 
r => q 
s r 


d => ~c 


~c a 
b => / 


c If weasels walk wisely, then cougars call their cubs, 
If goats go to graze, then horses head for home, 

If cougars call their cubs, then goats go to graze. 

If bobcats begin to browse, then weasels walk wisely. 


Problem Set B 


6 Write the converse, the inverse, and the contrapositive of “If M is 
the midpoint of AB, then M, A, and B are collinear.” Are these 
statements true or false? 

7 Rewrite the following sentence in conditional form and find its 
converse, inverse, and contrapositive: “A square is a quadrilater¬ 
al with four congruent sides.” 

8 Write the converse, the inverse, and the contrapositive of each 
statement. 

a If a ray bisects an angle, it divides the angle into two congru¬ 
ent angles. 

b If two sides of a triangle are congruent, then the angles oppo¬ 
site those sides are congruent. 

9 What conclusion can be drawn from the following? 

~C=>~/ g=>b p =>/ c=2>~b 


Problem Set C 


10 What conclusion can be drawn from the following? 

If the line is long, then Quincy will go home. 

If it is morning, then Quincy will not go home, 

If the line is long, then it is morning. 


fao&A&IUTY 



5 TXX*&, 3 wiuu 

ASltVP 
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1.9 


Probability 



Objective 

After studying this section, you will be able to 
■ Solve probability problems 


■ Part One: Introduction 

A knowledge of probability is obviously important to an insurance 
company, to a card player or a backgammon expert, and to an 
operator of a gambling casino. Moreover, setting up and solving 
probability problems requires the precision and the organized, or¬ 
dered thinking needed by secretaries, accountants, doctors, filing 
clerks, computer programmers, and geometry students. 

Although probability is not one of the major topics in this book, 
you will occasionally encounter probability problems in the problem 
sets. You can analyze such problems by following a simple two-step 
procedure. 


Two Basic Steps for Probability Problems 


1 Determine all possibilities in a logical manner. Count them. 

2 Determine the number of these possibilities that are 
“ favorable/' We shall call these winners. 


You can then calculate the probability by means of the following 
formula. 


Probability = 


number of winners 
number of possibilities 



Part Two: Sample Problems 

Problem 1 If one of the four points is picked at 
random, what is the probability that 
the point lies on the angle? 
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Solution 


Problem 2 


Solution 


Problem 3 


Solution 


Problem 4 


Solution 


We follow the two basic steps by listing all the possibilities and 
circling the winners. 

® ® © ® 

Winners _ 4 _ 

Possibilities 4 


If two of the four points are selected 
at random, what is the probability 

that both lie on CA? 



We follow the two basic steps by listing all the possibilities and 
circling the winners. (Notice how we have attempted to list the 
possibilities in an orderly manner*) 

C CD 
<AC> BD 
AD 

Winners _ 3 _ 1 
Possibilities 6 2 

1 / three of the four points are selected 
in a random order, what is the proba¬ 
bility that the ordered letters will cor¬ 
rectly name the angle shown? 



We follow the two basic steps by listing all the possibilities and 
circling the winners. (This problem is harder than the first two 
examples because the order of the points is important. Notice how 
we have listed the possibilities in an orderly manner.) 


ABC 

BAC 

CAB 

DAB 

ABD 

BAD 

CAD 

DAC 

ACB 

BCA 

CBA 

DBA 

<ACO> 

(bc5> 

CBD 

DBC 

ADB 

BDA 

CDA 

(DCS 

ADC 

BDC 

CDB 

<DCE 

Winners 

_ ± _ 1 



Possibilities 

24 6 




A point Q is randomly chosen on AB. A_ C B 

What is the probability that it is with- 3 11 1 5 

in 5 units of C? 

Even though there are infinitely many points on the segment, we can 
find the probability by comparing the length of the “winning" region 
with the total length of AB. 
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A 


I— 5 —|— 5 —| 

C 8 


3 


11 



The “winning” region is 9 (not 10 ) units long. AB is 12 units long. 
Probability = ~ = | 

Part Three: Problem Sets 

Problem Set A 

III problems 1-4, refer to the following diagram* 



1 If one of the five angles is selected at random, what is the 
probability that the angle is acute? 

2 If one of the five angles is selected at random, what is the 
probability that the angle is right? 

3 If one of the five angles is selected at random, what is the 
probability that the angle is obtuse? 

4 If one of the five angles is selected at random, what is the 
probability that the angle is straight? 

5 If a point is randomly chosen on PR, P R 

what is the probability that it is within 4 ^0 

2 units of R? 


Problem Set B 

In problems 6-9, use the five angles shown at the beginning of 
Problem Set A. 

i If two of the five angles are selected at random, what is the 
probability that both are acute? 

7 If two of the five angles are selected at random, what is the 
probability that one of them is obtuse? 

8 If two of the five angles are selected at random, what is the 
probability that one is right and the other is obtuse? 
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Problem Set B, continued 


9 An angle is selected at random from the five angles and then 
replaced. A second selection is then made at random, (Thus, the 
same angle might be selected twice.) What is the probability that 
an acute angle is selected both times? 

10 If a point B is chosen on AC, what is the A 

probability that -5 ^ B ^ 7? ^ _ 2 0 

11 The second hand of a clock sweeps continuously around the face 
of the clock. What is the probability that at any random moment 
the second hand is between 7 and 12? 


Problem Set C 

12 If two of the five angles shown in Problem Set A are selected at 
random, what is the probability that neither angle is acute? 

13 If the four points shown are to be labeled 
with the letters A, B, C, and D in such a 
way that A and two of the other points 
are collinear, in how many different 
ways can the diagram be labeled? 

■ * * 

14 Consider points A, B, C, D, and E as shown, ED C 


a If two of these points are selected at random, what is the 
probability that they are collinear? 
h If three of these points are selected at random, what is the 
probability that they are collinear? 
g If four of these points are selected at random, what is the 
probability that they are collinear? 

15 If a point is chosen at random in rectan- B 

gle ABCD, what is the probability that 

a It is in square SQUA? 
b It is not in square SQUA? 

A 
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Chapter Summary 


Concepts and Procedures 

After studying this chapter, you should be able to 

■ Recognize points, lines, segments, rays, angles, and triangles (1.1) 

■ Measure segments and angles (1.2) 

H Classify angles and name the parts of a degree ( 1 , 2 ) 

■ Recognize congruent angles and segments (1.2) 

■ Recognize coll inear and noncollinear points (1.3) 

■ Recognize when a point is between two other points (1.3) 

* Apply the triangle-inequality principle (1,3) 

■ Correctly interpret geometric diagrams (1,3) 

■ Write simple two-column proofs (1.4) 

■ Identify bisectors and trisectors of segments and angles (1.5) 

■ Write paragraph proofs (1.6) 

■ Recognize that geometry is based on a deductive structure (1.7) 

■ Identify undefined terms, postulates, and definitions (1,7) 

• Understand the characteristics and application of theorems (1,7) 

■ Recognize conditional statements and the negation, the converse, 
the inverse, and the contrapositive of a statement ( 1 . 8 ) 

■ Use the chain rule to draw conclusions ( 1 , 8 ) 

■ Solve probability problems (1,9) 


Vocabulary 

acute angle ( 1 . 2 ) 
angle ( 1 , 1 ) 
bisect, bisector (1,5) 
chain rule ( 1 . 8 ) 
collinear (1.3) 
conclusion (1,7) 
conditional statement (1.7) 
congruent angles ( 1 . 2 ) 
congruent segments ( 1 . 2 ) 
contrapositive ( 1 , 8 ) 
converse (1,7) 
counterexample ( 1 . 6 ) 
deductive structure (1.7) 
definition (1.7) 
endpoint ( 1 . 1 ) 
hypothesis (1.7) 


implication (1.7) 
intersection ( 1 . 1 ) 
inverse ( 1 , 8 ) 
line ( 1 . 1 ) 

line segment ( 1 . 1 ) 
measure ( 1 . 2 ) 
midpoint (1.5) 
minute ( 1 . 2 ) 
negation ( 1 . 8 ) 
noncollinear (1.3) 
number line ( 1 . 1 ) 
obtuse angle ( 1 . 2 ) 
paragraph proof ( 1 . 6 ) 
point ( 1 . 1 ) 
postulate (1.7) 
probability (1.9) 


protractor ( 1 . 2 ) 
ray ( 1 . 1 ) 
right angle ( 1 , 2 ) 
second ( 1 . 2 ) 
segment ( 1 . 1 ) 
straight angle ( 1 . 2 ) 
theorem (1.4) 
tick mark ( 1 . 2 ) 
triangle ( 1 . 1 ) 
trisect, trisectors (1.5) 
trisection points (1.5) 
two-column proof (1.4) 
union ( 1 . 1 ) 

Venn diagram ( 1 . 8 ) 
vertex ( 1 . 1 ) 
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Review Problems 


Problem Set A 

1 a Name in all possible ways, the line 

containing A, R, and D. 

Ii Name the sides of ZABC 

c What side do L2 and A4 have in 
common? 

d Name the horizontal ray with end¬ 
point C. 

e Estimate the sizes of zlBAD, Z_2, and 
ZABC. 

I Are angles FCD and DCE different 
angles? 

g Which angle in the figure is Z.B? 

h EC U FA = -J— 
i EC 0 FA = l 
j BA U BE = 
k AC 0 DR = l 

I ZLAFD 0 CE = l 

2 Tell whether each of the following angles appears to be acute, D 
right, obtuse, or straight. Which angle’s classification can be 
assumed from the diagram? 

a Z.H 

b Z.G 

c Z.GFE H 

d Z.DEF 
e AHDF 

3 a 43°15'17" + 25 0 49'18” = _L_ 
b 90° - 39°17" = -J— 

4 a Change 46|° to degrees, minutes, and 

seconds. 

h Change 132°6' to degrees. 
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5 a According to the diagram, which two 
segments are congruent? 

is According to the diagram, which two 
angles are congruent? 


0 a If Z.EFG is obtuse and AHJK is right, 
is Z1 - L21 

li If ZEFG = zlHJK, is IA = A 2? 


7 If z_A = AB, find mAA* 


<8 The measures of A1, A2, and Z.3 are in 
the ratio 1:3:2* Find the measure of each 
angle* 


9 Is it possible for both ZNOR and 2.POS 
to be right angles? 







In problems 10 and 11, copy each figure and incomplete proof* 
Then complete the proof by filling in the missing reasons* 


10 Given: Diagram as shown 
Prove: AEFG = ZHJK 


F G 


Statements 


Reasons 


A 


1 Diagram as shown 

2 AEFG is a straight angle 

3 HJR is a straight angle 

4 AEFG-AHJK 


1 

2 

3 

4 


Review Problems 


55 





























Review Problem Set A, continued 


11 Given: A ABC = 130°, 
AABD = 60° 

Prove: ADBC is acute. 


Statements 



1 AABC = 130° 

2 AABD = 60° 

3 ADBC = 70° 

4 ADBC is acute 


In problems 12-15, write each proof in two-column form. 


12 Given: AX is a right angle. 

AY is a right angle, 

Prove: AX = AY 


13 Given: AB = BC 
Prove: B is the midpoint of AC. 

14 Given: DF and DG trisect AEDH, 
Conclusion; AEDF = AFDG = AGDH 



15 Given: TW bisects AVTX. 
Prove: AVTW = AXTW 



16 Given: Al = 61.6°, 

A2 = 6l|° 

Prove: Al = A2 (Write a paragraph 
proof,) 




17 a Find coordinate of C (the midpoint 
of BD). 

Ill If AD = 15, find the coordinate of A. 


A B 


D 
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18 


Copy the diagram and draw AA'B'C', 
the reflection of A ABC, over £ 2 . What is 
the length of A'B'? 


19 


If one of the five labeled points is se¬ 
lected at random, what is the probabil¬ 
ity that it is a midpoint? 

If two of the five points are randomly 
chosen, what is the probability that 
both are midpoints? 



20 Given; OR and OS trisect ATOP* 
ATOP = 40.2° 

Find: mAPOR 



21 Find the angle formed by the hands of a clock at each time. 

a 1:00 h 11:20 c 4:45 


22 Write the converse, the inverse, and the contrapositive of the 
statement “If the time is 2:00, then the angle formed by the 
hands of a clock is acute/’ Are these statements true or false? 


Problem Set B 


23 The perimeter of PRST is 10 more than 
5(RS)* If PR = 26, find RS. 


24 Given: A DEG =■ (x + 3y)°, 

AGEF = [2x + y)°; 

ADEF is a right angle* 
a Solve for y in terms of x, 

h If A DEG = AGEF f find the values of x 
and y. 



2§ Given: WY = 25; W 

The ratio of WX to XY is 3:2* 
Find: WX 


26 The measure of A A is 6 greater than twice the measure of AB* If 
the angles* sum is 42°, find the measure of AA. 


Review Problems 
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27 Given; Z.ABC is a right angle. 
Z.DBC = 20°, 

Z.FEG = 40°, 

AGEH = 30° 

Prove: ZlABD = Z.FEH 

(Write a two-column proof.) 




28 Given: Z.OMK = 50°, 

Z.OKM = (2x)°, 

ZOKJ = (5x + 5)° 

Conclusion: AOKJ at aOMN 

(Write a paragraph proof.) 



M NT 


29 Find m/ll. 



40' 16" 


30 The diagram shows Kara’s watch, If Kara 
cannot go home until 4:15, how many 
degrees must the hour hand travel before 
she can go home? 



31 Find the measure of AABD to 
a The nearest tenth of a degree 
b The nearest minute 


(812x)°\(2469x)° ^ 


32 If a point is chosen at random on PR, 
what is the probability that it is within 6 
units of Q? 


20 24 


33 The characteristics of a triangle require 
that PR be between what two values? 



34 Given: BD bisects Z.ABC. 
mZ.ABC = 25 

Solve for x and y. 
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35 ZQ is obtuse. 

a What are the limitations on mZQ? 

(Write two inequalities.) 

b What are the restrictions on x? 

36 Given that ZR is a right angle, solve for x. 

_ tx 2 - 2 7 x)° 

R 

37 The perimeter of a rectangle is 20. If the rectangle’s length is less 
than 4, what is the range of possible values of its width? 

Problem Set C 

38 Given; Z.ABC is a right angle. 

ZDBE is a right angle- 

Prove: ZABD = Z.CBE 

(Write a paragraph proof.) 


39 Draw a diagram in which AB and CD intersect at E but in which 
LAEC does not appear to be congruent to ADEB. 

40 Jennie’s teacher told her to select two problems from a list of two 
C-level problems, five B-level problems, and one A-level problem. 
If she selected at random, what is the probability that she se¬ 
lected two B-level problems? 

41 At 3:00 the hands of a clock form an angle of 90°. To the nearest 
second, at what time will the hands of the clock next form a 90° 
angle? 

Problem Set D 

42 If six points are represented on a sheet of paper in such a way 
that any four of them are noncollinear, 

a What is the maximum number of lines 
determined? 

h What is the minimum number of lines 
determined? 

43 To the nearest second, what is the first time after 2:00 that the 
hands of a clock will form an angle 2\ times as great as the angle 
formed at 2:00? 




Review Problems 
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CHAPTER 

2 Basic Concepts and Proofs 


eople encounter the geometric concepts of 
perpendicularity,' complementary angles, and 
supplementary angles on a leisurely stroll. 



2.1 


Perpendicularity 


Objectives 

A/ter studying this chapter, you will be able to 

■ Recognize the need for clarity and concision in proofs 

■ Understand the concept of perpendicularity 


■ Part One: Introduction 

A Look Back and a Look Ahead 

If you feel somewhat confused at this time, you need not feel 
discouraged. Some confusion is inevitable at the start of geometry. 
Be patient! Read the lessons carefully, study the sample problems 
closely, and the confusion will begin to go away. Also, see your 
teacher for help as you need it. 

In Chapter 1, you concentrated on two-column proofs but were 
also exposed to paragraph proofs. When writing either type, remem¬ 
ber that understanding what you are trying to say is the most 
important element. 

From now on, when you write a two-column proof, try to state 
each reason in a single sentence or less. To help you, the problems 
in Problem Set A of this section and the next will include a hint 
when a proof requires more than two steps. 

This chapter contains more definitions and theorems for you to 
memorize and use. Toward the end of the chapter, the proofs will 
begin to get a little longer. As the proofs become more challenging, 
you will find more satisfaction in completing them. 

Perpendicular Lines, Rays, and Segments 

Perpendicularity, right angles, and 90° measurements all go together. 


Definition Lines, rays, or segments that intersect at right angles 
are perpendicular (±). 

Below are some examples of perpendicularity. 
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In the figure at the right, the mark inside 
the angle (u) indicates that ZB is a right 
angle. It is also true that AB 1 BC and 
ZB = 90°. 


Do not assume perpendicularity from a dia- 
gram! In ADEF it appears that DE Z EF, but 
we may not assume so. 


In your algebra studies, you learned that two 
perpendicular number lines form a two- 
dimensional coordinate system, or coordi¬ 
nate plane. (The horizontal line is called the 
x-axis ; the vertical line, the y-axis-} Each 
point on the plane can be represented by an 
ordered pair in the form (x, y). The values of 
x and y in the pair, called the point's coor¬ 
dinates* represent the point's distances from 
the y-axis and the x-axis respectively. In the 
diagram, point A is represented by (-1, 3). 

The intersection of the axes is called the 
origin . Its coordinates are (0, 0). 



i 



Part Two: Sample Problems 

Problem 1 Given: AB X BC , 

DC X BC 

Conclusion: ZB = ZC 


A 


B 


D 


C 


Proof 


Problem 2 
Answer 


Statements 

Reasons 

1 AB 1 BC 

1 Given 

2 Z.B is a right angle. 

2 If two segments are 1, they form a 


right angle. 

3 DC -L BC 

3 Given 

4 Z.C is a right angle. 

4 Same as 2 

5 Z.B = Z.C 

5 If angles are right angles, they are =, 


The braces joining steps 1 and 2 emphasize the logical flow of 
reasoning from one step to the other. There is a similar logical flow 
from step 3 to step 4, 


Given: EH X HG 

Name aJJ the angles you can prove to be right angles. 
Only ZEHG (Why not ZEFH and ZHFG?) 


H 
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Problem 3 


Given: KJ 1 KM; 

1JKO is four times as large as IMRO, 
Find: mlJKO 



Solution 


Problem 4 


Solution 


Problem 5 


Solution 


Since KJ _L KM, mlJKO + mlMKO = 90* 

4x + x = 90 
5x = 90 
x = 18 

Substituting 18 for x, we find that mlJKO = 72* 


Given: a 1 b, 

c 1 d[c is not 1 to d*] 

Conclusion: 11 = 12 

This conclusion is false. Since alb, 
11 = 90°* Since c 1 d, 12 # 90°* 
Since 11 and 12 have different 
measures, 11 ^ 12* 

Given: EC || to x-axis 
RT |] to x-axis 

Find: Area of rectangle RECT 

The remaining coordinates are 
T = (7, - 2) and E = (-4, 3)* So 
RT = 11 and TC = 5 as shown* We 
shall concentrate on area in Chapter 
12, but from previous courses you 
should know how to find a rectan¬ 
gle’s area* 

Area of rectangle = base x height 
A = bh 
= H(5) 

= 55 

The area of RECT is 55 square units. 




Part Three: Problem Sets 

Problem Set A 

1 Name all the angles in the figures to the 
right that appear to be right angles. 
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Problem Set A, continued 


2 


In each of the following, name the angles that can be proved to 
be right angles. 

a Given: JM 1 JK b Given; RO 1 PN c Given; OT I SW 



3 In each of the following, find the measure of Zl. 


a ABi BC, 
Z2 = 68°17' 



i> DE 1 EF; 

EG bisects ZDEF. 



4 a Zl is five times as large as Z2. Find 
mZ2. 



b Z3 is 72 times as large as Z4, and 

PQ 1 QR. Find mZ4 to the nearest 
tenth. (Hint: Use a calculator to do the 
arithmetic.) 



6 On a graph, point A is at (0, 4). Point A is then rotated 90° 
clockwise about the origin to point A'. What are the coordinates 
of A'? 


> 


6 Given; alb 

Prove; L\ = 12 (Hint: This proof takes 
more than two steps. Remember, 
each reason should be a single 
sentence or less.) 

7 Given: Z.ACB = 90°, 

AD1BD 

Prove: ZC = ZD (Hint: This proof takes 
more than three steps,) 




8 Given: ZMOR = (3x + 7)°, 

ZROP =J4x - 1)°, 

MO 1 OP 

Which angle is larger, ZMOR or ZROP? 



P 
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Street Intersections 


9 You are the engineer for the development 
of a new subdivision in your town* When 
you design your street intersections, is it 
better to make the intersections perpen¬ 
dicular or oblique? Explain why* 

Note When two lines intersect and are 
not perpendicular, they are called 
oblique lines . 



ID PQRS is a rectangle* 

a Find the coordinates of point P* 
b Find the area of the rectangle. 


p 

/ 

Vaxis 

S(10, 2) 





s 



x-axis 

Q(-3,-7) 

N 

t 

R(10, -7 


Problem Set B 

<—> <—> 

11 AB 1 BC and angles 1, 2, and 3 are in 
the ratio 1:2:3* Find the measure of each 
angle* 



12 Line DE is perpendicular to line EF. The resulting angle is 

trisected, then one of the new angles is bisected, and then one of 
the resulting angles is trisected* How large is the smallest angle? 


13 Given: AHGJ = 37°20\ 

Z_KGJ_= 52W, 

KJ 1HJ 

Conclusion: AHGK = AHJK (Lise a paragraph proof.) 



Problem Set C 

14 Given: AB 1 BC, 

AABO = (2x + y)°, 
Z.OBC = (6x + 8)°, 
Z.AOB = (23y + 90)°, 
Z.BOC = (4x + 4)° 

Find: mZ_ABO 



15 If a ray, BE), is chosen at random between the sides of A ABC, 
where mAABC = 100, what is the probability that 


a AABD is acute? 
h ADBC is acute? 

c Both Z.ABD and zlDBC are acute? 
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Complementary and 
Supplementary Angles 


Objective 

After studying this section, you will be able to 
m Recognize complementary and supplementary angles 


■ Part One: introduction 

We frequently see pairs of angles whose measures add up to a right 
angle or a straight angle. In this section we will study such pairs of 
angles—those with sums of 90° and 180°. 

Definition Complementary angles are two angles whose sum is 
90° {a right angle). Each of the two angles is called 
the complement of the other. 


The following are examples of pairs of complementary angles. 




AA and AB are 
complementary. 



AC is comp, 
to AE, 



AFGJ is the comp, 
of AJGH. 


In the first diagram, A A is the complement of AB, and AB is the 
complement of A A, In the second diagram, two angles of a triangle, 
AC and AE, are complementary. In the third diagram, you can see 
how two complementary angles can share a side to form a right angle. 
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Definition 


Sup piemen tary angles are two angles whose sum is 
180° (a straight angle). Each of the two angles is 
called the supplement of the other. 


The following are examples of pairs of supplementary angles. 



A] and AK are 
supplementary. 


R P 



AM is supp. 
to AR. 



131 2T 48X48 12'\1" 


ZSTW is the supp. 
of ZWTV. 


In the first diagram, A) is the supplement of AK, and vice versa. In 
the middle diagram, which angle is the supplement of Z.M? 

Sometimes, two supplementary angles will form a straight angle 
by sharing a side. See if you can verify that ^STVV + zLWTV = 180°. 



Part Two: Samp/e Problems 

Problem 1 Given: 4TVK is a right L. 

Prove: Z.1 is comp, to L2. 



Proof 

Statements 

Reasons 


1 Z.TVK is a right L. 

2 L\ is comp, to L2. 

1 Given 

2 If the sum of two As is a right A, they 
are comp. 


Problem 2 


Proof 


Given; Diagram as shown 
Conclusion; LI is supp. to 



Statements 

Reasons 

1 Diagram as shown 

1 Given 

2 L ABC is a straight angle. 

2 Assumed from diagram 

3 LI is supp. to L2. 

3 If the sum of two Ls is a straight 


L, they are supp. 
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Problem 3 

Solution 


Problem 4 

Solution 


The measure of one of two complementary angles is three greater than 
twice the measure of the other. Find the measure of each. 


Draw the angles and place your algebra on the figure. 



Let x = the measure of the smaller angle and 2x + 3 - the measure 
of the larger angle. 

x + 2x + 3 = 90 (The sum of two comp, As is 90°.) 

3x + 3 = 90 
3x = 87 
x = 29 

The measure of one angle is 29. The measure of the other is 
2(29) + 3 t or 61, 


The measure of the supplement of an angle is 60 less than 3 times the 
measure of the complement of the angle. Find the measure of the 
complement. 

Draw the three angles and place your algebra on the figure. 


A 




Complement 


(ISO - x)° 


Supplement 


Let x = the measure of the angle. 

So 90 - x = the measure of the complement, 

(Do you know why?) 

So 180 - x - the measure of the supplement. 

(Do you know why?) 

180 - x = 3(90 - x) - 60 
180 - x - 270 - 3x - 60 
180 - x = 210 - 3x 
2x = 30 
x ~ 15 

The measure of the complement is 90-15, or 75. 

Note This is a key sample problem. The expressions used at the 
start of the solution (x, 90 — x, and 180 — x) are used in many 
problems throughout the book. 
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Part Three: Problem Sets 

Problem Set A 

1 Which two angles are complementary? 



2 What is the supplement of a 70° angle? 

3 Al is complementary to A3. If A3 = y° t how large is Al? 

4 Find the complement of a 61°21'13" angle* 

5 One of two complementary angles is twice the other* Find the 
measures of the angles. 


Copy the figure and the proof below. Then complete the proof by 
filling in the missing statements. 

Given: Al is comp, to A2. 

Prove: AB 1 BC 



Statements 


Reasons 


1 

2 

3 


1 

2 

3 


Given 

If a ray divides an A into two comp* As, then 
the original A is a right A. 

If two lines intersect to form a right A, the two 
lines are 1. 


7 Given: CD _L DE 

Prove: ACDF is comp, to AFDE. (Hint: 
This proof takes more than two 
steps.) 



8 Given: Diagram as shown 

Prove: AGHK is supp. to AKHJ* (Hint: 
This proof takes more than two 
steps.) 



9 Given: AMRO is comp, to APRO, 
Prove: AMRP is a right angle. 


M 


R 



P 
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Problem Set A, continued 

10 Find the measure of ZXVS, 


<r 



11 One of two supplementary angles is 70° greater than the second. 
Find the measure of the larger angle. 


Problem Set B 

12 a Point P is reflected over the y-axis to 
point A. Find the coordinates of A* 

b Point P is reflected over the origin to 
point R Find the coordinates of R 

c If C is the midpoint of PA, find the 
coordinates of C 


13 Complete each of the following conditional statements and jus¬ 
tify your completion with an explanation. 

a If two angles are supplementary and congruent, then_I_. 

b If two angles are complementary and congruent, then_1_ 

14 Find the measures of Z.AOC and ZCOB 
in the graph. 


y-axis 


15 Find, to the nearest hundredth, the area 
of the rectangle. 



16 Two supplementary angles are in the ratio 11:7. Find the mea¬ 
sure of each. 


17 Write a paragraph proof to show that 
£ABF is complementary to AEBD. 



* P (3, 4) 

- > 

x-axis 


t T 

8.46 

C" 
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18 The larger of two supplementary angles exceeds 7 times the 
smaller by 4°. Find the measure of the larger angle, 

19 One of two complementary angles added to one-half the other 
yields 72®. Find half the measure of the larger. 



21 The supplement of an angle is four times the complement of the 
angle. Find the measure of the complement. 


22 Five times the complement of an angle less twice the angle’s 
supplement is 40°. Find the measure of the supplement. 

23 The measure of the supplement of an angle is 30° less than five 
times the measure of the complement. Find two-fifths the mea¬ 
sure of the complement. 

24 Arnex has a 30°, a 60°, a 150°, a 45°, and a 135° angle in his 
pocket. He takes out two of the five angles, Find the probability 
that 

a The two angles are supplementary 
1} The two angles are complementary 


Problem Set C 

25 The supplement of an angle is 60° less than twice the supplement 
of the complement of the angle. Find the measure of the 
complement. 

26 Debbie has drawn distinct rays BA, BC, BD, BE, and BF on a 
piece of paper, with A ABC being a straight angle. 

a What is the minimum number of pairs of complementary 
angles that she could have drawn? 
b What is the maximum number of pairs of complementary 
angles that she could have drawn? 
c What is the minimum number of pairs of supplementary am 
gles that she could have drawn? 

$ What is the maximum number of pairs of supplementary an¬ 
gles that she could have drawn? 
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Drawing Conclusions 


Objective 

After studying this section, you will be able to 
■ Follow a five-step procedure to draw logical conclusions 


Part One: introduction 

There wouldn’t be much progress in this world if all we did was 
justify conclusions that someone else had already drawn. Neither 
will you make much progress as a student of geometry if all you can 
do is justify conclusions the textbook has already stated, Although 
the following procedure may not work every time, it will be helpful 
to you in drawing conclusions. 


Procedure for Drawing Conclusions 


1 Memorize theorems, definitions, and postulates. 

2 Look for key words and symbols in the given information, 

3 Think of all the theorems, definitions, and postulates that 
involve those keys. 

4 Decide which theorem, definition, or postulate allows you to 
draw a conclusion. 

5 Draw a conclusion, and give a reason to justify the conclu¬ 
sion. Be certain that you have not used the revei'se of the 
correct reason. 


Example 



Thinking Process: 

The key word is bisects. 

The key symbols are and Z. 

The definition of bisector (of an angle) contains those keys. 
An appropriate conclusion is that ZCAB = ZDAB, 
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Statements 


Reasons 


1 AB bisects ACAD. 

1 Given 

2 ACAB = ADAB 

2 If a ray bisects an L, then it divides the 


Z into two = angles. 


Note The “If . . part of the reason matches the given information, 
and the “then . , Z part matches the conclusion being justified. Be 
sure not to reverse that order. 



Part Two: Sample Problems 

For each of these problems, we will write a two-column proof, 
supplying a correct conclusion and reason. 


Problem 1 


Given; Z.A is a right angle. 
Z.B is a right angle. 

Conclusion: — 1 — 


A 


B 


D 


C 


Proof 

Problem 2 

Proof 


Statements 

Reasons 


1 A A is a right angle. 

1 Given 


2 AB is a right angle. 

2 Given 


3 AA = AB 

3 If two Zs are 

right As, then they are =. 

Given: E is the midpoint of SG. | 

Conclusion: ■ 

E G 

Statements 

Reasons 

- 


1 E is the midpoint of SG. 

2 SE = EG 


1 Given 

2 If a point is the midpoint of a 
segment, the point divides the 
segment into two = segments. 


Problem 3 


Proof 


Given: APRS is a right angle. 


Conclusion; * 


_ 1 c 

Statements 

R 

Reasons 

■ J 

1 ZPRS is a right Z. 

1 Given 


2 PR 1 RS 

2 If two lines intersect to form a right Z s 
they are 1 . 


In sample problem 3, we could have drawn a different conclusion. 
Do you know what that other conclusion is? 
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Part Three: Problem Sets 


Problem Set A 

In problems 1-7, write a two-column proof, supplying your own 
correct conclusion and reason, 

1 Given: AB 1 BC A 
Conclusion;_ 1 _ 



2 Given: ZDEF is comp, to ZHEF, 
Conclusion:_ l _ 



3 Given: Z.WXZ = ZYXZ 
Conclusion:_ 1 _ 


W 



4 


5 


Given; QS and QT trisect ZPQR, 
Conclusion:_ t _ 


Given: E is the midpoint of AC, 
Conclusion;_*_ 



6 Given: A and R trisect CD, 
Conclusion: — 1 — 



1 Given: Diagram as shown 
Conclusion:_ 1 _ 




P 





> 
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Problem Set B 

In problems 8-12, draw at least two conclusions for each “given” 
statement, and give reasons to support them in two-column-proof 
form. 


8 Given: WZ bisects VY. 
Conclusions: — 1 — 



9 Given: PA _L AR 
Conclusions: —I 


P 

A 


T 

R 



11 Given: ZAEN s ^GEN = Z.GEL 
Conclusions: — 1 — 



12 Given: mZPQS = 90 A 

Conclusions: — 1 — 


<■ 


R 


Q 


S 

—> 


Problem Set C 

13 Given: Two intersecting lines as shown 

Conclusions: —?— (Find as many as you can.) 


14 The right angle of a right triangle is bisected, Draw a diagram 
and set up the given information. Then discuss all possible con¬ 
clusions. 
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Congruent Supplements 
and Complements 


Objective 

After studying this section, you will be able to 
■ Prove angles congruent by means of four new theorems 


Part One; Introduction 

In the diagram below, Z1 is supplementary to ZA, and Z2 is also 
supplementary to ZA, 



How large is Zl? Now calculate Z2. How does Z1 compare with 
Z2? Your results will illustrate (but not prove) the following 
theorem. 


Theorem 4 If angles are supplementary to the same angle, then 

they are congruent 


Given: Z3 is supp, to Z4. 

Z5 is supp. to Z4. 
Prove: Z3 = Z5 


Proof: Z3 is supp. to Z4, so mZ3 + mZ4 = 130. 

Therefore, mZ3 - 180 - mZ4. 

Z5 is supp. to Z4, so mZ5 + mZ4 = 180. 

Therefore, mZ5 = 180 - mZ4, 

Since Z3 and Z5 have the same measure, Z3 = Z5. 

A companion to Theorem 4 follows. 
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Theorem 5 // angles are supplementary to congruent angles, 

then they are congruent. 


Given: LF is supp, to LG. 
LH is supp. to L}. 
LG = L) 

Conclusion: LF = LH 



The proof of Theorem 5 is similar to that of Theorem 4. 
Two similar theorems apply to complementary angles. 


Theorem 6 If angles are complementary to the same angle, 

then they are congruent. 

Theorem 7 If angles are complementary to congruent angles, 
then they are congruent. 


When studying the definitions of such terms as right angle, bisect, 
midpoint, and perpendicular, you will master the concepts more 
quickly if you try to understand the ideas involved without memo¬ 
rizing the definitions word for word. The theorems in this section, 
however, are different. Unless you memorize Theorems 4-7, you will 
have difficulty remembering the concepts they contain. 

Therefore, before you begin your homework, 

1 Memorize Theorems 4-7 

2 Read the sample problems carefully, so that you understand 
which of the theorems is used in each type of problem 



Part Two: Sample Problems 

Problem 1 Given; LI is supp. to L2 , 

L 3 is supp. to LA, 

LI = LA 

Conclusion: L2 = L 3 
Proof Statements Reasons 


1 LI is supp. to Z.2. 

1 Given 

2 A3 is supp. to LA. 

2 Given 

3 LI = LA 

3 Given 

A L2 = L3 

4 If angles are supplementary to = angles, 


they are =, (Short form: Supplements 


of = Ls are =,) 



Section 2A Congruent Supplements and Compleme 















Problem 2 


Given: ZA is comp, to AC. 

ADBC is comp, fo AC. 

Conclusion; — 1 — 



Proof 


Statements 

O ^ L_ 

Reasons 

1 A A is comp, to AC. 

1 Given 

2 ADBC is comp, to AC. 

2 Given 

3 AA = ADBC 

3 If angles are complementary to the 


same angle, they are =. (Short form: 


Complements of the same Z. are =.) 


Problem 3 


Proof 


Problem 4 


Proof 


Given; Diagram as shown 
Prove; AHFE = AGE] 



Statements Reasons 


1 Diagram as shown. 

1 Given 

2 ZEFG is a straight Z. 

2 Assumed from diagram 

3 ZHFE Is supp. to ZHFG. 

3 If two As form a straight A, they 


are supplementary, 

4 ZHF} is a straight A. 

4 Same as 2 

5 ZGFJ is supp. to ZHFG. 

5 Same as 3 

6 ZHFE - ZGFJ 

6 If angles are supplementary to the 


same angle, they are =. (Short 


form: Supplements of the same A 


are =,) 

Given: KM 1 MO, 

K R P 


PO 1 MO, 
Z.KMR = AFOR 


Prove; AROM = ^RMO 


M 

Statements 

0 

Reasons 

1 KM ± MO 

1 Given 

2 AKMO is a right A. 

2 If segments are 1, they form 


right As. 

3 ARMO is comp, to AKMR. 

3 If two As form a right A, they 


are complementary. 

4 In a similar manner, 

4 Reasons 1-3 

AROM is comp, to APOR. 


5 AKMR = APOR 

5 Given 

6 AROM = ARMO 

6 If angles are complementary to 


= angles, they are =, 


(Short form: Complements 


of = As are =.) 
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Part Three: Problem Sets 

Problem Set A 

Before starting the assignment, memorize Theorems 4-7. The key to 
the use of these theorems is to look for the double use of the word 
complementary or supplementary in a problem. 


1 Given: Z.2 is comp, to A3. 
A4 = 131° 



a A3 
b A6 


c Z5 
d A2 


e Z1 
f AS 


9 ^7 



2 Given: Z1 is supp. to A3. 

A2 is supp. to A3. 

Prove: A1 = A2 

3 Given: A4 is comp, to Ad. 

A5 is comp, to A6. 

Prove: A4 = A5 


4 One of two supplementary angles is four times the other. Find 
the larger angle. 

5 One of two complementary angles is 20° larger than the other. 
Find the measure of each. 


6 Given: A4 is supp. to A6. 

A5 is supp, to Z7* 
A4 = Z5 
Conclusion: ? 




7 Given: AFKj is a right A . 

ZH}K is a right A , 
ZGKJ = ZGJK 

Conclusion: ZFKG = ZHJG 


8 Given: Diagram as shown, 
A6 - A7 

Prove: Z5 - AS 



V 


> 
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Problem Set A, continued 


9 Given; SV bisects ARST. 
Conclusion: ARSV = ATSV 

Problem Set B 




H 


12 The measure of the supp. of an A exceeds 3 times the measure 
of the comp, of the A by 10. Find the measure of the comp. 

13 Draw the reflection of right angle ABC A 
over line AB. 


14 RECTis a rectangle. 

a Find the coordinates of R. 

b What do we know about ARTE and 
ACTE? 

c Find the area of AERT. 




15 Given: PQ 1 QR 
Find: mAPQS 


16 Given; A1 is comp, to A4. 

A2 is comp, to A3, 

RT bisects ASRV. 
Prove: TR bisects ASTV. 



V 
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17 If three times the supp. of an Z is subtracted from seven times 
the comp, of the Z, the answer is the same as that obtained by 
trisecting a right Z. Find the supplement. 



18 Given: ZWXZ = ZVXY 
Conclusion: Z1 = Z3 


19 Given: ZPQR supp. ZQRS, ZQRS supp. ZTWX, 
ZPQR = (5x - 48)°, ZTWX = (2x + 30)° 

Find: mZQRS 

Problem Set C 

2D Given: Z1 = (x 2 + 3y)°, 



Z2 = (20y + 3)°, 
Z3 = (3y + 4x)° 


Find: mZl 

21 The ratio of an angle to its supplement is 3:7. Find the ratio of 
the angle to its complement. 



Geometry in Computers 



Three-Dimensional views on a flat screen 


Designers, architects, and draftspeople are 
putting away their T squares and doing more of 
their work with computers. A wide variety of 
software for computer-aided drafting and design 


(CADD) has made it possible to do accurate 


work on a computer screen. Using a computer 
makes exploring solutions to design problems, 
as well as making corrections and revising, 
more efficient. A computer also performs calcu¬ 


Using a CADD program, you can see the mea¬ 
sure of an angle displayed as you draw the an¬ 
gle. You can instruct the program to automati- 


lations and offers a system for filing alternative 
versions of a plan. 


One of the most exciting features of CADD 


software is that it allows you to create a three- caiiy bisect an angle you have drawn. 


dimensional design and then rotate it on the 
screen, still in three dimensions. This enables 
an architect or designer to see, with the press 
of a key or the click of a mouse, how his or her 
design would look from any direction or 


Simpler geometric drawing programs such as 
The Geometric Supposer offer some of the draw¬ 
ing and measuring capabilities of the CADD pro¬ 
grams, including the opportunity for experiment¬ 
ing with geometric concepts such as angle 


angle. 


sizes and relationships. 
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Addition and Subtraction 
Properties 


Objectives 

After studying this section, you will be able to 

■ Apply the addition properties of segments and angles 

■ Apply the subtraction properties of segments and angles 


■ Part One: Introduction 

Addition Properties 

In the diagram below, AB = CD. Do you think that AC = BD? Sup¬ 
pose that BC were 3 cm. Would AC = BD? If AB = CD, does the 
length of BC have any effect on whether AC - BD? 

# _ 7 cm b 3 cm a _ 7 cm _ # 

A B C D 

Your answers should be that AC = BD in each case and the 
length of BC does not effect that equality* This is a geometric 
application of the algebraic Addition Property of Equality 
(AB + BC - CD + BC)* 


Theorem 8 If o segment is added to two congruent segments , 
the sums are congruent {Addition Property) 


Given: PQ = RS 

Conclusion: PR = QS P Q R S 

Proof: PQ = RS, so by definition of congruent segments, PQ = RS. 

Now, the Addition Property of Equality says that we may add 
QR to both sides, so PQ + QR = RS + QR. Substituting, we 
get PR = QS. Therefore, PR = QS by the definition of congru¬ 
ent segments (reversed)* 
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Does a similar relationship hold for 
angles? Is AEFH necessarily congruent to 
Z.JFG? 

The next theorem confirms that the 
answer is yes. Its proof is like that of 
Theorem 8. 



G 


Theorem 9 If an angle is added to two congruent angles, the 
sums are congruent. (Addition Property ) 


In the figures below, identical tick marks indicate congruent parts. 



Do you think that KM is necessarily congruent to PO? In the right- 
hand diagram, is ATWX necessarily congruent to Z.TXW? The an¬ 
swer to these questions is yes, 


These congruencies are established by the following two theorems. 
Their proofs are similar to that of Theorem 8. 


Theorem 10 // congruent segments are added to congruent seg¬ 

ments, the sums are congruent (Addition Property) 

Theorem 11 If congruent angles are added to congruent angles, 
the sums are congruent. (Addition Property) 


Subtraction Properties 


We now have four addition properties. Because subtraction is equiva¬ 
lent to addition of an opposite, we can expect four corresponding 
subtraction properties. 


If AC - BD, is AB = CD? I H < \ __ 

Let AC = 12_and BC = 3. A B C D 

How long is BD? 

Is AB = CD? E 


If XEFH = AGFf, is AEFG = AHFJ? 

Let mZ-EFH = 50 and mzlGFH = 10. 
How large is XGFJ? 

Is Z.EFG = Z.HFJ? 
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If KO = KP and NO = RP, 
is KN = KR? 

Try this on your own and 
see what you think, 

If Z.STE s Z.WET and Z.STW 
is Z.WTE = Z.SET? 

Try this on your own. 



Your results should agree with the next two theorems. 


Theorem 12 If a segment (or angle) is subtracted from congruent 
segments (or angles), the differences are congruent. 
(Subtraction Property) 


Theorem 13 If congruent segments (or angles) are subtracted 
from congruent segments (or angles), the differ¬ 
ences are congruent. (Subtraction Property) 


Using the Addition and Subtraction Properties in Proofs 


1 An addition property is used when the segments or angles in 
the conclusion are greater than those in the given informa¬ 
tion, 

2 A subtraction property is used when the segments or angles 
in the conclusion are smaller than those in the given infor¬ 
mation. 



Part Two: Sample Problems 

Problem 1 Given: AB = FE, 

BC = ED 

Prove: AC = FD 



Proof 


Statements Reasons 


1 AB 

2 BC 

3 AC 


FE 

ED 

FD 


1 

2 

3 


Given 

Given 

If ^ segments are added to = segments, the 
sums are =. (Addition Property) 
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Problem 2 Given: GJ a HK 

Conclusion: GH = JK 

G H J K 

Proof Statements Reasons 


1 GJ a HK 

1 Given 


2 GH a JK 

2 If a segment (HJ) is 
the differences are 

subtracted from = segments, 
=. (Subtraction Property) 



Problem 3 


Proof 


Given: Z.NOP = ^NPO, 
Z.ROP a 4RP0 

Prove: Z.NOR = Z.NPR 


Statements 

Reasons 

1 ZlNOP = Z.NPO 

1 Given 

2 Z.ROP a 2.RPO 

2 Given 

3 Z.NOR a ^NPR 

3 If = angles are subtracted from = angles, 


the differences are =, (Subtraction 


Property) 


N 



Problem 4 


Given; AB = CD 
Conclusion; — 1— 



Proof 

Statements 

Reasons 


1 AB = CD 

1 Given 


2 AC = BD 

2 If a segment (BC) is added to = segments, the 
sums are =. (Addition Property) 


Problem 5 Given: Z.HEF is supp. to Z.EHG. 

zlGFE is supp. to AFGH. 
AEHF a Z.FGE, 
zlGHF = Z.HGE 
Condusion: Z.HEF = Z.GFE 

Proof Statements 


1 2.HEF is supp. to Z.EHG. 

1 Given 

2 zLGFE is supp. to Z.FGH. 

2 Given 

3 ZEHF = ZFGE 

3 Given 

4 Z.GHF = ZHGE 

4 Given 

5 AEHG = AFGH 

5 If = angles are added to = angles, 


the sums are =. (Addition 


Property) 

6 Z.HEF s aGFE 

6 Supplements of = Zs are =. 



Reasons 
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Part Three: Problem Sets 

Problem Set A 

Throughout this problem set, think of addition when you are asked 
to prove that segments or angles are larger than the given segments 
or angles. Think of subtraction when you are asked to prove that 
segments or angles are smaller than the given segments or angles. 

1 Name the angles or segments that are congruent by the Addition 
Property* 



A 


2 Name the angles or segments that are congruent by the Subtrac¬ 
tion Property. 


r 


4- 


v 

j 



3 Given: PQ = SR, 

QN s RN 

Conclusion: PN = SN 


4 Given: ZTEV = zlXEW 
Prove: ZTEW = AXEV 


5 Given: AC = DF, 
BC = EF 

Prove: AB = DE 
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H 


J 


0 Given: GH = fK, GH = x + 10, G 
HJ = 8, JK = 2x - 4 

Find: GJ 


K 



8 Given: ZT is comp, to ZW, 
ZX is comp, to ZZ, 

ZZ e 

Prove: — 1 — 




8 Given: QR = ST, QS = 5x + 17, 
RT = 10 - 2x, RS = 3 

Find: QS and QT 




Problem Set B 

11 Given: ZBAD = ZFAD; A 



12 Given: ] and K a re tr isection 
points of H M. 

GH as MO 

Conclusion: GJ = KO 
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Problem Set B, continued 


13 Given; ZNPR is a right Z. 
WE ± ET, 

ZSPR = ZXET 

Prove: zlNPS s ZWEX 



14 Given: ZA is comp, to ZB. 

ZC is comp, to ZB. 
ZA = (3x + y)°, 

ZB = (x + 4y + 2)°, 
ZC = (3y - 3)° 
Find: mZB 


W 


16 Draw a right angle ABC. Then draw a dotted line such that the 
reflection of BA over the dotted line is BC. How would you 
describe this dotted line? 


16 On a graph, carefully locate points A = (1, 4) and B = (11,10). 
Now locate the point with coordinates ^ + 2 10 j 4 j, Does this 

point appear to be on AB? Where? 


Problem Set C 

17 BF bisects ADBE. 

a Does BF bisect 4CBA? 
b What did you discover about Z.ABC 
and BF? 



18 If two angles are chosen at random from 
the ten angles in the diagram, what is 
the probability that 

a The sum of their measures is less 
than 90? 

Id They are complementary? 



19 Find the measure of the angle formed by the hands of a clock at 
5:55 A.M* 
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Multiplication and 
Division Properties 


Objective 

After studying this section, you will be able to 

■ Apply the multiplication and division properties of segments and 
angles 


Part One: introduction 


In the figure below, B, C, F, and G are trisection points. 

A B C D E F G H 


If AB = EF = 3, what can we say about AD and EH? 


If AB = EF, is AD congruent to EH? 

In the figure at the right, KO and PS are 
angle bisectors. 

If mAjKO = mANPS = 25, what can we 
say about Z.JKM and Z.NPR? 

If Z.JKO = ANPS, is Z.JKM congruent to 
ANPR? 




The examples above illustrate a property whose proof is similar to 
the proof of Theorem 8. 


Theorem 14 If segments {or angles) are congruent, their like 

multiples are congruent. (Multiplication Property) 


Also, because division is equivalent to multiplication by the recipro¬ 
cal of the divisor, it is easy to prove the next theorem, 
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Theorem 15 If segments (or angles) are congruent, their like 
divisions nre congruent. (Division Property) 


Using the Multiplication and Division Properties in Proofs 


1 Look for a double use of the word midpoint or trisect or 
bisects in the given information, 

2 The Multiplication Property is used when the segments or 
angles in the conclusion are greater than those in the given 
information. 

3 The Division Property is used when the segments or angles 
in the conclusion are smaller than those in the given infor¬ 
mation. 



Part Two: Samp/e Problems 

Problem 1 Given; MP = NS; 

O is the midpoint of MP. 
R is the midpoint of NS. 

Prove; MO = NR 


MOP 


N R S 


Proof Statements _ 

1 MP = NS 

2 O is the midpoint of MP. 

3 Ris the midpoint of NS + 

4 MO = NR 


Reasons 

1 Given 

2 Given 

3 Given 

4 If segments are = t their like 
divisions (halves) are =. (Division 
Property) 


Problem 2 Given; ZTRY = Z ABE; 

RVV and RX trisect ZTRY. 
BC and BD trisect ZABE. 
Conclusion; ZTRW = ZCBD 


Proof Statements 


1 Z.TRY = A ABE 

1 Given 

2 RW and RX trisect /.TRY, 

2 Given 

3 BC and BD trisect Z.ABE. 

3 Given 

4 /LTRW = Z.CBD 

4 If angles are =, their like 


divisions (thirds) are =. 


(Division Property) 



Reasons 



90 


Chapter 2 Basic Concepts and Proofs 
















Problem 3 


Proof 


Given; MK = FG;_ _ 

KG bisects MJ and FH 

Prove; MJ = FH 


Statements 

Reasons 

1 MKsFG _ 

1 Given 

2 KG bisects MJ and FH. 

2 Given 

3 MJ = FH 

3 If segments are =, their like 


multiples (doubles) are =. 


(Multiplication Property) 



Problem 4 Given; Z.NOP = ZRPO; 

FT bisects ZRPO. 

OS bisects 21 NQP- 
2-NSO is comp, to Z_l, 
L RTP is comp, to Z3, 

Prove; ZNSO = L RTP 



Proof 


Statements Reasons 


1 Z.NOP = Z.RPO 

1 Given 

2 PT bisects ZRPO. 

2 Given 

3 OS bisects Z.NOP. 

3 Given 

4 Z.1 s Z.3 

4 Halves of = angles are =. (An 


alternative form of the Division 


Property) 

5 ZNSO is comp, to Z.1. 

5 Given 

6 ARTP is comp, to Z.3. 

6 Given 

7 Z.NSO = ARTP 

7 Complements of = Z.S are =. 



Part Three: Problem Sets 


Problem Set A 


Before starting the proofs in this problem set, 
page 90. 

1 Given: ZKMR = L.V TW; 

MR and MP trisect ^KMO, 

TX and TW trisect Z.STV. 

Prove: Z.KMO ^ ^STV 

M 


reread the chart on 
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Problem Set A, continued 


2 Use the given information to find the value of x, 


a ZHGJ = ZONP; 

GJ and NP are Z bisectors. 
ZHGK = 50°, 

Z.ONR = (2x + 10)° 




3 


ISWs SZ; 

TX and VY trisect SW and SZ. 
ST = 12, 

YZ = x - 4 


Given: DF = Gj; 

E is the midpoint of DF. 
H is the midpoint of GJ. 

Prove: DE as GH 


S 



4 Given: ZAFE as Z.DEF; 

FC bisects Z.AFE. 
EB bisects Z.DEF. 
Conclusion: Z_1 as Z2 



5 Given: JK = MK; 

OP bisects JK and MK. 
Prove: JO = PK 


6 Given: ZTNR = ZTRN, N 
ZNRS s ZRNS 

Conclusion: —•— 


J 



T 


7 a If PQ = PR in APQR, what can we 
conclude? 

b If AC ' AB + 3 in AABC, what can 
we conclude? 


P 



A 
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8 Given: M is the midpoint of GH. 
Conclusion: GM = MH 

9 Given; (x lt yj - (5, 1), 

(x 2 , y 2 ) = (9, 3) 

yi + 


M 


Find: (— 


^2 


ID 


Copy the diagram and the proof. Then complete the proof by 
filling in the missing reasons. 

Given: VW = AB, WX = BC; ^ 

X is the midpt. of VZ, 

C is the midpt. of AD. ( _ 

Prove: VZ = AD A 


W 


B 


Statements 


Reasons 


1 VW = AB 

2 WX = BC 

3 VX - AC 

4 X is the midpt, of VZ. 

5 C is the midpt, of AD. 

6 VZ = AD 


1 

2 

3 

4 

5 

6 


Problem Set B 

11 Given: SZ = ST, 

X¥ = VW; 

Y is the midpt. of ZX, 

V is the midpt. of TW. 
Prove: SX s SW 


12 Given: PR bisects ZQPS. 

KO bisects ZJKM. 

L\ is supp. to ZJKM. 
IA is supp. to Z.QPS, 

Conclusion: Z2 = A3 




M 


13 Given: A\ = A2; 

BG bisects ZABF. 
CE bisects ZFCD. 
Prove: A3 = A4 



D 
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Problem Set B, continued 


14 If four times the supplement of an angle is added to eight times 
the angle’s complement, the sum is equivalent to three straight 
angles. Find the measure of the angle that is supplementary to 
the complement. 


Problem Set C 

10 Point T is located on the graph so that 

RT is perpendicular to the x-axis and 
3 < RT < 5. Find the restrictions on the 
coordinates of T. 



16 Given: LI = L2, 

PE bis. AAPN, 
NE bis. ZANP 
Prove: ZXPE = Z.ENY 


A 




CAREER PROFILE 


Bee Geometry 

James L. Gould shows that bees do 
indeed know about angles 

In the early 1900’s, zoologist Karl von Frisch 
showed that bees convey information geometri¬ 
cally by “waggle dancing/ 1 The duration of a 
dance conveys the distance from the hive of a 
new food source. The angle of the axis of sym¬ 
metry of the dance relative to the honeycomb 
conveys the angle of the food measured from 
the sun line. 

Behaviorists didn't accept Frisch's conclu¬ 
sions. Recently, however, James L. Gould, a pro¬ 
fessor of biology at Princeton University, has 
conducted research that seems to confirm 
Frisch's results. 

Opponents of the theory argued that new re¬ 
cruits simply observed the direction from which 
dancers returned to the hive and then flew off in 
that direction," explains Gould. “I’ve found a 


-£)s Sun 


Food* 

\ 50° / 



way to make dancers lie. Recruits still followed 
the dance directions/’ 


Geometry comes naturally to bees. “They're 
wired for it," explains Gould. "It’s like a com¬ 
puter program in their brains/’ 

Gould has a bachelor's degree in molecular 
biology from the California institute of Technolo¬ 
gy and a doctorate from Rockefeller University. 
Today he is a professor of biology at Princeton 
University. 
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2.7 



Transitive and 
Substitution Properties 


Objectives 

After studying this section, you will be able to 
■ Apply the transitive properties of angles arid segments 
* Apply the Substitution Property 


Part One: Introduction 

Transitive Properties 

Suppose that Z_ A = Z.B and A A = Z_C. Is Z.B = Z.C? 



The transitive property of algebra can be used to prove this general 
rule. 

Theorem 16 // angles (or segments ) are congruent to the same 

angle (or segment), they are congruent to each 
other. (Transitive Property) 


Theorem 16 can be used twice to prove the next theorem. 


Theorem 17 If angles (or segments) are congruent to congruent 
angles (or segments), they are congruent to each 
other. (Transitive Property) 


Substitution Property 

In your algebra studies and in some of the problems you have 
worked this year, you have solved for a variable such as x and then 
substituted the value you found for that variable. 


Section 2.7 Transitive and Substitution Properties 
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Example 


If A A = AB, jind mAA, 



2x - 4 = x + 10 
x = 14 

We can now substitute 14 for x in mAA = x + 10 to find that 
mAA = 14 + 10 = 24. 

The Substitution Property can also be applied when no variables are 
involved. 


If A1 is comp, to A2 and A2 = A3, then A1 
is comp, to A3 by substitution. 




Part Two: Sample Problems 

Problem 1 Given; FG = KJ, 

GH = Kj 

Prove; KG bisects FH. 



H 


Proof 


Statements 

Reasons 

1 FG = KJ 

1 Given 

2 GH s KJ 

2 Given 

3 FG = GH 

3 If segments are = to the same segment, 

<■ -> _ 

they are (Transitive Property) 

4 KG bisects FH, 

4 If a line divides a segment into 


two = segments, it bisects the segment. 


Problem 2 


Proof 


Given; A1 + A2 = 90°, 
A1 = A3 

Prove; A3 + A2 = 90° 



Statements 

Reasons 

a Za + Z2 = 90° 

1 Given 

2 Za = Z3 

2 Given 

3 Z3 + Z2 = 90° 

3 Substitution (step 2 in step 1) 
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Problem 3 


Solution 


1/ ZP = ZR and ZQ = ZR, express 
mZQ in terms of x and a. 

2 y+a = x + y + a 
2y — x + y 

y = x 

mZP = x + y + a = x 4- x + a 
mZQ = 2x + a 




Part Three: Problem Sets 


Problem Set A 

1 Given: ZX = ZY, 

ZX = ZZ 

Conclusion: ZY = ZZ 



2 Given: Z1 = Z2, 

Z2 - Z3 

Conclusion: Z1 = Z3 


<6 




3 Given: Z1 = Z3, 


L2 s z.3, «=--jA-> 



C 


I 


5 Given: O is the midpt, of NP. 
RJs the midpt. of SP. 
NP = SP 

Conclusion: SR = NO 



6 Given; GJ = HK 
Conclusion: GH = JK 


■> 
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Problem Set A, confirmed 


7 Given: zlOMP = ARPM; 

MP bisects -/OMR. 
PM bisects AOPR. 
Prove: A OMR = AOPR 



R 


8 The complement of an angle is 24° greater than twice the angle. 
Find the measure of the complement. 


9 AW = ASTV; 

TV bisects A$TW + 
AW = (2x - 5J°, 
AVTW = (x + 15)° 

Find: mASTW 



Problem Set B 

ID Given: VW = RS, v W X Y 

XY s RS . - . 

Prove: VX = WY 


11 Given: LI = L2 

Conclusion: L\ is supp. to Z.3. 



12 Given; LA is comp, to Z.ADB, 
LC is comp, to Z.CDB. 

DB bisects Z.ADC. 
Conclusion: LA = LC 


13 Find the measures of each of the follow¬ 
ing angles in terms of x and y. 
a Z.HFK < 

b Z.EFK 
c AHFG 



14 When one-half the supplement of an angle is added to the com¬ 
plement of the angle, the sum is 120°. Find the measure of the 
complement. 
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c 


15 Given: LA is a right L. 

LB is a right L. 
LB = LD 

Prove: LA = LD 


D 


A 


B 


Problem Set C 

16 Given: AB 1 PR, 
AB = CD 



Fool Proof said that since AB _L PR and AB = CD, he could 
prove that CD 1 PR by substitution. What is wrong with Fool's 
proof? 



Problem Set D 


18 AB and CD intersect at E, and the ratio 
of mZAEC to mZ.AED is 2:3. Write an 
argument to show that it is impossible 
for mZDEB to be 80. 


19 If two of the four nonstraight angles 
formed by the intersection of FH and JK 
are selected at random, what is the prob¬ 
ability that the two angles are congruent? 



20 Find all possible values of x if x is the measure of an angle that 
satisfies the following set of conditions: 

The angle must have a complement, and three fourths of the 
supplement of the angle must have a complement. 


Section 2,7 Transitive and Substitution Properties 
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2.8 


Vertical Angles 


Objectives 

After studying this section, you should be able to 

■ Recognize opposite rays 

■ Recognize vertical angles 


■ Part One: Introduction 

Opposite Rays 

AB and AC are opposite rays . 

ED and EF are also opposite rays, 
as are EG and EH. 



Definition Two collinear rays that have a common endpoint and 
extend in different directions are called opposite 
rays . 


Some pairs of rays that are not opposite rays are shown below. 

JK and MO are not parts of the same line. L 

FT and RS are not opposite, since <“ 

they do not have a common endpoint. 


O 


M 


Vertical Angles 

Whenever two lines intersect, two pairs of vertical angles are 
formed. 


Definition Two angles are vertical angles if the rays forming 

the sides of one and the rays forming the sides of the 
other are opposite rays. 


too 
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LI and LI are vertical angles. 

L3 and LA are vertical angles. 

Are L3 and Z.2 vertical angles? How do vertical angles compare in 
size? 

Theorem 18 Vertical angles are congruent. 

Given: Diagram as shown 
Prove: L5 = LI 

We proved Theorem 18 in Section 2,4, sample problem 3. 





Part Two: Sample Problems 


Problem 1 



Statements 

Reasons 

1 A2 = A3 

1 Given 

2 A1 = A2 

2 Vertical angles are congruent. 

3 Al = A3 

3 If Ls are = to the same L, they are =. 


(Transitive Property) 


Problem 2 


Given: AO is comp, to ZL2, 
A] is comp . to A 1, 

Conclusion: Z.0 = A] 



Proof 


Statements 

Reasons 

1 L 0 is comp, to L 2. 

1 Given 

2 L) is comp, to LA. 

2 Given 

3 LI = L2 

3 Vertical angles are congruent. 

4 LO = L] 

4 Complements of = Z.s are =. 
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Problem 3 


Solution 


Given; mZ.4 = 2x + 5, 
mZ.5 = x + 30 

Find: mzl4 

2x + 5 - x H- 30 
x = 25 



Therefore, mZ4 = 2(25) + 5 ? or 55. 



Part Three: Problem Sets 

Problem Set A 

1 a Name three pairs of opposite rays in 
the diagram. 

b Name two pairs of vertical angles. 


2 Given: Z1 = 60°32' 

Find; a Z.2 
b Z.3 
C Z14 

3 Given: Z.5 = ( 2x + 7)° 

A6 = (x + 25)° 

Find: mZ.5 

4 Given: Z.A = ZACB 
Prove: Z.A = Z.DCE 


5 Given: Z.1 = zL4 
Conclusion: Z.2 = Z.3 




6 Given: FH = GJ 
Prove: FG = HJ 


7 Is this possible? 



G H 
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8 Given: Z4 ^ L6 
Prove: Z,5 = L.% 


e 


> 



Problem Set B 

9 Given: Z1 = Z3 

Prove: Z2 is supp, to Z3. 



10 Given: ZV = ZYRX, 
ZY s ZTRV 

Prove: ZV = ZY 



11 Given: GD bisects ZCBE. 
Conclusion: Z1 = Z2 



12 Angles 4, 5, and 6 are in the ratio 2:5:3. 
Find the measure of each angle. 





13 If a pair of vertical angles are supp., what 
can we conclude about the angles? 


14 Graph the five points A = (3, -4), B = (0, 5), C - (0, -5), 

D = {-3, 4), and 0 - (0, 0). Which of the following are opposite 
rays? 

a OC, OB b QA, OD c BC, CB d OB, OD 


Problem Set C 

15 Find mZ_l. 
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Chapter Summary 


Concepts and Procedures 

A/ter studying this section, you should be abie to 

■ Recognize the need for clarity and concision in proofs (2*1) 

■ Understand the concept of perpendicularity (2*1) 

■ Recognize complementary and supplementary angles (2,2) 

■ Follow a five-step procedure to draw logical conclusions (2.3) 

■ Prove angles congruent by means of four new theorems (2,4) 

■ Apply the addition properties of segments and angles (2.5) 

■ Apply the subtraction properties of segments and angles (2,5) 

■ Apply the multiplication and division properties of segments and 
angles (2,6) 

■ Apply the transitive properties of angles and segments (27) 

■ Apply the Substitution Property (2,7) 

■ Recognize opposite rays (2,8) 

■ Recognize vertical angles (2,8) 


Vocabulary 

complement (2,2) 


substitute (2,7) 
substitution (2,7) 
supplement (2.2) 
supplementary angles (2,2) 
vertical angles (2,8) 
x-axis (2.1) 
y-axis (2.1) 


complementary angles (2.2) 


coordinates (2,1) 
oblique lines (2,1) 
opposite rays (2,8) 
origin (2,1) 


perpendicular (2.1) 
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Review Problems 


Problem Set A 

1 Given: JK 1 KM 


2 Given: PV = PR, 

VT = RS 

Conclusion: PT = PS 


3 Given: ZWXT = ZYXZ 
Prove: ZLWXZ = ZTXY 



W 



4 Given: FG = JH; 

N is the midpt. of FG. 
O is the midpt. of JH. 
Prove: NG = OH 


5 Given: RV and SW trisect PT and PX. 
ST = WX 

Conclusion: PT = PX 





6 Given: Diagram as shown, 
jLI = Z.4 

Prove: L2 = A3 




1 /2 B 



7 Point E divides DF into segments in a 
ratio (from left to right) of 5:2. 

If DF = 21 cm, find EF. 


Review Problems 
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Review Problem Set A, continued 


ill 

:V -'" 

. ■ 

■ ■ ■ 


m 


\ 

f;iy Zr 

' Js 

IfS' 


■ 

11 



ID Given: Z.EGF = Z.EFG, 
AEGH s Z.EFJ 

Conclusion: ZlHGF = ZJFG 



11 Given: Z.ABD is a right 

Z.CBE is a right Z_. 

Conclusion; ^ABE as aCBD 


12 One of two complementary angles has a measure that is six more 
than twice the other’s. Find the measure of the larger angle. 

13 The meaure of the supplement of an angle is five times that of 
the angle’s complement. Find the measure of the complement. 

14 Two nonperpendicular intersecting lines are called —■-— 


15 Point A is the midpoint of DE, and 
DA = 12. Points I and_N are 
trisection points of DE. Find AN. 


D 


I 


-18 


16 Find the supplement and the complement of each angle. 
a 83° 6s 42°15’38" 


17 If AB is reflected over the x-axis, what 
will the coordinates of the endpoints of 
the reflection be? 


c 97° 
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18 A point, R, was rotated about the origin, 
first 180° clockwise and then 90° coun¬ 
terclockwise- It ended at R' = (5, 0). Find 
the coordinates of point R. 


t 

s* - 

\-ax\s 

R‘ (5, 0) 

v * 

O (0, 0) 

x-axis 

\ 

t 



19 APQR is a right angle- If QS is drawn at 
random between the sides of ZPQR, 
what is the probability that 

a ZPQS and ASQR are complementary? 
ti ZPQS is between 0° and 45°? 


A 


20 ABCD is a rectangle- 

a Find the coordinates of B and D, 

Si If a point within ABCD is picked at 
random, what is the probability that it 
is in the shaded region? 



21 Given: Z. PQR = ZPRQ; 

QS bisects APQR. 
RS bisects Z_PRQ. 
* Z.PQR - 87°26' 

Find: ZPRS 



Problem Set B 

22 Given: Z_1 is comp, to Z.3. 

Z.4 is comp, to Z. 2 . 

Conclusion: Z.1 = LA 


23 Given: O is the midpoint of NP, 
RN = PO 

Conclusion: RN = NO 



24 Given: 


Prove: 


Z.F = L\, 
Zj = £2, 
FK-L KH, 
GK ± KJ 

Z.F = L\ 




















V''; s 

; 

■ 
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Review Problem Set B, continued 1 


25 Given: VY bisects Z.TVZ 
ZY bisects ATZV. 
ATVZ = ATZV 

Conclusion: A 3 = A1 



26 Given: BC bisects ADBE, 
Prove: AABD = AABE 


27 Given: A NOP = ASRP; 

ANOP is comp, to APOR, 
ASRP is comp, to APRO. 

Prove: APOR = APRO 


28 Solve for x and y. 




20 Given: VS a VR; 

WT bisects VS and VR 

Find: The perimeter of AVRS 


30 Solve for y in terms of x 


31 By how much does x exceed y? 
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32 The measure of the supplement of an angle exceeds twice the 
measure of the complement of the angle by 20, Find the measure 
of half of the complement. 


33 BD bisects AABC, 

a Write an equation that relates x and y, 
b If ADBC = AC, write another equa¬ 
tion relating x and y. 
c Use substitution with parts a and b to 
find mAC. 



34 Given: OP bisects AMOE. 

mAMOP = 10 - 3x, 
mAPOE = x 2 - 6x 

Find: mAMOE 



0 


35 a Find the area of ABDE* 

b How does the area of AABC compare 
with the area of AEDC? 



Problem Set C 

31 With respect to the origin, point A = (1, 2) is rotated 100° clock¬ 
wise, then 80° counterclockwise, then 210° clockwise, and finally 
50° counterclockwise to point B. 

a Find the coordinates of point B. 

b After which of the four rotations was the point in Quadrant I? 

37 Tippy Van Winkle is awakened from a deep sleep by the cuckoo 
of a clock that sounds every half hour. Before Tippy can look at 
the clock, his brother Bippy enters the room and offers to bet $10 
that the hands of the clock form an acute angle. Assuming that 
the hands have not moved since the cuckoo sounded, how much 
should Tippy put up against Bippy’s $10 so that it is an even bet? 


38 Given: AABD is supp. to AEDB, 
BC bisects AABD. 

DC bisects ABDE* 

Prove: ACBD is comp, to ABDC* 
(Use a paragraph proof) 



Review Problems 
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CHAPTER 



C ONGRUENT T RIANGLES 



Ml 

l’ ongruent triangles create a geometric design 
VJ in this painting by Dorothea Rockburne. 














What Are Congruent 
Figures? 


Objectives 

A/ter studying this section, you will be able to 

■ Understand the concept of congruent figures 

■ Accurately identify the corresponding parts of figures 


■ Part One: Introduction 

Congruent Figures 

Although you learned a bit about the art of proof in Chapters 1 and 
2, you may still be uneasy about proofs* You will, however, find your 
confidence growing as you work with triangles in this chapter. What 
you discover about congruent triangles will help you understand the 
characteristics of the other geometric figures you will meet in your 
studies* 

In general, two geometric figures are 
congruent if one of them could be placed on 
top of the other and fit exactly, point for 
point, side for side, and angle for angle. Con¬ 
gruent jigures have the same size and shape. 


Every triangle has six parts—three an¬ 
gles and three sides. When we say that 
AABC = AFED, we mean that AA = AF, 
AB = AE, and AC = AD and that AB = FE, 
BC = ED, and CA = DF. 




Definition Congruent friangJes all pairs of corresponding 
parts are congruent. 


Remember, an arrow symbol (A> ) means “implies* 5 (“If * , ,, 
then If the arrow is double (<=£>), the statement is reversible. 


Section 3.1 What Are Congruent Figures? 


Ill 
















Would the statement AABC = ADEF be correct? The answer is 
no! Corresponding letters must match in the correspondence. 


Correct: AABC = A FED 

l u— rr 


Incorrect: 


AABC 

I = ADEF 

—no — f ] 


— no - 


To say that AABC = ADEF is incorrect because AABC cannot be 
placed on ADEF so that A fails on D, B on E, and C on F, Would it 
be correct to say that AEDF = ABCA? 

In later chapters we will use the following definition. 


Definition Congruent polygons all pairs of corresponding 
parts are congruent. 


Writing proofs involving congruent triangles will be unnecessari¬ 
ly tedious unless we shorten some of the reasons. From now on, 
therefore, we will refer to many theorems and postulates in proofs 
only by the names or abbreviations we have assigned. You may wish 
to review the following properties, presented in Chapter 2: 

Addition Property Multiplication Property Transitive Property 
Division Property Subtraction Property Substitution Property 


More About Correspondences 

Notice that AKET is a reflection of AKIT over KT. 
AI reflects onto Z.E. K 

A1 reflects onto A2. 

A3 reflects onto A4 . 

KI reflects onto KE. 

IT reflects onto ET, 


Notice also that KT is the sixth corresponding part. KT reflects onto 
itself. In fact, it is actually a side shared by the two triangles. We 
often need to include a shared side in a proof. Whenever a side or an 
angle is shared by two figures, we can say that the side or angle is 
congruent to itself. This property is called the Beflexive Property. 



Postulate Any segment or angle is congruent to itself. 
(.Reflexive Property) 
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APQR. in APQR, is congruent to ASQT, in 
ASQT, by the Reflexive Property. 

Notice that ASQT and APQR are actu¬ 
ally different names for the same angle, We 
used different names so that you could see 
that the angle belonged to two different tri¬ 
angles. 


Q 



The two figures shown are congruent. 
PQRST bs VWXYZ 

The correspondence is evident if we slide 
PQRST onto VWXYZ. 




The triangles at the right are congruent. 

To determine the correspondence of the tri¬ 
angles, we can rotate AFGH onto ALKH 
about H. LU_ f 11 


Angle 1 at H rotates onto angle 2 at H. 

Thus, all six pairs of corresponding parts are 
congruent. 




Part Two: Sample Problems 

In the following two problems, try to justify each conclusion with 
one of the properties presented in Chapter 2 and in this section. 

Problem 1 Given: M and N are midpoints, 

DC = AB, AB = DB, 

211 = Z_4, A2 = A3 

Conclusions; a AADC = AABC 
h CM = AN 
c BD-DB 
A DC = DB 



Answers 


a Addition Property 
h Division Property 
c Reflexive Property 
d Transitive Property 
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Problem 2 


Given: FP and GP are angle bisectors. 

£5 is an acute angle,_ 

£5 = £7, PF s PG, GJG = FR 

Conclusions: a Z.QFG = Z.RGF 
b QP = PR 

c £7 is an acute angle, 
d Z.FER = ^GEQ 


E 



Answers 


a Multiplication Property 
b Subtraction Property 
c Substitution 
ti Reflexive Property 



Part Three: Problem Set 

Iii problems 1-3, indicate which triangles are congruent. Be sure to 
have the correspondence of letters correct. 

1 AERC = _ 2 E is the midpt, of TP. 3 ABOW = — l — 

Why is RC = RC? ASPE = ? Why is LI = A2? 



4 a Copy APQR. Draw its reflection over 
the x-axis and give the coordinates of 
the vertices, 

Is Copy APQR. Draw its reflection over 
the y-axis and give the coordinates of 
the vertices. 

o Copy APQR. Slide it 3 units to the left 
and give the coordinates of the verti¬ 
ces. 



5 a Draw the rotation of APQR 180° clockwise about O. Label its 
vertices with their coordinates. 

I Draw the slide of APQR along ray PR so that P is at O, and 
label its vertices with their coordinates. 

£ Draw the reflection of APQR over the y-axis and label its 
vertices with their coordinates. 
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3.2 


Three Ways to Prove 
Triangles Congruent 


Objectives 

A/ter studying this section, you will be able to 

■ Identify included angles and included sides 

■ Apply the SSS postulate 

■ Apply the SAS postulate 

■ Apply the ASA postulate 



Part One: Introduction 

Included Angles and Included Sides 

In the figure at the right, AH is included by 
the sides GH and HJ. Side GH is included by 
AH and AG. Can you name the sides that 
include AG? Can you name the angles that 
include side HJ? 


G 



The SSS Postulate 

Proving triangles congruent could be a very tedious task if we had to 
verify the congruence of every one of the six pairs of corresponding 
parts. Fortunately, triangles have some special properties that will 
enable us to prove two triangles congruent by comparing only three 
specially chosen pairs of corresponding parts. One of these sets of 
pairs consists of the corresponding sides. 


These are the three sticks that make 


This is the triangle that Jill built, up the triangle that Jill built. 



Jill knows that there is only one triangle that can be constructed 
from three given sticks. In other words, if Jack has three sticks that 
are the same size as Jill's sticks, the only triangle he can build is 
one congruent to the triangle that Jill built. 


Section 3,2 Three Ways to Prove Triangles Congruent 
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The tick marks on AABC and ADEF show sufficient conditions 
for us to know that AABC = ADEF. This special property of trian¬ 
gles can be expressed as a postulate, which we will refer to as the 
SSS postulate, Each S stands for a pair of congruent corresponding 
sides, such as AC and DF. 


Postulate If there exists a correspondence between the verti¬ 
ces of two triangles such that three sides of one 
triangle are congruent to the corresponding sides of 
the other triangle, the two triangles are congruent. 
(SSS) 


The SSS relationship can be proved by methods that are not part 
of this course; we shall assume it and use the abbreviation SSS in 
proofs. 

In the figure, is AGHJ congruent to G 

AGKJ by SSS? The tick marks give us two 
pairs of congruent sides, but that is not 

enough. However,_since_GJ is a common side ^ x ^ _ 

of both triangles, GJ = GJ by the Reflexive Property. 

So we actually do have SSS! 

The following diagram illustrates the flow of logic that proves 
that AGHJ and AGKJ are congruent. 


K 



The SAS Postulate 

It can also be shown that only two pairs of congruent corresponding 
sides are needed to establish the congruence of two triangles if the 
angles included by the sides are known to be congruent. 
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Postulate if there exists a correspondence be¬ 
tween the vertices of two triangles 
such that two sides and the included 
angle of one triangle are congruent 
to the corresponding parts of the 
other triangle, the two triangles are 
congruent (SAS) 


The fact that the A is between the S's in 
SAS should help you remember that the 
congruent angles in the triangles must be 
the angles included by the pairs of congruent 
sides. Although this relationship, like SSS, 
can be proved, we shall assume it and use 
the abbreviation SAS in proofs. 

The ASA Postulate 

The following postulate will give us a third way of proving triangles 
congruent. 

Postulate If there exists a correspondence be¬ 
tween the vertices of two triangles 
such that two angles and the includ¬ 
ed side of one triangle are congru¬ 
ent to the corresponding parts of the 
other triangle t the two triangles are 
congruent (ASA) 

Again, ASA can be proved, although we 
shall assume it. The arrangement of the let¬ 
ters in ASA matches the arrangement of 
marked parts in the triangles; the congruent 
sides must be the ones included by the pairs 
of congruent angles. 


A 




If you are curious, you may be wondering whether SSS, SAS, 
and ASA are the only shortcuts for proving that triangles are congru¬ 
ent Not quite. These three postulates, however, are enough to get us 
started on proofs that triangles are congruent. 

Study the sample problems carefully before you attempt the 
problem sets. Notice that we call SSS, SAS, and ASA methods of 
proof. Any definition, postulate, or theorem can be called a method 
if it is a key reason in proofs. 


Section 3.2 Three Ways to Prove Triangles Congruent 
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Part Two: Sample Problems 

In problems 1-3 and 5, you are given the congruent angles and sides 
shown by the tick marks. Name the additional congruent sides or 
angles needed to prove that the triangles are congruent by each 
specified method. 



Answers a AC = DF 
b AB = AE 


Problem 2 

Answers 


a SAS 
b ASA 
a Gj a OM 
b AH = AK 



Problem 3 


Answers 


Prove; APWT = ASVR 
a SAS 
h ASA 

a TW = RV 
b ATPW s aRSV 



Problem 4 


Answers 


Using the tick marks for each pair of triangles, name the method (SSS, 
SAS, or ASA), if any, that can be used to prove the triangles congruent. 



b 


a 

b 
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Problem 5 


Answers 


Problem 6 


Proof 


Problem 7 


Proof 


Prove; AAEC = ADEB 
a SSS 
b SAS 

a AC = BD 
b AAEC-ADEB 



E 


Given: AD = CD; 

B is the midpoint of AC. 

Conclusion: AABD = ACBD 


A 


D 



C 


Statements 

Reasons 

1 AD = CD 

1 Given 

2 B is the midpt. of AC. 

2 Given 

3 AB = CB 

3 If a point is the midpoint of a 


segment, it divides the segment into 


two = segments. 

4 BD = BD 

4 Reflexive Property 

5 AABD = ACBD 

5 SSS (1, 3, 4) 


Note After SSS, SAS, or ASA we shall identify the numbers of the 
statements in which the pairs of congruent parts were found. 


Given: A3 = A6, 

KR = PR, 

AKRO = APRM 

Prove: AKRM = APRO 



Statements 

KM 0 P 

Reasons 

1 A3 s Z6 

1 Given 

2 A3 is supp. to A4. 

2 If two As form a straight A (assumed 


from diagram), they are supp. 

3 A5 is supp. to A6. 

3 Same as 2 

4 A 4 = Z.5 

4 Angles supp. to = As are =, 

5 KR = PR 

5 Given 

6 Z.KRO a APRM 

6 Given 

7 ZKRM = APRO 

7 Subtraction Property 

8 AKRM s APRO 

8 ASA (4, 5, 7) 


Note The assumption of straight angles and the fact that two angles 
that form a straight angle are supplementary may now be combined 
in one step (as in step 2 above). 
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Part Three: Problem Sets 


Problem Set A 


1 Study the congruent sides and angles shown by the tick marks, 
then identify the additional information needed to support the 
specified method of proving that the indicated triangles are con¬ 
gruent. 

Needed 

Triangles Method Information 





2 Using the tick marks for each pair of 4, name the method (SSS, 
SAS, or ASA), if any, that will prove the 4 to be =. 
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4 Given: A1 = Z.2, 

EF s HF 

Prove: AEFJ a AHFG 


5 Given: RO _L MP, 

MO = OP 

Prove: AMRO = APRO 


6 Given: SV bisects ATSB, 
VS bisects ATVB. 
Prove; ATSV a ABSV 


7 Given: TV = XW, 

v\ a m, 

TA m XA 

Prove: ATVA a AXWA 


8 Given: BC = FE, 

DC = DE, 

A5 = A6 

Prove: ABDG = AFDG 



9 Two triangles are standing up on a table- 
top as shown. PA = PC and BA = BC. 

Prove: APBA a APBC 


10 The perimeter of ABCD is 85. Find the 
value of x. Is AABC congruent to AADC? 
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Problem Set A, continued 

11 Given: Z.N is comp, to ANPO. 

AS is comp, to ASPR. 
ANPO_ = ASPR, 

NP = SP 

Conclusion: ANOP = ASRP 

12 Given: O is the midpt. of AY. 

O is the midpt of ZX. 

Conclusion: AZOA = AXOY 


13 Given: EO = KM, 

FO = JM, 

EG = KH; 

F is the midpt. of EG . 
J is the midpt. of KH. 

Conclusion: AEFO = AKJM 


14 Given: A1 = A4, 

PR = TU 
NP s NT 

Prove; ANPR = ANTS 


15 Given: GHs KJ, 

HM s JQ, 

GO ss KM 

Prove: AGOJ = AKMH 


16 Given: AR = AN, 

RP £ NT, 

RT = NP, 

TS s OP 

Conclusion: ANOT = ARSP 



T S 

17 

o p 



Problem Set B 

17 Given: A1 = A6, 

BC = EC 

Conclusion: AABC = ADEC 
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18 Given: FH = FK, 

A H = AK; 

G is the midpt. of FH. 
M is the midpt. of FK. 
J is the midpt. of HK. 

Conclusion: AGHJ = AMKJ 


F 



19 Given: PR_= NT, 

NO = SR; 

O is ^ of the way from N to P. 
S is | of the way from R to T. 
Prove: ANRT s ARNP 



20 Study the problem below, then copy the 
flow diagram and fill in the reason for 
each statement, / \ 

Given: A1 = A2; _ / 

M is the midpt, of BC, --1- - 

BE = CE AB M CD 

Prove: AEMB = AEMC 



21 In problem 20, what given information is not needed to prove the 
triangles congruent? 


22 Given: RS = RT 

Conclusion: ARST = ARTS 



23 Given: S and T trisect RV 
AR = AV 
ABST S ABTS 

Conclusion: ABRS = ABVT 
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Problem Set B, continued 


24 Given: PY bisects AVPZ. 

AVPY = (2x + 7)°, 
AZPY = (3x - 9)°, 

PZ = |x + 5, 

PV = x - 3 
Prove: AVPY s AZPY 

(Use a paragraph proof,) 


25 Given: A3 = Al, A4 = A2, 

ADAC s A3, ABAC s Al, 
AD = AB 

Prove: ACAD s ACAB 


Problem Set C 

20 Given: AB as AE; 

AE and AC trisect ABAD. 
AB 1 BC, 

AE 1 DE 

Conclusion: AABC = AAED 


27 Given: JH = FG; 

K and M are midpoints. 
AHKF ss AFMH, 

AK)G = AMGJ, 

AJGH s aFJG 

Conclusion: AFJK ai AHGM 


P 




B 



28 Consider two triangles, AABC and AFDE, with vertices 

A = (0, 7), B = (-4, 0), C = (0, 0), D = (2, 3), E = (2, -1), and 
F = (9, — 1). Draw a diagram and explain why AABC = AFDE. 
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3.3 


CPCTC and Circles 


Objectives 

A/ter studying this section, you will be able to 

■ Apply the principle of CPCTC 

■ Recognize some basic properties of circles 


■ Part One: introduction 

CPCTC 

Suppose that in the figure AABC = ADEF. 
Is it therefore true that ZB = AE? If you 
refer to Section 3*1, you will find that we 
have already answered yes to this question 
in the definition of congruent triangles* 


C 



In the portions of the book that follow, we shall often draw such 
a conclusion a/ter knowing that some triangles are congruent* We 
shall use CPCTC as the reason. CPCTC is short for “Corresponding 
Parts of Congruent Triangles are Congruent* 1 By corresponding parts, 
we shall mean only the matching angles and sides of the respective 
triangles. 


Introduction to Circles 

Point O is the center of the circle shown at 
the right. By definition, every point of the 
circle is the same distance from the center. 
The center, however, is not an element of 
the circle; the circle consists only of the 
“rim.** A circle is named by its center: this 
circle is called circle O (or 00). 



Points A, B, and C lie on circle P (OP)* 

FA is called a radius. 

PA, PB, and PC are called radii. 
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From previous math courses you may remember formulas for the 
area and the circumference of a circle: 

A = 77T Z 

C = 2tjt 

By pressing the | tt | key on a scientific calculator, you can find 
that 7T 3.141592654. 


Theorem 19 All radii of a circle are congruent. 


Part Two: Sample Problems 


Problem t 


Proof 


Given: OP 

Conclusion: AB = CD 



Statements Reasons 


1 OP 

1 Given 

2 PA = PB = PC = PD 

2 Al! radii of a circle are =. 

3 ACPD a Z.APB 

3 Vertical angles are =. 

4 ACPD a AAPB 

4 SAS (2, 3, 2) 

5 AB a CD 

5 CPCTC (Corresponding parts of 


congruent triangles are congruent.) 


Problem 2 Given: OO; 

Z_T is comp, to Z.MQT. 
LS is comp, fo ZPOS* 

Prove: MO = PO 


Proof Statements Reasons 


1 OO 

1 Given 

2 OT = OS 

2 All radii of a circle are =. 

3 AT is comp, to AMOT, 

3 Given 

4 AS is comp, to APOS. 

4 Given 

5 AMOT = APOS 

5 Vertical angles are =. 

6 AT = AS 

6 Complements of = As are -a. 

7 AMOT b APOS (Watch the 

7 ASA (5, 2, 6) 

correspondence.) 


8 MO = PO 

8 CPCTC 
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Part Three: Problem Sets 

Problem Set A 



Prove: AA = AD 8 C E 

2 Given: AHGJ = AKJG, 

AKGJ s aHJG 

Conclusion: HG = KJ 

H 


F 


K 





4 Given: T and R trisect SW. X 




7 Find, to the nearest tenth, the area and the circumference of a 
circle whose radius is 12.5 cm. 


8 AABC as ADEF, 

AA = 90°, AB = 50°, AC = 40°, 
mAE = 12x + 30, mAF = \ - 10, 
mAD = Vz 
Solve for x, y, and z. 




B E 
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Problem Set A, continued 

9 Given: FH bisects Z.GFJ 
and Z.GHJ, 

Conclusion: FG = FJ 



10 Given: L M = Z.R, 

ZRPS =jLMOK, 
MP = RO 

Conclusion: KM = RS 



M 


11 Explain why the area of the shaded re¬ 
gion is 100 - 25 t r, 



Problem Set B 

12 Given: H is the midpt. of GJ. 

M is the midpt. of OK, 
GO=]K, 

GJ = OK, 

ZG = Z.K, 

OK = 27, 




0 M 

m^GOH = x + 24, m^GHO = 2y - 7, 
mZ_JMK = 3y — 23, mZ.MJK = 4x — 105 

Find: mZ_GOH, mZ_GHO, and GH 


13 Given: Z.A = Z.E, 
AB = BE, 
FB 1 AE, 
Z.2 = 213 

Prove: CB = DB 



14 Given: Z.5 = Z.6, 

ZJHG at AO, 

GH s MO 

Conclusion: Z.J = Z.P <- 




M 


0 
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16 Given: Z.7 = 48, 
ZYsWX 

Prove: Z.W s Z.Y 



17 Given: Z.AEC = ADEB, 
BE = CE, 

AABE = Z.DCE 

Prove: AB = CD 



18 Given: KG = GJ, 

Z.2 = LA, 

L\ is comp, to L2. 
L3 is comp, to LA. 
Z.FGJ = AHGK 

Conclusion: FG = HG 



19 a Find the coordinates of point P. 
b Find the area of the circle. 




Problem Set C 

21 Given: AE = FC, 

FB = DE, 

Z.CFB = AAED 

Prove: Z.1 = Z.2 
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Problem Set C, continued 


22 


Prove that if GJ and KH bisect each 
other, then Z.MHO is larger than ^K. 
(Write a paragraph proof.) 


K J 



A radio antenna is kept perpendicular to 
the ground by three wires. They are 
staked at three points on a circle whose 
center is at the base of the antenna. Jus¬ 
tify that the wires are equal in length. 





Structural Congruent Triangles 

Humanizing skyscrapers 


The structural engineer William Le Messurier 
(horn 1926) is a pioneer who has used geomet¬ 
ric shapes to make taker, lighter, and more spa¬ 
cious skyscrapers that are structurally sound. 
One of his techniques is to use congruent trian¬ 
gles. Bn the 915-foot-tall Citicorp Center in Man¬ 
hattan, he used triangles to more efficiently dis¬ 
tribute the downward pressure exerted by each 
of the building’s vertical sections. Each triangle 
absorbs the stress—the straining forces result¬ 
ing from weight and gravity—from its section 
of the building and transfers it to a vertical 
column down the center of that side of the 
building. While we might take for granted the 
congruence of the triangles, it is important to 
the design of this building. If the triangles were 
not congruent, then the building’s stress would 
be distributed unevenly. That would make it dif¬ 
ficult to predict what would happen to the build¬ 
ing as gravity acted upon it over time, or in 
extreme conditions, such as high winds. 

The building’s design and structural efficien¬ 


cy make possible the sunken, skylit piaza that 
sits underneath it, an inviting place to visit. 
Thus, congruent triangles contribute not only to 
safety but also to making our cities more pleas¬ 
ant and livable. 
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3.4 


Beyond CPCTC 


Objectives 

After studying this section, you will be able to 

■ Identify medians of triangles 

■ Identify altitudes of triangles 

» Understand why auxiliary lines are used in some proofs 

■ Write proofs involving steps beyond CPCTC 



Part One: introduction 

Medians of Triangles 

Three medians are shown: 

AD is a median of AAESC 
EH is a median of AEFG. 

FJ is a median of AEFG, 

Every triangle has three medians. 



Definition A median of a triangle is a line segment drawn from 
any vertex of the triangle to the midpoint of the 
opposite side. (A median divides into two congruent 
segments, or bisects the side to which it is drawn.) 


Altitudes of Triangles 

In the first diagram below, AD and BE are altitudes of A ABC. 



In the middle diagram, AC and BC and CD are altitudes of 
AABC, Notice that in this case, two of the altitudes are sides of the 
triangle. 

In the diagram on the right, AD and BE are altitudes of AABC, 
Notice that altitude BE falls outside the triangle. Where does the 
third altitude lie? 

Every triangle has three altitudes. 
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Definition 


An altitude of a triangle is a line segment drawn 
from any vertex of the triangle to the opposite side, 
extended if necessary, and perpendicular to that 
side. (An altitude of a triangle forms right [90°] an¬ 
gles with one of the sides.) 


Could an altitude of a triangle be a median as well? 


Auxiliary Lines 

Consider the following problem. 

Given: AB = AC, 

BD s CD 

Conclusion; AABD = AACD 


A 



C 


This proof would be easy if a line segment were drawn from A to D. 
We could then proceed to prove that AABD = AACD {bv SSS) and 
that AABD = AACD (by CPCTC). 

You will find that many proofs involve lines, rays, or segments 
that do not appear in the original figure. These additions to diagrams 
are called auxiliary lines. Most auxiliary lines connect two points 
already in the diagram, although you will see other types of auxilia¬ 
ry lines later in the course. Whenever we use an auxiliary line in a 
proof, we must be able to show that such a line can be drawn. 

It is a postulate that one and only one line, ray, or segment can 
be drawn through any two distinct points. 


A 



Postulate Two points determine a line (or ray or segment). 


The word determine indicates that there is a line through the given 
points and there is no more than one such line. 

Steps Beyond CPCTC 

Consider the following problem. 

Given: AD = CD, 

AADB sACDB 

Prove: DB is the median to AC. 

In this problem, we can prove that AABD 3 ACBD by SAS. Do you 
see how? Therefore, AB = CB by CPCTC. Now we shall go one step 
beyond CPCTC. Since AB a CB, we may call DB a median of 
AACD, and the proof is complete. 

Many proofs involve steps beyond CPCTC. By using CPCTC 
first, we can identify altitudes, angle bisectors, midpoints, and so 
forth. You will see some examples in the sample problems to follow. 
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A fascinating type of proof involves showing that one pair of 
triangles are congruent and then using CPCTC to show that another 
pair of triangles are congruent- Such proofs, called detour proofs , are 
explained in detail in Chapter 4. 


— C 

Part Two: Sample Problems 

Problem 1 Given: AC = BC, 

ADsBD 

Prove: CD bisects ZACB. A 
Proof Flow of logic: 



1 Given 

2 Given 

3 Reflexive Property 

4 SSS (1, 2, 3) 

5 CPCTC 

6 If a ray divides an Z into two = Zs, the 
ray bisects the Z. 


1 AC a BC 

2 ADsBD 

3 CD = CD 

4 AACD = ABCD 

5 ZACD s -/BCD 

6 CD bisects ZACB. 



Problem 2 



Proof 


Statements Reasons 


1 CD and BE are 

1 Given 

altitudes of AABC. 


2 ZADC is a right Z. 

2 An altitude of a A forms right As with 


the side to which it is drawn. 

3 ZAEB is a right Z. 

3 Same as 2 

4 ZADC = ZAEB 

4 If As are right As, they are =- 

5 ZA = ZA 

5 Reflexive Property 

6 AD = AE 

6 Given 

7 AADCs AAEB 

7 ASA (4, 6, 5) 

8 ABs AC 

8 CPCTC 

9 DBsEC 

9 Subtraction Property (6 from 8) 
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Problem 3 


Proof 


Problem 4 


Proof 


Given: G is the midpt. of FH. 
EF = EH 

Prove: XI = Z2 



Statements 


Reasons 


1 G is the midpt. of FH. 

1 Given 

2 FG = HG 

2 If a point is the midpt, of a 


segment, it divides the segment 


into two = segments. 

3 EF = EH 

3 Given 

4 Draw EG, 

4 Two points determine a segment. 

5 EG = EG 

5 Reflexive Property 

6 AEFG ss AEHG 

6 SSS (2, 3, 5) 

7 AEFG = AEHG 

7 CPCTC 

8 A2 is supp. to AEFG. 

8 If two As form a straight A, they 


are supplementary. 

9 A1 is supp. to AEHG. 

9 Same as 8 

10 A1 as A2 

10 Supplements of = As are =. 

Given; AT = AY, 

S 


XSVZj=ZSXZ, 

TV = YX 

Conclusion: SZ is the median to TY. 



Statements 

' 

Reasons 

1 AT at AY 

1 Given 

2 ASVZ = ASXZ 

2 Given 

3 ASVZ is supp. to ATVZ. 

3 If two As form a straight A, they 


are supplementary. 

4 ASXZ is supp. to AYXZ. 

4 Same as 3 

5 ATVZ = AYXZ 

5 Supplements of = As are =. 

6 TV s YX 

6 Given 

7 ATVZ = AYXZ 

7 ASA (1, 6, 5) 

8 TZ = YZ 

8 CPCTC 

9 SZ is the median to TY, 

9 If a segment from a vertex of a A 


divides the opposite side into 


two = segments, it is a median. 
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Part Three: Problem Sets 

Problem Set A 

1 For the following figures, identify AD as a median, an altitude, 
neither, or both according to what can be proved. 




2 Given: HJ = KJ, 

ZMJH - ZMJK 

Prove: MJ bisects AHMK, 


M 


3 Given: NR = PR; 

RO bisects ANRP. 

Prove: OR bisects Z_NOP, (Draw a logical 
flow diagram for this problem and then 
give the proof.) 


4 Given: ZCFD = Z.EFD; 

FD is an altitude. 

Prove: FD is a median. 


5 Given: GO, 

Gj^Hj 

Prove: Z.G = Z.H 



6 Given: TW is a median, 
ST - x + 40, 
SW = 2x + 30, 
WV = 5x - 6 

Find: SW, WV ; and ST 
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Problem Set A, continued 


7 Given: KP_is a median. 
MK = RK 

Conclusion: Z.3 = Z.4 



Problem Set B 

8 Given: Z.AEB = Z.DEC, E 



10 Given: AZ = ZB; 

Z is the midpt, of XY. 
ZAZX =_ZBZY, 

. XW = YW 
Prove: AW = BW 


W 



11 Given: DF bisects Z.CDE. 

EF bisects Z.CED. 

G is the midpt. of DE. 
DF s EF 

Prove: ZCDE = ZCED 


C 



Problem Set C 

12 Given: AC is the altitude to EH 
AC is a median. 

Z.BAC is comp, to AD. 

Conclusion: ABAC is comp, to AES. 


A 



13 In the graph of AABC t A = (- 2, 6) and B = (8, 6). The altitude 
from C is 5. Where is point C located? 
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14 Given: GO and 0P; 

Perimeter of AAOP = 80, 

OC + DP = 16; _ 

CD is 2 units longer than OC, 

Find; OB + BP 



15 Given: AB = AC , 
BD a CE 

Prove: Z.1 = A2 


CAREER PROFILE 


Symmetry Unlocks Culture 

Dorothy Washburn uses patterns to decode the past 




Archaeologists have traditionally classified 
decorative basket, cloth, and pottery patterns 
through reference to the design elements of the 
patterns. Archaeologist Dorothy Washburn de¬ 
cided to take a different approach. She explains 


her theory: “Structure is important in every cui 
ture. Instead of focusing on design elements I 
decided to look at the underlying structure of 



a b 


the patterns. It appeared that one fundamental 
rule guiding artists in their choices of patterns 
was pattern structure, so I proposed using sym¬ 
metry as a basis for pattern classification.” 

Using Washburn’s system, the two designs 
above would have identical classifications, since 
each has 180° (bifold) rotational symmetry. 
“We’ve uncovered a remarkable consistency in 
the choice of symmetries within a given cultural 
group. In my study of the Anasazi people of the 
American Southwest, I found that at most sites 
at least 50 percent of their decorative patterns 
were structured just by bifold rotational symme¬ 


try.” Most cultural groups use a small number of 
symmetries, sometimes for hundreds of years. If 
the group undergoes some major upheaval, the 
artists might then adopt a new series of symme¬ 
tries. 

Washburn majored in American history at 
Oberlin college, but one day she overheard an¬ 
other student discussing an upcoming archaeo¬ 
logical dig. “Can I come along?” she inquired. 
Her future was altered. She joined a summer dig 
in Wyoming, then entered graduate school at 
Columbia University, where she earned her doc¬ 
torate in anthropology. Today she is a research 
associate in anthropology at the University of 
Rochester. 

Which strip patterns display bifold rotational 
symmetry? 



a 




b 





c 




d 




e f 
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3.5 



Overlapping Triangles 


Objective 

After studying this section, you will be able to 
h Use overlapping triangles in proofs 


Part One: Introduction 

Consider the following problem. 

Given: DB = AC, 

AD = BC 

Conclusion: ZD = ZC 

A 

At first glance you would probably think of showing that 
AADE = ABCE, thus proving that ZD = ZC by CPCTC. 

Soon you would realize that there is not enough information to 
prove that AADE = ABCE. There must be another way. 

In this case the problem can be solved by finding two other 
triangles to which ZD and ZC belong. We can prove that the over¬ 
lapping triangles ABD and BAG are congruent by SSS, and thus that 
ZD = ZC by CPCTC. 




At first, you may have trouble recognizing which triangles to use 
in a proof. You may want to outline triangles in color, as in the 
sample problems, fust be willing to draw figures several times to find 
the triangles that serve best, 

Almost all the problems in this section involve overlapping 
triangles. Elsewhere, the triangles of interest may or may not 
overlap. 
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Part Two: Sample Problems 

Problem 1 Given: AC = AB, 

AE =_AD 

Condusion: CE = BD 


A 



Proof Statements Reasons 


1 AC = AB 

1 Given 

2 AE = AD 

2 Given 

3 AA = AA 

3 Reflexive Property 

4 AADBs AAEC 

4 SAS (1, 3, 2) 

5 CEsBD. 

5 CPCTC 


Problem 2 


Proof 


Given: FH = MI; 

G is the midpt. of FH, 
K is the midpt. of Mf. 
AGHJ = AKJH 

Prove; Gj = HK 

Statements _ 

1 FHsM] 

2 G is the midpt. of FH. 

3 K is the midpt. of MJ. 

4 GH = Kj 

5 A_GHJj= AKJH 

6 HJ = HJ 

7 AGHJ_=_AKJH 

8 GI = HK 



Reasons 

1 Given 

2 Given 

3 Given 

4 Division Property 

5 Given 

6 Reflexive Property 

7 SAS (4, 5, 6) 

8 CPCTC 


Part Three: Problem Sets 


Problem Set A 

1 Given: AB = DC , 

AC = DB 

Prove: AABC = ADCB 

2 Given: AFGH is a right A, 

Z.JHG is a right A. 
FG = JH 

Prove: AFGH = AJHG 
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Problem Set A, continued 


3 Given: PM = RM, 

ASPM = AORM 

Prove: APSM = AROM 


4 Given: LI = L 3, 

LI = LA 

Conclusion: BC = ED 


M 




5 Given: JH s KH, 

HG = HM, 

L5 = L 6 

Conclusion: AJHG = AKHM 


Problem Set B 

6 Givenr LI is comp, to LI. 

L 3 is comp, to LA. 
LI = L3 

Conclusion: AB = CD 


H 



7 Given: Figure NOPRS is equilateral 
(all sides are congruent). 
ZOPR = APRS, 


Prove: OT = ST 


N 



8 Given: L 9 = A10, 

AGFH as AHJG 

Conclusion: FG = JH 
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9 Given: YW bisects AX. 
LA = LX, 

L 5 = L6 

Conclusion: ZW = YW 


10 Given: B is the midpt. of AC . 

E is the mdpt. of AD. 
LI = 

Z.ECD s ^BDC 
Prove: AC = AD 



11 Given: Two triangles, joined along PQ 
and standing on a desktop, 

PS = PR, ZQPS = AQPR 

Prove: QR = QS 


P 



Problem Set C 


12 Given: HO = MO, 

JO s KO; 

HJ is an altitude of AHJK. 
MK is an altitude of AMKJ. 

Prove: A1 = A2 


13 Given: NR = NV; 

P and Q are midpoints. 

AR - AV t 
PX = QX 

Prove: AXST is isosceles (at least two 
sides are =), 



14 Given: YD = ZD, 

BD = CD; 

E is the midpt, of YZ. 
Conclusion: ABYZ = ACZY 


A 



E 
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3.6 


Types of Triangles 


Objective 

After studying this section, you will be able to 
■ Name the various types of triangles and their parts 



Part One: Introduction 


A number of names are used to distinguish triangles having special 
characteristics. 


Definition 


A scalene triangle is a triangle in which 
no two sides are congruent. 



Scalene 
Triangle 


Definition 


An isosceles triangle is a triangle in which at least 
two sides are congruent. 


D 



In ADEF above, DE = DR DE and DF are called legs of the isosceles 
triangle, EF is called the base, ZE and ZF are called base angles, 
and ZD is called the vertex angle ; Can you name these parts in 
ARST? 


Definition An eijuiJafera/ triangle is a triangle 
in which all sides are congruent 
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The word equilateral can be applied to any figure in which all sides 
are congruent. 


Definition An equiangular triangle is a triangle 
in which all angles are congruent. 



The word equiangular can be applied to any figure in which all 
angles are congruent. 

Looking at the diagrams, you may wonder if there is any real 
difference between an equilateral triangle and an equiangular trian¬ 
gle. You will find out in Section 3.7, where you will also learn 
whether any differences exist between equilateral and equiangular 
figures of other numbers of sides. 


Definition 


Definition 


An acute triangle is a triangle in 
which all angles are acute. 



A right triangle is a triangle in which one of the 
angles is a right angle. (The side opposite the right 
angle is called the hypotenuse. The sides that form 
the right angle are called legs,} 



In A ABC above, AB and BC are the legs, and AC is the hypotenuse. 
Can you name these parts in AXYZ? 


Definition An obtuse triangle is a triangle in which one of the 
angles is an obtuse angle. 
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Part Two: Sample Problems 

Problem 1 Given: ACBD = 70° 

Prove: AABC is obtuse. 



D 


Proof 

Problem 2 


ACBD = 70 s and AABD is a straight angle, so AABC = 110°. Since 
AABC contains an obtuse angle, it is an obtuse triangle. 



Proof Since EG = FH and FH is clearly longer than FG, EG is also longer 

than FG. It is given that EF > EG, so EF is also longer than FG. 
Since no two sides of AEFG are congruent, the triangle is scalene. 


Problem 3 


Proof 


Given: A1 = A3, 

A2 a A4, 

JP = PO 

Prove: AKPM is isosceles, 

K 



M 


Statements Reasons 


1 A1 = A3 

1 Given 

2 A2 = A4 

2 Given 

3 AJKM = AOMK 

3 Addition Property 

4 KM = KM 

4 Reflexive Property 

5 AJKM bs AOMK 

5 ASA {2, 4, 3) 

6 JM = KO 

6 CPCTC 

7 JP = PO 

7 Given 

8 KP = MP 

8 Subtraction Property 

9 AKPM is isosceles. 

9 If at least two sides of a A are 


congruent, the A is isosceles. 


■ Part Three: Problem Sets 

Problem Set A 

1 If the perimeter of AEFG is 32, is AEFG 
scalene, isosceles, or equilateral? 


G 
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2 Classify each of the triangles as scalene, isosceles, or equilateral. 






3 Classify each of the triangles as acute, right, or obtuse. 
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Problem Set A f continued 


5 Given: GO 

Prove: ACOD is isosceles, 



6 If AHJK is equilateral, what are the val¬ 
ues of x and y? 


H 



Problem Set B 

7 Given: AD and CD are legs of isosceles 
B is the xnidpt of AC, 

Prove: AA = AC 



8 Given: BI = RD, RI = BD; 

A3 is comp, to A2, 

Prove: ARIB is a right A, 



9 Given: JF = JG; 

F and G trisect ER 
AEFJ = AHGJ 

Conclusion: AEHJ is isosceles. 


J 



10 In ARST, RS = x + 7, RT = 3x + 5, and 
ST = 9 - x + If ARST is isosceles, is it 
also equilateral? 


R 
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11 If AVSY is isosceles and its perimeter is 
less than 45, which side of AVSY is the 
base? 



12 Given; AB = x + 3, 

AG = 3x + 2 t 
BC = 2x + 3; 

Perimeter of AABC - 20. 

Show that AABC is scalene. 


A 


B 



C 


13 The average of the lengths of the sides of 
AABC is 14. How much longer than the 
average is the longest side? 



Problem Set C 



15 Draw an obtuse triangle PQR with longest side PR* Then draw 
equilateral triangles APQ and BQR lying outside the given trian¬ 
gle* Assuming that the measure of each angle of an equilateral 
triangle is 60, prove that AR = PB* 


18 How many different isosceles triangles can you find that have 
sides that are whole-number lengths and that have a perimeter 
of 18? 
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Angle-Side Theorems 
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Objective 

After studying this section, you will be able to 
■ Apply theorems relating the angle measures and side lengths of 
triangles 


Part One; Introduction 

It can be shown that the base angles of any isosceles triangle are 
congruent. 


Theorem 20 


If two sides of a triangle are congruent the angles 
opposite the sides are congruent {If A, then 


Given; AB = AC 
Prove: ZB = ZC 


Proof: 



Statements 

Reasons 

1 ABsAC 

1 Given 

2 BC = BC 

2 Reflexive Property 

3 AABC= AACB 

3 SSS (1, 2, 1) 

4 AB = AC 

4 CPCTC 


You should be accustomed to proving that one triangle is congruent 
to another triangle. But notice that to prove the preceding theorem, 
we proved that a triangle is congruent to itself (its mirror image). We 
shall use the same type of proof to show that the converse of 
Theorem 20 is also true. 
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Theorem 21 If two angles of a triangle are congruent, the sides 
opposite the angles are congruent [If Zl, then 



Proof: 

F 

Statements 

Reasons 

1 AD = AE 

1 Given 

2 DE = DE 

2 Reflexive Property 

3 ADEF = AEDF 

3 ASA (1, 2, 1) 

4 DF = EF 

4 CPCTC 


Theorem 21 tells us that a triangle is isosceles if two or more of its 
angles are congruent. We now have two ways of proving that a 
triangle is isosceles. 


Ways to Prove That a Triangle Is Isosceles 


1 If at least two sides of a triangle are congruent, the triangle is 
isosceles. 

2 If at least two angles of a triangle are congruent, the triangle 
is isosceles. 


The inverses of Theorems 20 and 21 are also 
true. (Recall that the inverse of “If p, then 
q” is “If not p, then not q.’’) In fact, it can 
be proved that inequalities of sides and an¬ 
gles are related as shown in the diagram. 



Theorem If two sides of a triangle are not congruent, then the 
angles opposite them are not congruent, and the 
larger angle is apposite the longer side. (If A, 
then A.) 


Theorem If two angles of a triangle are not congruent, then 
the sides opposite them are not congruent, and the 
longer side is opposite the larger angle. (If 
then 2^L) 


These theorems will be restated and proved in Chapter 15. 
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Let us now consider a question we raised in Section 3.6: Is an 
equilateral triangle also equiangular? 

Given: GH a HJ a Gj G 

Is £H = Aj s Z.G? A 

H Z - Aj 

If GH = HJ, which two angles must be congruent? If HJ = GJ, which 
two angles must be congruent? Do we therefore know that AGHJ is 
equiangular? Can we also prove that an equiangular triangle is 
equilateral? 

Because of their equivalence, the terms equilateral triangle and 
equiangular triangle will be used interchangeably throughout this 
book, We cannot, however, use the words equilateral and equiangular 
interchangeably when we apply them to other types of figures. For 
example, figure ABCD is equilateral but not equiangular. Figure 
EFGH, on the other hand, is equiangular but not equilateral 




Part Two: Sample Problems 

Problem 1 Given: AC > AB, 

mZ-B + m£C < 180, 
mAB = 6x - 45, 
mAC = 15 + x 

What are the restrictions on the value 

of x? 

Solution Since AC > AB, mAB > mAC. 

6x - 45 > 15 + x 
5x > 60 
x > 12 

We also know that mZ.B + mZ.C < 180. 

6x - 45 + 15 + x < 180 
7x < 210 
x < 30 

Therefore, x must be between 12 and 30. 
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Problem 2 


Prove: The bisector 0 / the vertex angle 0 / an isosceles triangle is also 
the median to the base. 


Proof 


For a problem like this, we must set 
up the proof and supply the diagram. 

Given: AJOM is isosceles, with 
AJOM the vertex angle. 

OK bisects AJOM. 

Conclusion; OK is the median to the 
base. 


0 



Statements Reasons 


1 AJOM is isosceles, with 

1 Given 

AJOM the vertex angle. 


2 OJ ss OM 

2 The legs of an isosceles A are =. 

3 OK bisects AJOM. 

3 Given 

4 AJOK = AMOK 

4 If a ray bisects an A, it divides the 


A into two = As. 

5 OK = OK 

5 Reflexive Property 

6 AJOK = AMOK 

6 SAS (2, 4, 5) 

7 JK== MK 

7 CPCTC 

8 OK is the median to 

8 If a segment from a vertex of a A 

the base. 

divides the opposite side into two 


= segments, it is a median. 


Problem 3 Given: A3 = A4, T 

BX = A^ A 

BW = AZ / 

Conclusion; AWTZ is isosceles. - / 


Proof Statements _ 

1 A3 = A4 

2 A3 is supp. to AWBX, 

3 A4 is supp, to AYAZ. 

4 AWBX = AYAZ 

5 BX_s* AY_ 

6 BW = AZ 

7 ABWX = AAZY 

8 AW = AZ 

9 AWTZ is isosceles. 



W X Y Z 


Reasons 

1 Given 

2 If two As form a straight A, they are 
supplementary, 

3 Same as 2 

4 As supp. to = As, are =. 

5 Given 

6 Given 

7 SAS (5, 4, 6) 

8 CPCTC 

9 If at least two As of a A are =, the 
A is isosceles. 
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Proof Statements Reasons 


1 LE = AH 

1 Given 

2 DE = DH 

2 If A, then A. 

3 EF = GH 

3 Given 

4 ADEF bs ADHG 

4 SAS (2, 1, 3) 

5 DF s DG 

5 CPCTC 

Part Three: Problem Sets 


Problem Set A 


1 Given: AB = AC 

A 

Conclusion: Z_1 = Z.2 



—V- 




4 Given: A3 = A6; 

AS is comp, to A4. 
A6 is comp, to A5. 

Prove: AEBC is isosceles. 
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5 Given: FH = GJ; 

AFKJ is isosceles, with FK = JK. 

Prove: AFKH = AJKG 



K 


6 Given: A 5 = A 6; 

JG is the altitude to FFL 

Prove: AFJH is isosceles. 



7 In A ABC, AC > BC > AB. List the three 
angles in order of size, from largest to 
smallest* 


8 Given: mAP + mAR < 130, 

PQ < QR 

Write an inequality to describe the re¬ 
strictions on x* 



9 Given: OP = RS, K 



11 Given: AC 1 BC t 
AC - (3x)°, 

BC = x + 20, 

AC = 2x - 20 

Is AABC isosceles? 
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Problem Set B 


12 Given: OQ, 

PS _L SR, 
ZP = 36° 
Find: a ZPSQ 
h ZR 


13 Given: BE = BD, 

BE 1 AE, 

ZBDC = 90° 

Prove: ZAED = ZCDE 



E D 


14 Prove: The median to the base of an isosceles triangle bisects the 
vertex angle. 


15 Given: HK ajM, 

GJL= Jfc 

OK = JK^_ 

GJ and OK are 1 to HM. 
Prove: AFHM is isosceles. 


F 



16 Given: PR = ST, 

NP - VT, 

ZP = ZT 

Prove: AWRS is isosceles. 



17 Given: YZ is the base of an isosceles triangle. 
Z2 = ZZ, 

Z1 = ZY 

Prove: XA bisects ZBXZ, 



IS The pyramid shown has four isosceles 
triangular faces, and its base is a square. 
Explain why the four triangles are con¬ 
gruent. 


A 
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19 Given; HJ = MK, 

ZHJK = ZMKJ 

Conclusion; AJOK is isosceles, 



20 Given: ZA is the vertex of an isosceles A. 
The number of degrees in ZB is 
twice the number of centimeters 
in BC, 

The number of degrees in ZC is 
three times the number of centi¬ 
meters in AB. 
mZB = x + 6, 
mZC = 2x - 54 

Find; The perimeter of AABC 


A 



21 Given: CE = CF, 

ZF = Z3; 

ZE is supp. to Z5. 

Prove: ACDG is isosceles. 


C 




24 Given: Figure XSTOW is equilateral and 


equiangular. 

Prove: AYTO is isosceles. 

25 Given: AFED is equilateral. 
GE 1 DE, 
mZFEG = x + y, 
mZD = 3x - 6, 
mZF = 6y + 12 

Find: x, y, and ZF 


w 
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The HL Postulate 


Objective 

After studying this section, you will be able to 
■ Use the HL postulate to prove right triangles congruent 


Part One: Introduction 

The two right triangles below, AABC and ADEF, can be shown to be 
congruent by a method that we shall call HL, Although HL congru¬ 
ence can be proved, we shall treat it as a postulate. 



D ^.+f-. ^ F 

Postulate If there exists a correspondence between the verti¬ 
ces of two right triangles such that the hypotenuse 
and a leg of one triangle are congruent to the corre¬ 
sponding parts of the other triangle, the two right 
triangles are congruent. [HL) 


It is important to note that the HL postulate applies only to right 
triangles. When we use it in proofs, therefore, we must establish that 
the triangles that we are dealing with are right triangles. We do this 
by inserting steps showing that each triangle contains a right angle. 
Clearly, any triangle containing a right angle is a right triangle. 

Did you notice that once again three conditions are involved in 
proving that two triangles are congruent? 
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Part Two: Sample Problems 

Problem 1 Given: BC 1 AC, 

BD 1 AD, 

AC = AD 

Prove: AB bisects ACAD. 


Proof Statements _ 

1 BC 1 AC 

2 AACB is a right A. 

3 BD 1 AD 

4 ABDA is a right A. 

5 AC = AD 

6 AB = AB 

7 AACB s AADB 

8 ACAB = ADAB 

9 AB bisects ACAD. 



Reasons 

1 Given 

2 If two segments are 1, they form 
right As. 

3 Given 

4 Same as 2 

5 Given 

6 Reflexive Property 

7 HL (2, 4, 6, 5) 

8 CPCTC 

9 A ray that divides an Ainto two = As 
bisects the A, 


Problem 2 
Proof 


1 AKPR = ASAW 

1 Given 

2 KR = SW 

2 CPCTC 

3 AK = AS 

3 CPCTC 

4 AKRP at ASWA 

4 CPCTC 

5 RM bisects AKRP. 

5 Given 

6 WT bisects ASWA. 

6 Given 

7 AKRM = ASWT 

7 Division Property 

8 AKRM at ASWT 

8 ASA (3, 2, 7) 

9 RM = WT 

9 CPCTC 


Prove: Corresponding angle bisectors of congruent triangies are con¬ 
gruent. 

Once again we must set up the proof and draw the figure. (Although 
this may look like a simple two-step proof based on CPCTC, it isn’t. 
Corresponding parts of congruent triangles refers only to correspond¬ 
ing sides and angles.) 


Given; AKPR s ASAW; 
RM bisects AKRP. 
WT bisects ASWA. 
Prove: RM = WT 

Statements 


W 
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Problem 3 
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Proof 


Given: OF is an altitude. 

OO 

Conclusion: EF = FG 



Statements 

Reasons 

1 OF is an altitude 

1 Given 

2 AEFO and AGFO 

2 An altitude of a A forms right As with 

are right As 

the side to which it is drawn 

3 OF = OF 

3 Reflexive Property 

4 OO 

4 Given 

5 OE = OG 

5 All radii of a circle are = 

6 AOEF as AOGF 

6 HL (2, 5, 3} 

7 EF = FG 

7 CPCTC 


Part Three: Problem Sets 

Problem Set A 

1 Given: GJ is the altitude to HK. 
HG = KG 

Prove: AHGJ = AKGJ 


2 Given: MO 1 OP, 

RP 1 OP, 

MP s RO 

Prove: AMOP = ARPO 




3 Given: OO , 

YOlYX, 

ZO 1 zx 


4 Given: AE = CF, 
AB = CD; 



6 Set up and prove: The altitude to the base of an isosceles triangle 
divides the triangle into two congruent triangles. 
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6 Given: GH a GK; 

GJ is an altitude. 

Prove: GJ bisects AHGK. 



Problem Set B 

7 Prove: An altitude of an equilateral triangle is also a median of 
the triangle. 


8 Given: BD 1 CF, 

GE 1 CF, 

CE as DF, 

BC a GF 

Prove: AACF is isosceles, 


9 Given: RK 1 HR, 

JO 1 PM, 

PH a PM, 

PR a PO 

Conclusion: RK a JO 




M 


10 Given: OP, 

ST a VT 

Prove: Z.PST a ZPVT 



11 Prove: Corresponding medians of congruent triangles are con¬ 
gruent. 


12 Given: CD a_EF, 

IL 1 

GH 1 HE, 
CH a JF 

Prove: JD a HE 



13 Given: A ABC and AABD standing on 
plane p. 

AB 1 BC, AB 1 BD, 

AC a AD 

Prove: If CD is drawn, ABCD will be 
isosceles, 
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Problem Set B, continued 


14 Given: mAA > mAC 

Find the restrictions on the value 
of x. 


15 In the diagram, PQ is congruent to QR. 
a Find the coordinates of S. 
b Explain why PS = SR. 
c Find the coordinates of R, 
d Find the area of APQR. 


B 



Problem Set C 

16 Given: BE 1 AD, AC 1 BD, 
AC = BE, DE a EC 

Prove: ADEC is equilateral. 


D 



17 Given: AR and AW are right As. 

RX = WX; 

S is | of the way from R to T. 
V is | of the way from T to W. 
Prove: ST = TV 


X 



Problem Set D 

18 a Which of the triangles below are congruent? 

b If two of the triangles are selected at random, what is the 
probability that they are congruent? 


\ 


\ 


A \ 

B \ 

c \ 

D \ 

□_*_A 

n _ * _A 

\ 
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Chapter Summary 


Concepts and Procedures 

A/ter studying this chapter, you should be able to 

■ Understand the concept of congruent figures (3.1) 

■ Accurately identify the corresponding parts of figures (3.1) 

■ Identify included angles and included sides (3.2) 

0 Apply the SSS postulate (3,2) 

H Apply the SAS postulate (3,2) 

■ Apply the ASA postulate (3.2) 

» Apply the principle of CPCTC (3.3) 

* Recognize some basic properties of circles (3.3) 

■ Apply the formulas for the area and the circumference of a circle 


(3.3) 


■ Identify medians of triangles (3.4) 

* Identify altitudes of triangles (3.4) 

■ Understand why auxiliary lines are used in some proofs (3.4) 

■ Write proofs involving steps beyond CPCTC (3.4) 

■ Use overlapping triangles in proofs (3.5) 

■ Name the various types of triangles and their parts (3.6) 

0 Apply theorems relating the angle measures and side lengths of 
triangles (3,7) 

■ Use the HL postulate to prove right triangles congruent (3.8) 


Vocabulary 

acute triangle (3.6) 
altitude (3.4) 
auxiliary line (3.4) 
base (3.6) 
base angles (3.6) 
congruent polygons (3,1) 
congruent triangles (3,1) 
equiangular triangle (3.6) 
equilateral triangle (3.6) 
hypotenuse (3.6) 
included (3.2) 


isosceles triangle (3.6) 
lug (3.6) 
median (3.4) 
obtuse triangle (3.6) 
reflection (3.1) 
Reflexive Property (3.1) 
right triangle (3.6) 
rotate (3.1) 
scalene triangle (3.6) 
slide (3.1) 
vertex angle (3.6) 
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Review Problems 


Problem Set A 


1 For each of the following statements, write 

A if the statement is always true 

S if the statement is sometimes true 

N if the statement is never true 

a Two triangles are congruent if two sides and an angle of one 
are congruent to the corresponding parts of the other. 

h If two sides of a right triangle are congruent to the correspond¬ 
ing parts of another right triangle, the triangles are congruent. 

g All three altitudes of a triangle fall outside the triangle. 

A A median of a triangle does not contain the midpoint of the 
side to which it is drawn. 

e A right triangle is congruent to an obtuse triangle. 

2 Given: AB _L BC, A n 


Conclusion: AC = DB 


DC 1 BC, 
L\ = L2 



3 Given: 00, 

OGiFH 

Conclusion: FG = GH 



4 Given: PK and JM bisect each other a* R P 
Prove: PJ = MK 



5 Given: OP; 



PR bisects AKPM. 
Conclusion: PR is a median. 
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6 Given: DG = ]F, 

DE = JE 
EG = HF 

Prove: AHCE is isosceles. 




7 AiHGF is equilateral. 

a If AF = (x + 32)° and AH - [2x + 4)°, 
solve for x and find mAG. 

fa If the perimeter of AHGF = 6y + 24 
and HG = 3y - 7, find the perimeter 
of AHGF. 


8 Given: ARST = ADFE, AR = 50°, AT = 40°, AE = (y + 10)°, 

AS = 90°, AD = (x + 20)°, AF = (z - 30)° 

Find: The values of x, y f and z (Draw your own diagram for this 
problem.) 


9 Find the area of AABC, 



10 Find the area and the circumference of 
0C to the nearest tenth. 



Problem Set B 

111 Kate and Jaclyn wished to find the distance 
from N on one side of a lake to P on the 
other side. They put stakes at P, and T ? 
then extended PT to S, making sure that PT 
was congruent to TS. They followed a similar 
process in extending NT to R. They then 
measured SR and found it to be 70 m long. 
They concluded that NP was 70 m. 

Prove that they were correct. 



Review Problems 












































Cumulative Review 

CHAPTERS 1-3 


Problem Set A 

1 a BC n CD = _ 
Si BG n Ej =_ 

c AF U AB = _ 

d BC n ED = _ 
e BC n ED = _ 



2 Three fifths of a degree is equivalent to how many minutes? 

3 Find the complement of 43*17'51". 

4 How large is the angle formed by the hands of a clock at 11:20? 

5 One of two supplementary angles is 8 degrees larger than the 
other. Find the measure of the larger angle. 


6 Given: AB = 2r + 7, 

CD = 3r - 1, 

BC = 6; 

C is the midpt. of AD. 
Find: AC 

7 Given: A A is comp, to ABC A. 

AD is comp, to ADBC. 
AD = ABCA 

Prove: AA = ADBC 


8 Given: OQ, 

RP = PS 

Conclusion: PQ bisects ARPS. 


ABC D 
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Cumulative Review Problem Set A, continued 


9 Given: PS 1 SR; 

ZQRP is comp, to 2_PRS, 

Prove: AS = aQRS 


10 Given: LA = Z.2, 
LA = A3 

Conclusion: FH 


to A7 




Problem Set B 

12 Given: AT = AW, 

ATSW s AXSV, 
ST = SW 

Conclusion: SX = SV 


13 Given: CE = DF, BD = GE, 

BD 1 CF, 

GE 1 CF 

Conclusion: AACF is isosceles 


14 Given: AZW X is isosceles, with base WX 
WR bisects AXWZ. 

XR bisects AZXW. 

Prove: AXWR = ARXW 




15 If angles 1, 2, and 3 are in the ratio 6:5:4, 
find their measures. 


16 Prove: The segments drawn from the midpoint of the base of an 
isosceles triangle to the midpoints of the legs are con¬ 
gruent. 
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17 Q is the midpoint of PR. The ratio of PQ to QS P Q R 

is 2:5. What are the locations of P and S? ^ * '. * 


10 


1 8 The measure of the supplement of an angle exceeds twice the 
measure of the complement of the angle by 40. Find half the 
measure of the complement. 


19 The lengths of two segments are in the ratio of 5:3, and the 
longer segment exceeds the shorter by 14 m, Find the length of 
the longer segment. 


20 Given; AAEC = ABED, 
AE = ED 

Conclusion: AB = CD 



21 Given: A1 = A5, 

A2 = A6 

Conclusion: AABC is isosceles. 


22 Copy the diagram and reflect each point 
of APQR over the v-axis to produce 
AP'Q'R'. 

a Find the coordinates of P', Q', and R'. 
b justify that APQR = AP'Q'R'. 
c Find the area of AP'Q'R'. 



P Q 

(-5,-1) (-2,-1)’ 


Problem Set C 

23 Given; OO , 

OD = OE, 
ADOB = AEOA 

Conclusion: CD = CE 


24 Given: ANOT = APOV, 
O is a midpoint. 
AN s 


Prove: ST = RV 
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Lines in the Plane 


T his replica of Canada’s Silver Dart, displayed during 
Expo ’86 in Vancouver, British Columbia, is a “takeoff” 
of the geometric interpretation of lines in a plane. 






































4.1 


Detours and Midpoints 


Objectives 

After studying this section, you will be able to 

■ Use detours in proofs 

■ Apply the midpoint formula 



Part One: introduction 

Detour Proofs 

To solve some problems, it is necessary to prove more than one pair 
of triangles congruent. We call the proofs we use in such cases 

detour proofs. 

Analyze carefully the following example* 


Example Given; AB = AD, 

BC = CD 

Prove; AABE ^ AADE 


Notice that of the given information only AB = AD seems to be 
usable* There does not seem to be enough information to prove that 
AABE = AADE, We must therefore prove something else first, tak¬ 
ing a little detour to pick up the congruent parts we need* 

Statements Reasons 

1 Given 

2 Given 

3 Reflexive Property 

4 SSS (1, 2, 3) 

5 CPCTC 

6 Reflexive Property 

7 SAS (1, 5, 6) 

Whenever you are asked to prove that triangles or parts of trian¬ 
gles are congruent and you suspect that a detour may be needed, use 
the following procedure* 


DETOUR 


1 AB 3 AD 
'2 BC = CD 

3 AC = AC 

4 AABC s AADC 

5 ABAE = ADAE 

6 AE = AE 

7 AABE = AADE 



C 
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Procedure for Detour Proofs 


1 Determine which triangles you must prove to be congruent to 
reach the required conclusion. (In the preceding example, 
these are AABE and AADE.) 

2 Attempt to prove that these triangles are congruent. If you 
cannot do so for lack of enough given information, take a 
detour (steps 3-5 below). 

3 Identify the parts that you must prove to be congruent to 
establish the congruence of the triangles. (Remember that 
there are many ways to prove that triangles are congruent. 
Consider them all.) 

4 Find a pair of triangles that 

(a) You can readily prove to be congruent 

(b) Contain a pair of parts needed for the main proof (parts 
identified in step 3) 

5 Prove that the triangles found in step 4 are congruent, 

6 Use CPCTC and complete the proof planned in step 1. 


The Midpoint Formula 

In some coordinate-geometry problems, you will need to locate the 
midpoint of a line segment. A method of doing so is suggested by the 
following example. 

Example On the number line below, the coordinate of A is 2 and the coordinate 

of B is 14. Find the coordinate of M ( the midpoint of AB, 


A _ M _ s 

2 ? 14 


There are several ways of solving this problem. One of these is the 
averaging process (the average of two numbers is equal to half their 
sum). We will use x w (read “x sub m”) to represent the coordinate 
of M. 


2 + 14 



Check: AM = 8-2 = 6 
MB - 14 — 8 = 6 

Therefore, 8 is the coordinate of M, 

We can apply the averaging process to develop a formula, called 
the midpoint formula, that can be used to find the coordinates of 
the midpoint of any segment in the coordinate plane. The proof of 
this theorem is left to you. 
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Theorem 22 


If A = (x lf y J mid B = (x 2 , j 2 ) y fhen fiie midpoint 
M = {x m , y m ) 0/ AB ran be found by using the 
midpoint formula: 




Part Two: Samp/e Problems 

Problem 1 Given: PQ bisects YZ, 

Q is the midpt of WX. 
AY = AZ, WZ a XY 

Conclusion: AWQP = AXQP 


Proof To reach the required conclusion, 

we must prove that AVVQP = AXQP, 
but the given information is not suf¬ 
ficient to prove these triangles con¬ 
gruent. Therefore, we must detour 
through another pair of triangles. 

Can you see which pair of triangles 
we should use? Check your choice 
against the following proof. 



Statements 


Reasons 



<—> _ 


1 PQ bisects YZ. 

1 Given 

2 ZPsPY 

2 If a line bisects a segment, then it 


divides the segment into two = 


segments. 

3 ZZ = ZY 

3 Given 

4 WZ = XY 

4 Given 

5 AZWP 3 AYXP 

5 SAS (2, 3, 4) 

6 WP = PX 

6 CPCTC 

7 Q is the midpt. of WX. 

7 Given 

8 WQ = QX 

8 The midpoint of a segment 


divides the segment into two = 


segments. 

9 PQ = PQ 

9 Reflexive Property 

10 AWQP s AXQP 

10 SSS (6, 8, 9) 

11 Z.WQP s Z.XQP 

U CPCTC 
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Problem 2 
Solution 


Problem 3 

Solution 


Find the coordinates of M, the mid¬ 
point of AB, 


Use the midpoint formula. 

+ *2 __ + y 2 

X m 2 ym 2 

-1 + 7 3 + 6 


- 3 


= 4 


Thus, M = (x m , yj = ( 3 , 4f). 


In AABC, jind the coordinates of the 
point at which the median from A 
intersects BC, 




Since a median is drawn to a midpoint, use the midpoint formula to 
find the midpoint M of BC. 

x, + x^ y l + y 2 

2 


2 

2 + 6 


y m = 


4 + 10 


= 4 


= 7 


Thus, the coordinates are (4, 7). 



Part Three: Problem Sets 


Problem Set A 

1 Copy this problem and proof and fill in the missing statements 
and reasons. v 


Given: WX s WZ, XY = 
Prove: AXAY = AZAY 



Y 


Statements 

Reasons 

1 Wx = WZ 

1 Given 

2 XY = ZY 

2 Given 

3 

3 Reflexive Property 

4 AWXY = AWZY 

4 

5 AXYW = AZYW 

5 

6 

6 Reflexive Property 

7 AXAY £ AZAY 

7 
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2 Given: MN = NS, 

MP - PS 

Prove: AMQP = ASQP 



3 Given: A is equidistant from B and D 

(that is, AB - AD). 

AC bisects ABAD. 

Prove: AC bisects BD. 

4 Find the coordinates of the midpoint of 
each side of AABC. 



5 Find the coordinates of the point where 
the median from A intersects BC. 


6 A circle with center at O (GO) has the 
diameter shown. Find the coordinates of 

O. 



7 If the figure graphed in blue is reflected 
across the y-axis and the reflection is to 
be shaded, how many additional small 
squares must be shaded? 
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Problem Set A, continued 


8 If the shaded square has center at C and 
an area of A n , find C and A D . 



Problem Set B 

9 Given: AABC is isosceles, with base BC. 
AD 1 BC 

Prove: ABEC is isosceles, 


A 




11 Given: AD = BC, AF = EC, 


BD 1 AF, BD 1 EC 
Conclusion: AB = DC 



12 Given: PR s PU, 

QR = QU, 

RS s UT 

Conclusion: Z.1 = Z.2 


P 
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14 Given: T is the midpt, of MN. 

ZPMT and ZQNT are right Zs. 
MR = SN, Z1 = Z2 

Conclusion: ZP = ZQ 



15 Given: OO, ZB = ZC 
Prove: AO bisects BC. 


A 



Problem Set C 

16 Given: AB = AC; 

BD bisects ZABE. 
CD bisects ZACE, 
Conclusion: AE bisects BC. 


17 Given: PT a PU, 

PR = PS 

Prove: PQ bisects ZRPS. 

18 Given: AD = DB, 

AE = BC, 

CD as ED 

Prove: AAFB is isosceles. 


A 
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4.2 


The Case of the Missing 
Diagram 


Objective 

After studying this section, you will be able to 
■ Organize the information in, and draw diagrams for, problems 
presented in words 



Part One: Introduction 

Some of the geometry problems you encounter will not be accompa¬ 
nied by diagrams. When you are faced with such a problem, it is 
important for you to be able to "set up” the problem—that is, to 
draw a diagram that accurately represents the problem and to ex¬ 
press the given information and the conclusion you must reach in 
terms of that diagram, The following examples show some useful 
techniques for setting up problems. 


Example 1 Set up a proof of the statement, “If two altitudes of a triangle are 
congruent, then the triangle is isosceles.” 

The statement in this problem is in "If . . ., then . . form; it is a 
conditional statement. In such statements the given information is 
usually to be found in the hypothesis (the if clause) and what we are 
to prove is stated in the conclusion (the then clause). 

The diagram we draw should represent the given information 
but otherwise should be as general as possible. For instance, in the 
setup below we have not drawn the altitudes so that they bisect the 
sides, because bisections were not given. To draw bisectors would 
overdetermine the problem. 

Setup for Example 1; 

Given: BD and CE are altitudes to 
AC and_AD of AACD. 

BD = CE 

Prove: AACD is isosceles. 
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Sometimes the word then is left out of a conditional statement 
or the conclusion comes before the hypothesis. But the hypothesis 
always follows the word if and always contains given conditions* 
Occasionally, however, some of the given conditions appear in the 
conclusion, as in the next example. 


Example 2 Set up a proof of the statement, “The medians of a triangle are 
congruent if the triangle is equilateral/’ 

In the if clause, we are given an equilateral triangle, so we draw one* 
The conclusion tells us that we are to prove something about the 
medians, so the medians are also given. We draw them. We letter 
our diagram any way we wish and write our “Given:” and “Prove:” 
statements in terms of the diagram. 


Setup for Example 2: 

Given: AXYZMs equilateral* 

PZ, RY, and QX are medians. 
Prove: PZ = RY - QX 


X 



Example 3 Set up a proof of the statement, “The altitude to the base of an 
isosceles triangle bisects the vertex angle;” 

The statement in this example is a conditional statement with if and 
then left out. The main clue is that the sentence begins with given 
information and ends with a conclusion* 

First, we are given an altitude to a base. Then we are given an 
isosceles triangle. We must prove that the altitude bisects the vertex 
angle of the triangle* 

Setup for Example 3: 

Given: APQR is isosceles, with base QR* 

PM is an altitude* 

Prove: PM bisects AQPR* 



Why was it necessary to specify in the “Given:” statement that QR is 
the base of APQR? Why was it not necessary to specify that ZQPR 
is the vertex angle? 
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Part Two: Sample Problem 

Problem Set up a proof of the statement, “If two angles of one triangle are 

congruent to two angles of another triangle, the remaining pair of 
angles are also congruent/ 8 

Solution We draw scalene triangles, since we are not told that the triangles 

are isosceles or equilateral. Also, we draw triangles of different sizes, 
since the triangles do not need to be congruent for the angles to be 
congruent. 


Given: AA = AD, 
AB = AE 


Prove: AC = AF 



■ Part Three: Problem Sets 

Problem Set A 

In problems 1-4, draw your own diagram and write “Given/ 3 and 
“Prove/ 1 statements in terms of your diagram. Do not write a proof* 

1 Given: An isosceles triangle and the median to the base 

Prove: The median is the perpendicular bisector of the base. (This 
sentence contains two conclusions—“the median is per- 
pendicular to the base” and “the median bisects the 
base.”) 

2 Given: A four-sided polygon with all four sides congruent (This 
figure is called a rhombus.) 

Conclusion: The lines joining opposite vertices are perpendicular. 

3 Given: Segments drawn perpendicular to each side of an angle 
from a point on the bisector of the angle 

Conclusion: These two segments are congruent. 

4 The bisector of the vertex angle of an isosceles triangle is per¬ 
pendicular to the base. 

In problems 5-7, set up each problem and supply a proof of the 
statement* 

5 The altitude to a side of a scalene triangle forms two congruent 
angles with that side of the triangle. 
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6 The median to the base of an isosceles triangle divides the 
triangle into two congruent triangles. 

7 If the base of an isosceles triangle is extended in both directions, 
then the exterior angles formed are congruent. 


Problem Set B 

In problems 8-12, set up and complete a proof of each statement, 

8 If the median to a side of a triangle is also an altitude to that 
side, then the triangle is isosceles, 

9 The line segments joining the vertex angle of an isosceles trian¬ 
gle to the trisection points of the base are congruent. 

10 If the line joining a pair of opposite vertices of a four-sided 
polygon bisects both angles, then the remaining two angles are 
congruent. 

11 If two triangles are congruent, then any pair of corresponding 
medians are congruent. 

12 If a triangle is isosceles, the triangle formed by its base and the 
angle bisectors of its base angles is also isosceles. 


Problem Set C 

In problems 13-15, set up and complete a proof of each statement, 

13 If each pair of opposite sides of a four-sided figure are congruent, 
then the segments joining opposite vertices bisect each other, 

14 If a point on the base of an isosceles triangle is equidistant from 
the midpoints of the legs, then that point is the midpoint of the 
base. 

15 If a point in the interior of an angle (between the sides) is 
equidistant from the sides of the angle, then the ray joining the 
vertex of the angle to this point bisects the angle. (Hint: The 
distance from a point to a line is defined as the length of the 
perpendicular segment from the point to the line.) 
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4.3 


A Right-Angle Theorem 


Objective 

A/ter studying this section, you will be able to 
■ Apply one way of proving that two angles are right angles 


■ Pan One: Introduction 

Proving that lines are perpendicular depends on proving that they 
form right angles, For this reason, it is useful to know some ways of 
proving that angles are right angles. The following theorem will 
provide you with one such way. 


Theorem 23 If two angles are both supplementary and congru- 


ent, then they are right angles. 


Given; Z.1 * Z.2 t 


Prove: Z.1 and Z.2 are right angles. 

- ( 1 

T\ p 

- 

\ 

/ 


Proof: Since Z.1 and Z.2 form a straight angle (line p), they are 

supplementary. Therefore, mZ.1 + mz.2 — 180. Since Z.1 = 
1 . 2 , we can use substitution to get the equation mZl + mZl 
= 180, or mZ.1 = 90. Thus, L\ is a right angle, and so is L.2. 

In the rest of this book, we shall assume that whenever two 
angles (such as IA and zl2 in the diagram for Theorem 23) form a 
straight angle, the two angles are supplementary. No formal state¬ 
ment of this fact will be necessary. 


Part Two: Sample Problems 

By this time, you should be familiar with the format used in two- 
column proofs. Therefore, we shall no longer include the headings 
“Statements” and “Reasons” in such proofs. 
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1 


Problem 1 


Proof 


Problem 2 


Proof 


I DET OUR 


F 


Given: AB = AC, 

BD = CD 

Conclusion: AD is an altitude. 


A 



C 




1 AB = AC 

1 Given 

2 BD = CD 

2 Given 

3 AD s AD 

3 Reflexive Property 

4 AABD = AACD 

4 SSS (1, 2, 3] 

5 AADB = AADC 

5 CPCTC 

6 AADB and AADC 

6 If two As are both supp. and =, then 

are right As. 

they are right As* 

7 AD is an altitude 

7 If a segment from a vertex of a A is ± to 


the opposite side, it is an altitude of 


the A. 





1 AB = AD 

1 Given 

2 BC s CD 

2 Given 

[3 AC s AC 

3 Reflexive Property 

[4 AABC = AADC 

4 SSS (1, 2, 3} 

5 ABAC = ADAC 

5 CPCTC 

6 AE = AE 

6 Reflexive Property 

7 AABE = AADE 

7 SAS (1, 5, 6) 

8 BE s ED 

8 CPCTC 

9 AC bisects BD. 

9 If a line divides a segment into two = 


segments, it bisects the segment* 

10 AAEB = AAED 

10 CPCTC (step 7) 

11 AAED and AAEB 

11 If two As are both supp* and =, then 

are right As. 

<— > <—> 

they are right As. 

12 AC 1 BD 

12 If two lines intersect to form right As, 

<— > 

they are _L* 

13 AC is the 1 

13 Combination of steps 9 and 12 

bisector of BD. 
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Part Three: Problem Sets 


Problem Set A 

1 Given: OP; 

S is the mi dpt. of QR* 

Prove: PS ± QR 



2 Prove: The angle bisector of the vertex angle of an isosceles 
triangle is perpendicular to the base. 


3 Given: AB = BC = CD = AD 

(that is, ABCD is a rhombus) 

Conclusion: AC 1 BD 

(Hint: Use a detour.) 



C 


4 Given: XR bisects ZYXZ. 

Z-Y = LZ 

Conclusion: XR is an altitude. 


X 



5 A diameter of a circle has endpoints with coordinates (2, 6) and 
(—4, 10). Find the coordinates of the center of the circle. 


6 If squares A and C are folded across the 
dotted segments onto B, find the area of 
B that will not be covered by either 
square. 


| - is —- -1 

a i 

B 

i c 


7 Find, to the nearest tenth, the area of the 
circle. 
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Problem Set B 

IB If CD is the hypotenuse of a right triam 
gle CAD and A has integral coordinates, 
find all possible values of the coordinates 
of A. 



9 Given: GO, 

AB = AC 

Conclusion: AO 1 BC 



19 Prove that the median to the base of an isosceles triangle is also 
an altitude to the base. 



12 Prove that if two circles intersect at two points, A and B, then 
the line joining the circles 1 centers is perpendicular to AB. 

13 Prove that the supplement of a right angle is a right angle. 


Problem Set C 

14 Is b perpendicular to a? Justify your 
answer. 


A 

b 


<■ 


a 


(2x + 37)* 


(2xty) D 


(3y - 2 1 ) D 


> 


19 The ratio of the complements of two angles is 3:2, and the ratio 
of their supplements is 9:8, Find the two original angles* 

16 To the nearest second, what is the first time after 7:00 that the 
hands of a clock form a right angle? 
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4.4 


The Equidistance 
Theorems 


Objective 

After studying this section, you wiii be able to 

m Recognize the relationship between equidistance and perpendicu¬ 
lar bisection 



Part One: Introduction 

In geometry, the term distance has a special meaning. 


Definition The distance between two objects is the length of 
the shortest path joining them* 


Postulate A line segment is the shortest path between two 
points. 


The distance between points R and S is the R 

length of RS, or RS* 


If two points P and Q are the same dis¬ 
tance from a third point X, then X is said to 
be equidistant from P and Q. 



X 


PX = XQ 
means that 

X is equidistant from P and Q. 
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You should recall many problems with diagrams resembling those 
above. These diagrams have something in common, In each, both 
point A and point B are equidistant from the endpoints C and D of 

CD. In each case, you could prove that AB is the perpendicular 
bisector of CD just by using the following definition and theorem. 


Definition The perpendicular bisector of a segment is the line 
that bisects and is perpendicular to the segment. 


Theorem 24 If two points are each equidistant from the end¬ 
points of a segment, then the two points determine 
the perpendicular bisector of that segment. 


Given: PA a PB, 

■QA = QB 

<—> ___ 

Prove: PQ is the _L bisector of AB. 



Q 


For a proof of Theorem 24, see sample problem 2 in Section 4.3, 


Theorem 25 If o point is on the perpendicular bisector of a 

segment, then it is equidistant from the endpoints of 
that segment 



You can easily prove this theorem by using the definition of perpen¬ 
dicular bisector and some congruent triangles. 
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Part Two: Sample Problems 

Problem i Given; Z_1 = Z_2, 

Z3 = Z_4 

Prove; AE _L bis. BD 


A 



Proof 


1 = L2 

1 Given 

• 2 AB - AD 

2 If Zk, then A. 

3 L.3 = LA 

3 Given 

• 4 BC ^ CD 

4 Same as step 2 

5 AE 1 bis. BD 

5 If two points are each equidistant from the 


endpoints of a segment, they determine 


the 1 bisector of the segment. 


Note Since we must identify two “equidistant” points to determine 
a perpendicular bisector, we have placed a dot before each of the 
statements in which we identified such a point. We proved that both 
A and C were equidistant from B and D. Why did we not need to 
use point E? 


Problem 2 


Proof 


Prove: The line pining the vertex of an isosceles triangle to the mid¬ 
point of the base is perpendicular to the base. 


Given: AABC is isosceles, with AB = AC. 
E is the midpoint of BC. 

Prove: AE 1 BC 


A 



• 1 AABC is isosceles, with 

1 Given 

AB = AC. 


2 E is the midpt. of BC. 

2 Given 

* 3 BE = EC 

3 The midpoint of a segment divides 

<—> _ 

the segment into two = segments. 

4 AE ± BC 

4 Two points each equidistant from 


the endpoints of a segment 


determine the _l bisector of the 


segment. 
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Problem 3 Given; AB = AD , 

BC = CD 

Conclusion: BE = ED 


Proof 


1 Given 

2 Given 

3 Two points each equidistant from the 
endpoints of a segment determine 
the 1 bisector of the segment. 

4 A point on the 1 bisector of a segment is 
equidistant from the endpoints of the 
segment. 

These sample problems could have been solved without the use of 
Theorems 24 and 25, but the proofs would have been harder and 
longer. 


• 1 AB = AD 

• 2 BC - CD 

3 AC 1 bis* BD 

4 BE = ED 



Part Three: Problem Sets 

Problem Set A 

As you work on these proofs, see if the equidistance theorems apply; 
they can save you a lot of work* 


1 Given: GO; M is the midpt. of AB* 

Conclusion: OM 1 AB (Hint: Draw two 
auxiliary lines*) 


1 Given: WZ X bis. XY 

Prove: AWXY is isosceles. (Hint: This 
proof can be written in three 
steps by using Theorem 25*) 



3 Given: OO, AB = AC 

Conclusion: AD X bis* BC (Hint: Show 
that A and O are each equi¬ 
distant from B and C*) 
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Problem Set A, continued 


4 Given: © P and Q 
Prove: PQ X bis- RS 


5 Given: AD X bis. BC 
Prove: AABE = AACE 




Given: AG X bis. BC, D 

AG X bis. DE 

-- 

3 

Conclusion: BD = CE 

E 




7 How much greater than the x-coordinate 
of the midpoint of OA is the x-coordinate 
of the midpoint of AB? 


8 In the graph, if a perpendicular is drawn 
<—> 

from T to PA, what will the coordinates 
of the point where the perpendicular in- 

tersects PA be? 


9 If ACAP is slid along the x-axis until C 
is at (11, 0), what will the new coordi¬ 
nates of P be? 


10 A fifth point, E, is located on the dia¬ 
gram so that mAEBC = Vx + 83. 

<—> <—> 

a Is AB perpendicular to DC? 

b What do we know about AB and BE? 



188 


Chapter 4 Lines in the Plane 




















Problem Set B 

Remember, the equidistance theorems will help you write a concise 
proof. 


11 Draw isosceles APQR, with P the vertex. Draw the bisectors of 
the base angles and label their point of intersection S, Prove that 

PS 1 QR, (Hint: Use Theorem 24.) 



13 Given: WY and XZ 1 bis. each other. 

Prove: WX = XY = YZ = ZW (that is, 
WXYZ is a rhombus) 



14 Given: WX = WZ, XY s YZ 
(WXYZ is a kite.) 
Prove; AWPZ is a right A. 



15 Given: AADC an d A ABC are right As. 
AB = AD 

__ 

Conclusion: AC 1 bis. BD 



16 Prove: The median to the base of an isosceles triangle is also an 
altitude. (Prove this without using congruent triangles*) 


17 Given: F is the midpt of BC. 
DB = EC, 

DB1DF, 

EC 1 EF 

Conclusion: AF 1 BC 
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Problem Set B, continued 

18 Given: PS_ = SR, 

PQ = QR 

a Prove that QS is an altitude, 

b If RS - 9, QS = 40, and QR = 41, find 
the area of triangle PQR. 

c What relationship exists among the 
numbers 9, 40, and 41, the lengths of 
the sides of right triangle QRS? 


18 a On the rectangle shown, how much 
farther is the trip from P to T to R to 
E than the trip from P to C to E? 

h If rectangle RECT is rotated 90° 
clockwise about point R, what will 
the coordinates of the new location of 
P be? 


P 



R 


/ 

' y-axis 

T P (5- 7) 

C 




E (12, 1) 


R<2, 1) 

V, 

\ 

f 


x-axis 


Problem Set C 

28 Given: AB = BC, 

AE = EC 

Conclusion: AD = DC 


21 Given: ABODE is equilateral and equian¬ 
gular. 

F is the mi dpt. of AE. 

Prove: FC 1 bis. BD 


22 A four-sided figure with two disjoint pairs of consecutive sides 
congruent is called a kite. The two segments joining opposite 
vertices are its diagonals. Prove that one of these diagonals is the 
perpendicular bisector of the other diagonal. 

23 Prove that if each of the three altitudes of a triangle bisects the 
side to which it is drawn, then the triangle is equilateral. 



A 
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24 a If two of the points A, B, C, D f E, and 
M are chosen at random, what is the 
probability that the two points deter¬ 
mine the perpendicular bisector of 
AB? 

b If three of the six points are chosen at 
random, what is the probability that 
the three points are collinear? 


C 



CAREER PROFILE 


Plotting the Structure of a Molecule 

Elizabeth Getzoff deduces the locations of atoms 


If you sight along 
the plane of a phono¬ 
graph record toward a 
source of light, you’ll 
notice a diffraction 
spectrum, a rainbow 
created by the separa¬ 
tion of the light into its 
component colors by 
the parallel grooves. 

Crystallographers exploit a similar, though far 
more complex, phenomenon to create X-ray dif¬ 
fraction patterns, a powerful tool for determin¬ 
ing the atomic structure of molecules. 

Crystallographer Elizabeth Getz off specializes 
in decoding the structures of protein molecules. 
She begins by growing crystals made of the 
protein she wishes to map. Then she bombards 
the crystals with X-rays. “The X-rays are dif¬ 
fracted by the parallel planes of atoms within 
the crystal,” she explains. “The diffracted rays 
interfere with each other, producing an array of 
spots on a photographic film. I can measure the 
angles and spacings of the diffraction spots and 
deduce the arrangement and packing of mole¬ 
cules in the crystal." Once she understands the 
structure of the crystal, she can analyze the 
structure of the protein molecule from the inten¬ 
sities of the diffraction spots. “IVIy goal is to 
find the x-, y-, and z-coordinates of the atoms 
that make up the protein. Then I can plot them 



in a three-dimensional coordinate system.” 
Computer graphics, another field in which 
Getzoff has made a series of important contribu¬ 
tions, help simplify the task of plotting. 

As a high school student in Whippany, Mew 
Jersey, Getzoff participated in a National Sci¬ 
ence Foundation summer program in inorganic 
chemistry and computer science. She attended 
Duke University, where she earned a bachelor’s 
degree in chemistry and a doctorate in X-ray 
crystallography. Since 1985 she has been an 
assistant member of the molecular biology de¬ 
partment at Scripps Clinic in La Jolla, California. 
There, she runs a research group in molecular 
structure. Her work, she says, could not proceed 
without the use of mathematics, especially ge¬ 
ometry. For example, to aid in her analysis of 
the effect of protein upon its function, she is 
currently developing computer graphic visualiza¬ 
tions based on fractal geometry. However diffi¬ 
cult the challenge, her reason for taking it on is 
simple: “I’m finding out how molecules work,” 
she says. “How they work is how life works.” 
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4.5 


Introduction to 
Parallel Lines 


Objectives 

After studying this section, you will be able to 

■ Recognize planes 

■ Recognize transversals 

■ Identify the pairs of angles formed by a transversal 

■ Recognize parallel lines 


■ Part One: Introduction 

Planes 

In order to explain parallel lines adequately, we must first acquaint 
you with the meaning of plane . 


Definition A plane is a surface such that if any two points on 
the surface are connected by a line, all points of the 
line are also on the surface. 


A plane has only two dimensions—length and width. Both the 
length and the width are infinite. A plane has no thickness. 


Definition If points, lines, segments, and so forth, lie in the 
same plane, we call them coplanar . Points, lines, 
segments, and so forth, that do not lie in the same 
plane are called noncoplanar , 


Planes are discussed more fully in Chapter 6, 

Transversals 

In the figure, line t is a transversal of lines 
a and b. 


Definition A transversal is a line that intersects two coplanar 
lines in two distinct points. 
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The region between lines d and e is the 
interior of the figure. The rest of the plane 
is the exterior. 


Exterior 



The diagram of lines f and g cut by transver¬ 
sal h provides another illustration of the re¬ 
gions formed by two lines and a transversal. 



Angle Pairs Formed by Transversals 

<— > < > < —> 

AB and CD are cut by transversal EF, 

The two pairs of alternate interior angles 
are 3 and 6, 4 and 5. 

The two pairs of alternate exterior angles 
are 1 and 8, 2 and 7. 

The four pairs of corresponding angles are 
1 and 5, 2 and 6, 3 and 7, 4 and 8. 



GH and JK are cut by transversal MO. 

The alternate interior angles are b and g, f 
and c. 

The alternate exterior angles are a and h, e 
and d< 

The corresponding angles are a and c, b and 
d, e and g, f and h. 



Definition 


Alternate interior angles are a pair of angles formed 
by two lines and a transversal. The angles must both 
lie in the interior of the figure, must lie on alternate 
sides of the transversal, and must have different ver¬ 
tices. 


Look 



for an N or Z shape. 


Section 4,5 Introduction to Parallel Lines 


193 








Definition 


Alternate exterior angles are a pair of angles formed 
by two lines and a transversal. The angles must both 
lie in the exterior of the figure, must lie on alternate 
sides of the transversal, and must have different ver¬ 
tices. 



Definition 


Corresponding angles are a pair of angles formed by 
two lines and a transversal. One angle must lie in 
the interior of the figure, and the other must lie in 
the exterior. The angles must lie on the same side of 
the transversal but have different vertices. 



Look for an F shape. 


It is important to be able to recognize these pairs of angles when 
they appear in figures made up of a number of segments. In each of 
the following examples, the segment corresponding to the transversal 
is shown in red, and the segments corresponding to the lines it cuts 
are shown in blue. 



A1 and A2 are 
corresponding As. 



A3 and A4 are 
alternate interior As. 


45 and A6 are 
alternate exterior As. 




ABC A and 4DFE are alternate interior As, A7 and A8 are alternate interior As . 


4BCD and 4EFA are alternate exterior As. Can you find a pair of alternate interior As 

formed by AD and BC with transversal AC? 
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Parallel Lines 



Above are three illustrations of parallel [||] lines. We write AB || CD, 
EF || GH, and a || b. 


Definition Parallel lines are two coplanar lines that do not 
intersect. 


We shall also call segments or rays parallel if they are parts of 
parallel lines. For example, we can say that in the preceding dia¬ 
grams AB || CD and EF || GH. 

There are many lines that do not intersect yet are not parallel. 
To be parallel, lines must be coplanar. In Chapter 6, lines that are 
nonccplanar and nonintersecting are defined as skew lines. 



Part Two: Sample Problem 


Problem 


a Which of the iines in the figure at 
the right is the transversal? 
b Name all pairs of alternate interior angles, 
c Name aii pairs of alternate exterior angles, 
d Name all pairs of corresponding angles, 
e Name all pairs of interior angles on 
the same side of the transversal. 

f Name all pairs of exterior angles 
on the same side of the transversal. 


A 



Answers 


<r~ 

a AD 

b Z.GBC and Z.FCB, Z.HBC and zECB 
c Z.ABG and ADCF, AABH and ZDCE 
d Z.ABG and Z1BCE, AGBC and Z.ECD, AABH and Z.BCF, 
Z.HBG and Z.FCD 

e AGBC and Z.ECB, AHBC and AFCB 
f Z.ABG and Z.DCE, Z.ABH and Z.DCF 
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■ Part Three: Problem Set 

1 a Name all pairs of alternate interior angles* 

Is Name all pairs of alternate exterior angles. 

c Name all pairs of corresponding angles* 

i Name all pairs of interior angles on the same side of the 
transversal, 

e Name all pairs of exterior angles on the same side of the 
transversal. 



1 


a What name is given to LA and L2 for 
<—> —+ 

AB and CD? What is the transversal? 

b What type of angles are 3 and 4? 
Which lines and transversal form 
them? 

c What type of angles are 4 and 5? 
Which lines and transversal form 
them? 


D 




3 Copy the diagram. 

a Find the coordinates of M, the mid¬ 
point of AB. 

b Find the coordinates of N, the mid¬ 
point of AC. 

c Draw MN, What appears to be true 
about MN and BC? 

d What appears to be true about AAMN 
and Z.ABC? 

e Name a pair of corresponding angles 
formed bv MN and BC with transver- 
sal AC, 
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4 a For which pair of lines are angles 1 
and 4 a pair of alternate interior 
angles? 

b For which pair of lines are angles 2 
and 3 a pair of alternate interior 
angles? 

> < > 

c How many transversals of JO and KM 
are shown? 



5 Locate the following points on a graph: (Xj, yj = (0, 0), 
(x 2 , y 2 ) = (4, 5), (x 3 , y 3 ) = (0, 3) and (x 4 , y 4 ) = (4, 8). 


a Find 


y 3 ~ yi 

x 2 - X/ 


b Find 


~ Vs 

x, - Xz 


c Draw a line through the first two points and a line through the 
second two points. What appears to be true about these lines? 


HISTORICAL SNAPSHOT 



From Mud to the Stars 


The reach of geometry 



Since before recorded history, human beings 
have used basic geometric principles in building 
and surveying. But with the rise of civilization, 
people came gradually to recognize the power of 
geometry as a means of controlling and explain¬ 
ing the world around them. As the encyclopedist 
Isidore of Seville (a*d. 560-636) tells us. 

The science of geometry is said to have 


been discovered by the Egyptians, for after 
the Nile would flood r covering all their prop¬ 
erty with mud, they would mark off their 
landholdings with boundaries and measure¬ 
ments, thus giving geometry its name [from 
Greek ge r “earth/' and metra, “measure¬ 
ments”]. Later, when this study had been 
further perfected by the Ingenuity of the 
wise, it was also used to measure the ex¬ 
panses of sea and stars and air. For after 
investigating the dimensions of the earth by 
geometry, people began to investigate even 
the extent of the heavens —fiow far the 
moon is from the earth, and the sun from 
the moon, all the way to the limits of the 
universe. 

The development of geometric thought from 
its beginnings to the present day, when it 
guides scientists 1 explorations of realms of 
space stretching from the subatomic to the in- 
terga lactic, makes for a fascinating story. The 
Historical Snapshots in this book will give you a 
few brief glimpses into that story. If you find 
them interesting, you may wish to look further 
into the history of geometry. 
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4.6 


Slope 



A/ter studying this section, you will be able to 

■ Understand the concept of slope 

■ Relate the slope of a line to its orientation in the coordinate plane 

■ Recognize the relationships between the slopes of parallel and 
perpendicular lines 


■ Part One: introduction 

Definition of Slope 

To understand how the principles of coordinate geometry can be 
applied to the study of parallelism and perpendicularity, you need to 
be familiar with the concept of slope. 


Definition 


The slope m of a nonvertical line, segment, or ray 
containing (x 3 , y t ) and (x 2 , y 2 ) is defined by the 
formula 


m = 


ya ~ yi 

x 9 — x. 


or m - 


Vi ~ V2 

x t - x 2 


or m 


Ay 

Ax 





■> 


x-axis 


Note In more-advanced mathematics classes, it is common to use 
Ay (read “delta y”) instead of y 2 - y 1 and Ax (“delta x“) instead of 
x 2 - x 1+ The symbol A is used to indicate change, so that Ay, for 
example, means “the change in y-coordinates between two points/' 


Example 


Find the slope o/the segment joining (—2, 3) and (6, 5) + 


m — 


72 ~ Yi 


or m = 


yi ~ y 2 


5-3 


6 - (- 2 ) “ 2-6 
= 2 = 1 _ -2 _ 1 

8 4 _ -8 _ 4 

Notice that it does not matter which point is chosen as (x lt yj* 
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When the slope formula is applied to a vertical line, such as CD, 
the denominator is zero. Division by zero is undefined, so a vertical 
line has no slope. 


y 3 - Yi 

m =- - — — 

X2 x | 

__ 12-2 
6-6 
10 

= — (An undefined expression) 



Do not confuse no slope with a slope of zero. On a horizontal 
line, y 2 = y lt but x 2 ^ x x . Therefore, the numerator is zero, while 
the denominator is not. Hence, a horizontal line has zero slope. 


Visual Interpretation of Slope 

The numerical value of a slope gives us a clue to the direction a line 
is taking. The following diagrams illustrate this notion. 


Positive Slope 



Zero Slope 


/ 

v y-axis 

C(x„y,) 

^(xs,y 2 ) 

< 

Horizontal 

Line 

x-axis" 

\ 

f 



Negative Slope 



In summary, 

■ Rising line positive slope 
* Horizontal line <=> zero slope 

■ Falling line negative slope 

■ Vertical line no slope 


No Slope 


f 

G. 
fey 2) 

' 

y-axis 

/ 

^x 
_ -_ 

' ' V 

x-axis 

Vertical Line 

f 
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Slopes of Parallel and Perpendicular Lines 

The proofs of the following four theorems require a knowledge of 
the properties of similar triangles and will he omitted here. 


Theorem 26 If two nonvertical lines are parallel, then their 
slopes are equal. 



The next theorem is the converse of Theorem 26, with the 
statements in the 2 / clause and the then clause reversed. 

Theorem 27 If the slopes of two nonvertical lines are equal, then 
the lines are parallel 


It can also be shown that there is a relationship between the 
slopes of two perpendicular lines—they are opposite reciprocals of 
each other* For example, if the slope of a line is |, the slope of any 
line perpendicular to it is — |. As with parallel lines, we can develop 
two converse theorems* 


Theorem 28 If two lines are perpendicular and neither is verti¬ 
cal each line's slope is the opposite reciprocal of 
the other's. 


Theorem 29 If a line's slope is the opposite reciprocal of another 
line's slope f the two lines are perpendicular . 
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Part Two: Sample Problems 

Problem 1 If A = (4, - 6) and B = {- 2, - 8), 
find the slope of AB, 

Solution By the slope formula, 



= -a-(-6) 

-2 - 4 
_ -8 + 6 = 1 
-6 3 



Note The line is rising, so the slope is positive. Drawing a diagram 
helps prevent careless errors. 


Problem 2 Show that CEF is a right triangle. 


Solution 


Find the slopes of the sides, 

«“» Av 4 — 3 

Slope of CE = — = - -7 = 

Ax 0 — 1 


Slope of FE = 


Ay 

Ax 


7-4 

4-8 

3-7 


* Av 

Slope of FC = ~~~ — 

F Ax 1 - 4 - 3 


4 

4 

3 


Since the slopes of FE and FC are 
opposite reciprocals, ZF is a right 
angle. Therefore, ACEF is a right tri¬ 
angle. 



Problem 3 


Solution 


Given; AABE as shown 
Find; a The slope of altitude AC 
b The slope of median AD 

n, * s* ^ 5-3 1 

* Ax 6-(-4] 5 

Since the slope of the altitude to BE 
is the opposite reciprocal of the 
slope of BE, the slope of AC = - 5. 

b By the midpoint formula, D = 

(1, 4). Since A = (-2, 10), the 

slope of AD = ^ = 1 4 _~(1° 2 ) = - 2. 
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Problem 4 
Solution 



To approximate, use a calculator. 
V5 ^ 2,236067977 
3 3 


• 0.75 


Part Three: Problem Sets 

Problem Set A 

1 Find the slope of the line determined by each pair of points. 

a (1, 7) and (10, 15) 4 (5, 4) and (-2, 4) 

b (-2, 6) and (5, 7) e (V3, 7) and (V 3 , -9) 

c ( _8) an( ^ f (5a, 6c) and (2a, -9c) 

2 AB has a slope of l| and CD 1 AB. What is the slope of CD? 

3 if EF || GH and EF has a slope of - 4, what is the slope of GH? 

4 If Z.F is a right angle, find the slope of 
<—> 

FH. 



F (4, 3) 



- > 

x-axis 


5 Given the diagram as marked, with AC 
an altitude and AD a median, find the 
slope of each line. 

a BE b AC c AD 

A A line through A and parallel to BE 



6 AB has a slope of 2|, If A = (2, 7) and B = (12, k), what is the 
value of k? 
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7 Show that FH || JK and FK || HJ- (Since 
both pairs of opposite sides of FHJK are 
parallel, we call the figure a parallelo¬ 
gram.) 


y-axis HO, 10) 



J 03, 5) 


K<6, 3) 


x-axis 


8 a Is RE parallel to TC? 

^ ^ ^^ 
b Is TR parallel to CE? 

c Show that ^R is a right angle. 


i 

* y-axis 

C(9, 8) 

T(-3,4)^ 


^Ae(10, 5) 

^ R<-2, 1)W" 



> 

x-axis 

k 


9 a Find the slope of PT. 
b Find the slope of TV, 

c Are P, T, and V coliinear or 
noncollinear? 



10 a Are 5), (1, 7), and (15, 10) coliinear? 
b Are [74, 20), (50, 16), and [2, 8) coliinear? 


11 Complete each of the following state¬ 
ments. 

<— > <—> 

a For EC and AB, a pair of correspond¬ 
ing angles are Z.ABC and — 1 — 

*—> <—> 

b For EC and AB, a pair of alternate in¬ 
terior angles are ^ABE and_ 1 _ 



Problem Set B 

12 Write an argument to show that 
CM is not the median to AB, 
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Problem Set B, continued 


13 If A = (6, 11), B = (1, 5), and C = (7, 0), show by means of slopes 
that AABC is a right triangle. Name the hypotenuse. 


14 


Suppose that point H is rotated 90° in a clockwise direction 

about the origin to point J, 

< > 

a Does J lie on DE? Show why or why 
not. 

lb Write an argument to show that FJ is 
not the altitude to DE, 



15 If square OABC is rotated 180° clockwise 
about its center, what will the new coor¬ 
dinates of O be? 


A 


y-axrs 


C 


B 


<r 


_ _ | A (7,0) 

0 (0 r 0) x-axis 

V 


15 Goofy Guff wanted to reflect the outline 
figure (the figure to the right of the 
y-axis) across the dashed line. Goofy 
shaded wdiat he thought was the reflect¬ 
ed figure as shown, but Goofy had goofed. 

a How many 1-unit squares did Goofy 
shade that he shouldn’t have? 

b How many additional 1-unit squares 
should Goofy have shaded? 



Problem Set C 

17 AABC has vertices at A = (2, 1), B = (12, 3), and C = (6, 7). 
Write an argument to show that the median from C to AB is not 
longer than the altitude from C to AB, 


18 In any right triangle, if a and b are the 
lengths of the legs and c is the length of 
the hypotenuse, a 2 + b 2 = c 2 , Given 
AC AT as shown, find (CA) 2 + (AT) 2 , 
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Chapter Summary 


Concepts and Procedures 


A/ter studying this chapter, you should be able to 

■ Use detours in proofs (4,1) 

■ Apply the midpoint formula (4.1) 

■ Organize the information in, and draw diagrams for, problems 
presented in words (4.2) 

■ Apply one way of proving that two angles are right angles (4*3) 

■ Recognize the relationship between equidistance and perpendicu¬ 
lar bisection (4*4) 

■ Recognize planes (4*5) 

■ Recognize transversals (4.5) 

■ Identify the pairs of angles formed by a transversal (4*5) 

s Recognize parallel lines (4.5) 

■ Understand the concept of slope (4*6) 

■ Relate the slope of a line to its orientation in the coordinate plane 
(4.6) 

■ Recognize the relationships between the slopes of parallel and 
perpendicular lines (4.6) 


Vocabulary 


alternate exterior angles (4.5) 
alternate interior angles (4.5) 
coplanar (4.5) 
corresponding angles (4*5) 
detour proof (4*1) 
distance (4*4) 
equidistant (4,4) 
exterior (4.5) 
interior (4.5) 


midpoint formula (4*1) 
noncoplaner (4,5) 
opposite reciprocal (4,6) 
parallel lines (4,5) 
perpendicular bisector (4*4) 
plane (4.5) 
slope (4.6) 
transversal (4*5) 
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Review Problems 


Problem Set A 

1 Copy the problem and proof, filling in the blanks with the 
correct statements and reasons. 


Given: P is the midpt of XZ. 
L 1 = LI 

Conclusion: XY = YZ 



1 P is the midpt. of XZ. 

1 Given 

2 

2 

3 Lt = L2 

3 Given 

4 

4 

5 WYl bis, XZ 

5 . 

6 XY = YZ 

6 


2 a Identify a pair of corresponding angles 
formed by BE and CD with transversal 
BC, 

b Identify a pair of alternate interior an- 

gles formed by BE and CD with trans- 
<—> 

versal BD. 


3 Given: ZADB ^ Z.CDB, 

AD s DB 

Prove: BD is an altitude. 

4 Given: Z.1 as Z.4; 

FC bisects ZBFD. 
Conclusion: CF 1 AE 





D 


206 


Chapter 4 Lines in the Plane 


























5 Set up a proof for the following information. Then complete the 
proof. 

Given: Two isosceles triangles with the same base 
Prove: The line joining the vertices of the vertex As of the A is 
the ± bisector of the base. 


6 Given: A ABC is isosceles, with base AC. 
A1 = A2 

Conclusion: BD 1 AC 




7 Given: QO; 

M is the midpt. of AB. 

Conclusion: OM 1 AB 


8 Set up a proof of, but do not prove, the statement, “If two chords 
of a circle are congruent, then the segments joining the mid¬ 
points of the chords to the center of the circle are congruent.” (A 
chord is a segment whose endpoints are on the circle.) 


8 a If the median from A intersects BC at 
M, what are the coordinates of M? 

<—> 

h Find the slope of BC. 
c Is AR parallel to BC? Why or why not? 

li Find the slope of the altitude from A 
to BC. 

e If Rhonda Right walked from A to M, 
how far did she walk? 



Problem Set B 

10 a Point A = (1, 4) is reflected across the 
y-axis to point B. Find the coordinates 
of B. 

b Point A is rotated, with respect to the 
origin, 90° clockwise to point C. Find 
the coordinates of C. 

c If A is slid two units up and then 
seven units to the right to point D, 
what are the coordinates of D? (This 
“sliding” procedure is called a 
translation.) 
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Review Problem Set B, continued 


11 Given: OO, 

Z.1 = A2 

Conclusion: OY X WX 



12 Given: ZA = A2 as Z3 = A4, 
BE = BF 

Conclusion: AABE = ACBF 


13 Given: OO, 

DXsDY 

<—> __ 

Conclusion: DZ bisects XY. 



14 Given: ZWXY = XZYX, 
WX - ZY 

Conclusion: WR = RZ 


15 Given: AB = AF, 

BD = DF t 

LI = L2 

Conclusion: AD 1 CE 




16 Given: AD 1 bis- BC 
Conclusion: LI = L2 
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Problem Set C 

18 AF is a right angle. Explain why (9, 6) 
could not be the coordinates of H. 



19 Given APQR, with P = (3, 6), Q = (4, 1), and R - (14, 3), find the 
measure of the largest angle of APQR. Explain your reasoning. 


20 Given: AB = AF , 

* BC = FE 

Conclusion: CD = DE 



21 Prove: If the bisector of an angle whose vertex lies on a circle 
passes through the center of the circle, then it is the 
perpendicular bisector of the segment joining the points 
where the sides of the angle intersect the circle. 


22 Given: AB = AC, 

BF = FC, 

ABAE b ACAD 

Prove: AF 1 DE 
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CHAPTER 


Parallel Lines 
5 and Related Figures 






T he Piazza di Spagna in Rome, a masterpiece 
of early eighteenth-century architecture, is 
a study in parallelism. 






























5.1 


Indirect Proof 


Objective 

After studying this section, you will be able to 
■ Write indirect proofs 


■ Part One: introduction 

At the beginning of this book, we mentioned that mathematicians 
believe that today's students should be familiar with a variety of 
proof styles. This is why we have provided you with several alterna¬ 
tives to the two-column proof. To give you an efficient way to work 
certain problems, we now introduce the concept of indirect proof . 

An indirect proof may be useful in a problem where a direct 
proof would be difficult to apply. Study the following example of an 
indirect proof. 


D 



Given: ZA = ZD, AB = DE, AC & DF 
Prove; ZB ^ ZE 

Proof: Either ZB = ZE or ZB ¥ ZE. 

Assume ZB = ZE. 

From the given information, ZA = ZD and AB = DE. 

Thus, A ABC = ADEF by ASA. 

AC = DF 

But this is impossible, since AC & DF is given. 

Thus, our assumption was false and ZB & ZE, because this is 
the only other possibility. 
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The following procedure will help you to write indirect proofs. 


Indirect-Proof Procedure 


1 List the possibilities for the conclusion. 

2 Assume that the negation of the desired conclusion is correct. 

3 Write a chain of reasons until you reach an impossibility. 

This will be a contradiction of either 

(a) given information or 

(b) a theorem, definition, or other known fact. 

4 State the remaining possibility as the desired conclusion. 



Part Two: Sample Problems 

Note Remember to start by looking at the conclusion. 

P 


Problem 1 


Given: RS 1 PQ, 

PR m QR 

Prove: RS does not bisect APRQ, 



R 


Proof Either RS bisects APRQ or RS does not bisect APRQ. 

Assume RS bisects APRQ. 

Then we can say that APRS = AQRS. 

Since RS 1 PQ, we know that APSR = AQSR. 

Thus, APSR = AQSR by ASA (SR = SR). 

Hence, PR = QR by CPCTC. 


But this is impossible because it contradicts the given fact that 

PR & QR. Consequently, the assumption must be false, .\ RS does 
not bisect APRQ, the only other possibility. 


Problem 2 


Proof 


Given; OO, AB ^ BC 
Prove; AAOB & ACOB 



Either AAOB = ACOB or AAOB & ACOB. We will assume that 
AAOB be ACOB. Since OJs the center of the circle, AO = CO. By 
the Reflexive Property, BO = BO. Thus, AAOB = ACOB by SAS, 
which means that AB = CB by CPCTC. 

_ This is impossible because it contradicts the given fact that 
AB BC. Consequently, our assumption (AAOB s ACOB) is false. 

AAOB & ACOB, because that is the only other possibility. 
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Part Three: Problem Sets 

Problem Set A 

1 Given: AB at AD, Z.BAC £ ADAC 
Prove: BC sfe DC 



HJ = JK 

Prove: JP does not bisect Z.HJK. 


3 Given: AC 1 BD , 

BC = EC, 

AB * ED 

Prove: Z.B & Z.CED 




4 Given: 4H * ZK 
Prove: JH ^ JK 


J 



5 


6 


Given: OO; 

OB is not an altitude. 

Prove: OB does not bisect Z.AOC. 


ODEF is a square, 

In terms of a, find 

a The coordinates of points E and F 
b The area of the square 
c The midpoint of FD 
d The midpoint of OE 



y-axis ■ 


0 (0, 0) D (2a, 0) 


- Si¬ 

x-axis 
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Problem Set A, continued 


1 


RECT is a rectangle. 

a In terms of a and b, find the coordi¬ 
nates of C. 

b Does RC appear to be congruent 
to ET? 


With respect to the origin, point A is 
rotated 90° clockwise to point C, and 
point B is rotated 180° clockwise to point 
D. Find the slope of CD. 



3 


Identify each of the following pairs of 
angles as alternate interior, alternate ex¬ 
terior, or corresponding. 

a For BE and CD with transversal BC, L\ and L C 
b For AE and BD with transversal BE, Z.2 and zL4 



Problem Set B 

1D Given; PA 1 AB, 
PA 1 AC, 

AB ^ jLC 

Prove: AB ^ AC 


P 




12 Given: GO; HE is not the perpendicular 
bisector of DF. 

Prove: DE ^ EF 


H 
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13 Prove that if AABC is isosceles, with base BC, and if P is a point 
on BC that is not the midpoint, then AP does not bisect ABAC. 


Problem Set C 

14 Prove that if no two medians of a triangle are congruent, then 
the triangle is scalene. 


15a Show that the diagonals, CS and OI, of 
the given isosceles trapezoid do not 
bisect each other, 

is Are the diagonals of this isosceles 
trapezoid perpendicular? 

c Do you think that the diagonals of every 
isosceles trapezoid are perpendicular? 

d Can you figure out what to draw so 
that you could use the formula 
a 2 + b 2 = c 2 (see Section 4,6, problem 18) 
to find that OS - 8,25? 



CAREER PROFILE 


A Line to the Stars 

Geometry guides navigator Paul Wotherspoon 


Perhaps the primary task of a navigator is to 
fix, or identify exactly, the ship T s position. To 
appreciate the problem this presents, imagine 
yourself on the ocean with no land in sight. How 
do you tell where you are? The most reliable 
way, says Senior Chief Quartermaster Paul 
Wotherspoon—an assistant navigator in the 
United States Coast Guard—is to get out your 
sextant. 

A sextant is a hand-held instrument used to 
measure the angle between a star and the hori¬ 
zon. Its effectiveness is based on the fact that 
all Jines of sight to a star from anywhere on 
earth are parallel. Because of the earth's curva¬ 
ture, the angle between the lines of sight to the 
star and to the horizon changes as your position 
on earth changes. t 

“With the sextant," explains Woth¬ 
erspoon, “we find the position of a 
known star in the sky by measur¬ 
ing its angle above the horizon. 

A Horizon n __ 

EP 

Earthly position of star 




information we 
of position , an 
must lie on." 
repeats the 
second star. 


Line of \ 
position 2 '■ 

Line of"" 
\ position 1 


Next, {based on the time of night, charts, and a 
complicated procedure called sight reduction] 
we identify the point on the earth that is di- 

roft+lv hcnAath thfi —- Using thlS 

can draw a fine 
arc the ship 
The navigator 
process for a 
“Your location 

is the point where the two 

lines of position intersect. Since there are two 
such places on the earth's surface, it's best to 
take a third sighting to confirm your position." 

Wotherspoon attended high school in Vernon, 
Connecticut. Following graduation he joined the 
Coast Guard. He attended quartermaster school. 
During his nineteen years in the Coast Guard, he 
has served on five ships. Today he is stationed 
in Boston. IHJis many duties as an assistant navi¬ 
gator include planning trips, giving directions on 
the bridge, securing tide and current informa¬ 
tion, steering the ship in close quarters, and 
taking official deck logs. 
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5.2 


Proving That Lines Are 
Parallel 


Objectives 

A/ter studying this section, you will be able to 

■ Apply the Exterior Angle Inequality Theorem 

■ Use various methods to prove lines parallel 


■ Part One: introduction 

The Exterior Angle Inequality Theorem 

An exterior angle of a triangle is formed 
whenever a side of the triangle is extended 
to form an angle supplementary to the adja¬ 
cent interior angle. 



Adjacent 
Interior Angle 


Exterior 

Angle 


Remote 
Interior Angles 


Theorem 30 The measure of an exterior angle of a triangle is 
greater than the measure of either remote interior 
angle. 


Given: Exterior angle BCD 

Prove: mABCD > mAB, 
mABCD > mABAC 


Proof: Locate the midpoint, M, o f BC. Draw AP so that AM = MP. 
Draw CP. MB = MC, AM = MP, and vertical angles are con¬ 
gruent. Thus, AABM = APCM andAl = AB. Since mABCD 
> mZ.1, we know that mABCD > mAB. The second part of 
the theorem is proved by extending BC to form the other 
exterior angle, a vertical angle to A BCD. The result follows. 


B 
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Identifying Parallel Lines 

When two lines are cnt by a transversal, eight angles are formed. 
You can use several pairs of angles to prove that the lines are 
parallel. 


Theorem 31 // two lines are cut by a transversal such that two 

alternate interior angles are congruent f the lines 
are parallel (Short form: Alt int £s = => ]| lines] 


Given: £3 = £6 
Prove: a | b 



Proof. (Indirect proof) Assume that the lines are not 
parallel Then a and b must intersect at some 
point P. A3 Is an exterior angle of the 
triangle formed, so by the Exterior Angle 
Inequality Theorem, m^3 > mZ6. But this 
contradicts the given: £3 = £6. Thus, our 
assumption was false; the lines are parallel 



Theorem 32 If two lines are cut by a transversal such that two 
alternate exterior angles are congruent, the lines 
are parallel [Alt ext £s = ^>\\ lines.) 


Given: LA = £8 
Prove: a || b 

This can be proved by use of 
alt, int. £s = |j lines. 



Theorem 33 If two lines are cut by a transversal such that two 
corresponding angles are congruent , the lines are 
parallel (Corn £s = => | lines) 


Given: Z_2 = £6 
Prove: a || b 

This can be proved by use of 
alt. int. £s ^ => || lines. 
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Theorem 34 If two lines are cut by a transversal such that two 
interior angles on the same side of the transversal 
are supplementary, the lines are parallel. 


Given: Z_3 supp. AB 
Prove: a || b 

This can be proved by use of 
alt. int. As = ^> || lines. 



Theorem 35 If two lines are cut by a transversal such that two 
exterior angles on the same side of the transversal 
are supplementary, the lines are paralleL 


Given: A1 supp. A7 
Prove: a |j b 

This can be proved by use of 
alt. int. As = || lines- 



Theorem 36 If two coplanar lines are perpendicular to a third 
line t they are paralleL 


Given: ale and b 1 c 
Prove: a || b 

This can be proved by use of 
corr. As = :-> || lines. 


A 

a 


A 

b 





Part Two: Sample Problems 

Problem 1 Prove Theorem 36. 

^ ^ y ^ ^ ^ ^ 

Given: AB 1 BD and CD 1 BD 

^ y ^^ 

Prove: AB || CD 


A 


C 


> 



-> 


Proof 


< —> 


1 BD 1 AB 

1 Given 

2 L\ is a right L. 

2 1 lines form right 21s. 

3 BD 1 CD 

3 Given 

4 Z.2 is a right L. 

4 Same as 2 

5 L\ = Z.2 

5 Right As are =. 

6 AB || CD 

6 Corr. As = |[ lines 
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Problem 2 


Proof 


Problem 3 


Proof 


A parallelograzn is a four-sided figuz'e with both pairs of opposite sides 
parallel 


Given: A1 = A2, 

APQR - ARSP 

Prove: PQRS is a parallelogram* 



P s 

1 Z-l = Z.2 

1 Given 

2 PQIIRS 

2 Alt* int* As = | lines 

3 ZPQR = Z.RSP 

3 Given 

4 2.3 s ^4 

4 Subtraction Property 

5 QR || PS 

5 Same as 2 

6 PQRS is a parallelogram. 

6 A four-sided figure with both 


pairs of opposite sides parallel is 


a parallelogram. 


A trapezoid is a four-sided figure with exactly one pair of parallel 
sides. 


Given: Z_1 supp. A3, 

A2 - A3 

Prove: TRAP is a trapezoid* 


We can use a flow diagram. 


Y 




© Substitution 
© int, As on same side supp, => II lines 


Part Three: Problem Sets 

Problem Set A 

1 In each case, state the theorem that proves a ]| b. 


a < 
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Problem Set A, continued 

2 In each case, state the theorem that proves c || d. 



3 If certain pairs of angles in the diagram 
are given to be congruent, we can prove 
that a || b. List all such pairs. 



4 If LI = A2, which lines are parallel? 
Write the theorem that justifies your 
answer. 


Q 


R 



P 


S 


5 If = Z4, which lines are parallel? 
Write the theorem that justifies your 
answer 


B D 



A C E 



7 


Find the slope of RS to the nearest tenth. 



220 


Chapter 5 Parallel Lines and Related Figures 




















Section 5.2 Proving That Lines Are Parallel 


221 


















Problem Set A, continued 


15 If P = (- 3, 1), Q = (2, 4), R = (1, — 2), and S = (7, 2), are PQ and 
RS parallel? Explain your answer. 

16 Solve for x and justify that m j| n. 

CSX 



Problem Set B 

10 Given: AD = A ABE, 
BE Jf CD 

Prove: AC & AD 


20 Given: A1 comp. A2, 
A3 comp. A2 
Prove: QT || RS 


A 



P 




21 Given: AMOP is a right angle, 
RP 1 OP 

Prove: MO || RP 



R 


0 


P 
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22 Find the restrictions on x. (Point P may 
be anywhere between K and M.) 


23 If PQ Jf RS, can x be 25? Explain. 


24 Given: L\ supp. Z. 2, 

Z.3 supp. Z.2 

Prove: ABCD is a parallelogram. (See 

sample problem 2 for a definition 
of parallelogram.) 


L 





C 



D 


Problem Set C 

25 Show that the quadrilateral formed by 
joining consecutive midpoints of RECT is 
a parallelogram. (See sample problem 2 
for a definition of parallelogram.) 


A 


y-axis 






< R 

(0, 0) 


x-axis 


Y 


28 Find the value(s) of x (to the nearest 
tenth) that will allow you to prove that 
m || n. (Hint: You may wish to review the 
quadratic formula.) 



27 Use a coordinate proof to prove that the 
quadrilateral determined by the mid¬ 
points of PQRS is a parallelogram. 



28 Prove that the diagonals PR and QS in problem 27 bisect each 
other. 
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5.3 


Congruent Angles 
Associated with 
Parallel Lines 


Objectives 

After studying this section, you will be able to 

■ Apply the Parallel Postulate 

■ Identify the pairs of angles formed by a transversal cutting parallel 
lines 

■ Apply six theorems about parallel lines 


■ Part One: Introduction 

The Parallel Postulate 

In this section we shall see that the converses of many of the 
theorems in Section 5.2 are also true. 

A fundamental postulate for parallel lines in the plane is the 
Parallel Postulate . 


Postulate Through a paint not on a line there is exactly one 
parallel to the given line * 


Although this idea may seem reasonable, 
mathematicians argued for centuries over 
the truth of the Parallel Postulate. Some 
even created their own geometries based on 
the assumptions that there may be more 
than one parallel to a given line at a given 
point or no parallels to the given line (a geometry in which any two 
lines intersect at some point). If you are interested in learning more 
about these non-Eudidean geometries, see your teacher for a list of 
sources. We, however, will assume that the Parallel Postulate is true. 

Angles Formed When Parallel Lines Are Cut by a 
Transversal 

In Section 5.2 we saw that when alternate interior angles are congru¬ 
ent, lines are parallel. In this section you will learn that the con¬ 
verse is true—that is, If we start with parallel lines, then we can 
conclude that alternate interior angles are congruent. In fact, many 
pairs of congruent angles are determined by parallel lines cut by a 
transversal. 


P 

— -- * — - - > 

- —-> 
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Theorem 37 


If two parallel lines are cut by a transversal , each 
pair of alternate interior angles are congruent 
(Short form: || lines alt ini Ls =) 


Given: Lines a and b are parallel. 
Prove: LI = Z2 



Notice the special tick marks ( 


“£l) used to designate parallel lines. 


Proof: This theorem can be verified by indirect 
We are given a || b* Assume that 
LA is not congruent to Z2. Then there 
must be another line, c, that intersects 
the transversal at P to form an angle, 

Z3, that is congruent to Z2* But in 
Section 5.2 we observed that congru¬ 
ent alternate interior angles lead to 
parallel lines. Thus, c || b. 

This means that line b is parallel to two lines in the plane 
at point P. This violates the Parallel Postulate. So we can 
conclude that our assumption is false. Therefore, A 1 = Z2. 

You may be surprised to learn the following. 



Theorem 38 If two parallel lines are cut by a transversal , then 
any pair of the angles formed are either congruent 
or supplementary ; 


The proof of this may be developed algebraically by letting x be the 
measure of any one of the angles. Follow the steps below. In each 
diagram, a || b. 


Diagram 1 


Diagram 2 


Diagram 3 





Diagram 5 



II lines => alt. int. 
Zs~ 



Vertical Zs 
are=. 
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Six Theorems About Parallel Lines 

Diagram 5 on the preceding page is the basis for each of the follow- 
ing five theorems. 


Theorem 39 If two parallel lines are cut by a transversal f each 
pair of alternate exterior angles are congruent 
(11 lines => alt, ext As =) 


Given: a | b 
Prove: Al = AS 
Proof: See Diagram 5. 



> 


Theorem 40 If two parallel lines are cut by a transversal, each 
pair of corresponding angles are congruent 
(|| lines => corn As =) 


Given: a | b 
Prove: Al = A5 
Proof : See Diagram 5, 



> 


Theorem 41 If two parallel lines are cut by a transversal, each 
pair of interior angles on the same side of the trans¬ 
versal are supplementary. 


Given: a || 
Prove: A3 
Proof: See 



Theorem 42 If two parallel lines are cut by a transversal , each 
pair of exterior angles on the same side of the 
transversal are supplementary. 


Given: a | b 
Prove: Al supp, A7 
Proof: See Diagram 5, 
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Theorem 43 a plane, if a line is perpendicular to one of two 
parallel lines, it is perpendicular to the others 


Given: a || b, 
c 1 a 

Prove: clb 


c 



Proo/: See Diagram 5 and let x = 90. 


The following is another useful theorem about parallel lines. 


Theorem 44 If two lines are parallel to a third line f they are 

parallel to each other * (Transitive Property of Par¬ 
allel Lines ) 

Given: a || b, b || c a < - > 

Prove: a || c c < -> 

b <- 

By using "]| lines => alt* int* Ls =" and “alt. int* ^s = ^ || lines,” 
you can prove that Theorem 44 is true when all three lines lie in the 
same plane. It also can be shown that the theorem holds for lines in 
three-dimensional space. 

In summary, if two parallel lines are cut by a transversal, then 

■ Each pair of alternate interior angles are congruent 

■ Each pair of alternate exterior angles are congruent 
» Each pair of corresponding angles are congruent 

■ Each pair of interior angles on the same side of the transversal are 
supplementary 

■ Each pair of exterior angles on the same side of the transversal are 
supplementary 
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Part Two: Sample Problems 


Problem 1 


Solution 


If c || d, £nd mZl. 



Since alt, int. Zs are a, 

3x + 5 = 2x 4- 10 
x + 5 = 10 
x = 5 

3x + 5 = 20 


Because vertical angles are =, mZ.1 = 20. 


Problem 2 Given: FA || DE, 
FA a DE, 
AB = CD 
Prove: ZF = ZE 


Proof _ 

1 FA||DE 

2 ZA a ZD 

3 FA a DE_ 

4 AB a CD 

5 AC a BD 

6 AFAC a AEDB 

7 ZF a ZE 


F 



1 Given 

2 || lines => alt. int. Zs a 

3 Given 

4 Given 

5 Addition Property (BC to step 4) 

6 SAS (3, 2, 5) 

7 CPCTC 


Problem 3 


Proof 


Given: g |j h 
Prove: Z1 supp. Z2 



1 g||h 

1 Given 

2 Z2 supp. Z3 

2 If two angles form a straight angle, they are 


supplementary. 

3 Z1 ^ Z3 

3 | lines => alt. ext. Zs a 

4 Z1 supp. Z2 

4 Substitution 
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Problem 4 


Solution 


(A crook problem) 
1/ a || b, jmd mZl. 



Using the Parallel Postulate, draw m parallel to a. By three theorems 
about || lines, it can be proved that mZl = 120, 



Problem 5 


Proof 


Given: Figure ABCD, with ADJ BC, 
AB = DC, and AB jf DC 

Prove; ZB = ZC 



Note Figure ABCD is called an isosceles trapezoid. 


1 Figure ABCD, with AD || BC 

2 AB | DC 

3 Draw DE || AB, 

4 Draw AE. 

5 Z DAE vs ZBEA 

6 ZBAE as ZDEA 

7 AE = AE 

8 AAEBj=_AEAD 

9 AB = DE 

10 AB = DC 

11 DE = DC 

12 ZDEC = ZC 

13 ZB s ZDEC 

14 ZB = ZC 


1 Given 

2 Given 

3 Parallel Postulate 

4 Two points determine a 
line. 

5 || lines ^ alt. int. Zs = 

6 Same as 5 

7 Reflexive Property 

8 ASA (5, 7, 6) 

9 CPCTC 

10 Given 

11 Transitive Property 

12 If A, then A. 

13 j| lines => corr. Zs = 

14 Transitive Property 



Part Three: Problem Sets 

Problem Set A 

1 Given: AB sb DC, 

AB |j DC 

Conclusion: AD = BC 


B 



2 Given: EF || Ga_ 

EF ss GH 

Conclusion: EJ = JH 
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Problem Set A, continued 


3 Given: a || b, 

30° angle as shown 

Copy the diagram and fill in the mea¬ 
sures of the seven remaining angles. 



4 Given: Z.5 = A6 S 
RS || NP 

Prove: ANPR is isosceles. 



N 


P 


5 Given: a || b 
Find mAl. 


6 Given: TE |j X_W^_ 
TE = XW 



Conclusion: TX || EW (Hint: Draw an 
auxiliary segment and prove 
that some A are ^.) 




7 Are e and f parallel? 





(5x - 20r 


8 Given: ST || XW; 

ST bisects AVSW. 

Find: mAX and 
mZ_W 

What do you notice about AWSX? 
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ID (A crook problem) 
If f || g, find mA8. 


11 Given: AD | BC 

Name all pairs of angles that must be 



congruent. 


12 One of the sides of A ABC has a mid¬ 
point whose x-coordinate is negative. 
Find the coordinates of that midpoint. 



13 If a || b, solve for x and find mZl. 



Problem Set B 

14 Given: FjJ WX_ 
FH | MO, 
HK = MJ 

Prove: FH & MO 



15 Given: FH || JM, 
£1 = £ 2 , 
FH s JM 

Prove: GJ s HK 
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Problem Set B, continued 



17 If DA | BC, is AABC equilateral? 
Find mADAB. 





21 Prove that bisectors of a pair of alternate exterior angles formed 
by a transversal cutting parallel lines are parallel. 


22 Given: a |j b, 

A1 = (x + 3 y)°, 
A 2 = (2x + 30)°, 
A3 = (5y + 20)° 

Find: mAl 
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23 A line is described by the equation y = 5x - 7. Points (x, y) that 
solve the equation must lie on the line, Which of the points 

(3, 8), (-2, -17), (0, -7), (4, 11) and (1, -2) are on the line? 

24 Prove that the opposite sides of a parallelogram are congruent. 
(Recall that a parallelogram is a four-sided figure in which both 
pairs of opposite sides are parallel.) 

25 Prove that the opposite angles of a parallelogram are congruent. 


Problem Set C 

21 If two parallel Lines are cut by a transversal, eight angles are 

formed (not counting the straight angles). 

a How many pairs of angles are formed? 

b If one of these pairs is chosen at random, what is the probabil¬ 
ity that the angles will be alternate interior angles or alternate 
exterior angles or corresponding angles? 

€ If one of the pairs is chosen at random, what is the probability 
that the angles are supplementary? 

21 Given: 00, 

DC || AB 

Prove: AD = BC 




ProblemSeCD 

28 Given: BE || CD and BE = EF; 

B is the midpt. of AC. 
E is the midpt. of AD. 

Prove: BE = |(CD) 


30 Write a paragraph proof that shows that the sum of the three 
angles of a triangle is 180°. (Hint: Draw a triangle and use the 
Parallel Postulate.) 
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F our-Sided Polygons 


Objectives 

A/ter studying this section, you will be able to 

■ Recognize polygons 

■ Understand how polygons are named 

■ Recognize convex polygons 

■ Recognize diagonals of polygons 

■ Identify special types of quadrilaterals 


Part One: introduction 

Polygons 

Polygons are plane figures. The following are examples of polygons. 



The following are examples of figures that are not polygons. 


EFGH is not a polygon, because a polygon 
consists entirely of segments. 



ABODE is not a polygon. In a polygon, con¬ 
secutive sides intersect only at endpoints, 
Nonconsecutive sides do not intersect. 



PKMG, PKMOR t and POR are polygons, but 
PKMOPRO is not, because each vertex must 
belong to exactly two sides, (Vertex P be¬ 
longs to three sides in PKMOPRO.) 
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SVTY is a polygon, but SVTXY is not, be¬ 
cause consecutive sides must be 
noncollinear. 



Why is PLAN not a polygon? 



Naming Polygons 

We name a polygon by starting at any vertex 
and then proceeding either clockwise or 
couterclockwise. If we start at A, we can call 
this polygon ABCDEF or AFEDCB, Can you 
start at B and name the polygon in two dif¬ 
ferent ways? 



Convex Polygons 

Many of the polygons you encounter in your geometry studies will 
be convex. 


Definition A convex polygon is a polygon in which each 
interior angle has a measure less than 180, 


Polygon ABCDE is not convex because the 
angle that lies in the interior of the polygon 
at E has a measure greater than 180. 

In the rest of this book, unless it is ex¬ 
pressly stated otherwise, assume that all 
polygons are convex. 



D 


C 


Diagonals of Polygons 

in the two following figures, the dashed segments are diagonals of 
the polygons. 



Definition A diagonal of a polygon is any segment that con¬ 
nects two nonconsecutive (nonadjacent) vertices of 
the polygon. 
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Quadrilaterals 


A quadrilateral is a four-sided polygon. 



The following are special quadrilaterals. 


A parallelogram is a quadrilateral in which 
both pairs of opposite sides are parallel. 



A rectangle is a parallelogram in which at 
least one angle is a right angle. 


Rectangle 


A rhombus is a parallelogram in which at / 

least two consecutive sides are congruent. / Rhombus 


A kite is a quadrilateral in which two dis¬ 
joint pairs of consecutive sides are con¬ 
gruent. 



A square is a parallelogram that is both a 
rectangle and a rhombus. 


Square 


A trapezoid is a quadrilateral with exactly 
one pair of parallel sides. The parallel sides 
are called bases of the trapezoid. 



Trapezoid 



An isosceJes trapezoid is a trapezoid in 
which the nonparallel sides (legs) are con¬ 
gruent. In the figure, Z.A and Z.B are called 
the lower base angles, and ZC and ZD are 
called the upper base angles. 


Isosceles Trapezoid\ 
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We have given the meaning (definition) of each of the previous 
figures in as simple a manner as possible. Each special quadrilateral 
will have further properties associated with it. Those properties are 
discussed in the next section. 



Part Two: Sample Problem 

Solve the Quadrilateral Mystery! 

No solution is provided for the following problem. It is intended to 
help you understand how mathematicians go about testing ideas that 
they think are true but which they have not yet proved. As you work 
through the problem, think carefully about the ideas you formulate 
and the ways you test them, (A computer with exploratory geometry 
software—such as The Geometric Supposes by Sunburst — is an ex¬ 
cellent tool for testing ideas. If you do not have access to such 
resources, try making careful drawings and using a ruler and a 
protractor to test your ideas.) 


Problem What truths can you discover about a parallelogram end a rectangle? 

a Draw a parallelogram ABCD. 

i What true statements do you think ^vou might be able to make 
about the parallelogram? Test your ideas and discuss your results 
in class. 

iii Draw diagonals AC and BD. What true statements can be made 
about the diagonals? Again, test your ideas and discuss your 
results in class. 
h Draw a rectangle PQRS, 

i What true statements can be made about the rectangle? Test your 
ideas and discuss your results in class. 

ii Draw diagonals PR and QS, What true statements can be made 
about the diagonals? Again, test your ideas and discuss your 
results in class. 


■ Part Three: Problem Sets 

Problem Set A 

A computer and exploratory geometry software may be used for 
problems 1-5, 

1 Examine the rhombus. Which of the fol- H 0 

lowing statements appear to be true? 

a All four sides are congruent. 
b The diagonals are perpendicular, 
c The diagonals bisect the angles, 
d The diagonals bisect each other, 
e The diagonals are congruent. 
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Problem Set A* continued 


2 Examine the isosceles trapezoid Which 
of the following statements appear to be 
true? 

a The opposite sides are congruent. 

Hi Opposite sides are parallel, 
c The diagonals bisect the angles, 
d The diagonals bisect each other. 
e The diagonals are congruent 



Examine the kite. Which of the follow™ 
ing statements appear to be true? 


e The opposite sides are congruent, 
b Opposite sides are parallel, 
c The diagonals bisect the angles, 
d The diagonals bisect each other. 

0 The diagonals are congruent, 
ff The diagonals are perpendicular. 


I 



4 List all the properties that a nonisosceles trapezoid appears to 
have, 

5 List all the properties that a square appears to have. 


© a Draw an equilateral quadrilateral that is not equiangular, 
b Draw an equiangular quadrilateral that is not equilateral. 


7 In the isosceles trapezoid shown, ST || RV. 

Name: a The bases 

Si The diagonals 
c The legs 

si The lower base angles 
e The upper base angles 
f All pairs of congruent alternate 
interior angles 



© Examine each statement below. If the statement is always true, 
write A; if sometimes true, write S; if never true, write N. 

a A square is a rhombus, 
h A rhombus is a square, 
o A kite is a parallelogram, 
d A rectangle is a polygon. 

e A polygon has the same number of vertices as sides, 
f A parallelogram has three diagonals. 

§ A trapezoid has three bases. 


9 Why is a circle not a polygon? 
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10 Using the diagram, explain how the for¬ 
mula for the area of a parallelogram can 
be the same as that for the area of a 
rectangle. 

11 If the sum of the measures of the angles of a triangle is 180, what 
is the sum of the measures of the angles in 

a A quadrilateral? 
b A pentagon (five-sided polygon)? 

12 Find the area of a square whose perimeter is 65 feet. 



Problem Set B 

13 Prove that in a parallelogram each pair of consecutive angles are 
supplementary. 

14 Prove that in a parallelogram each pair of opposite sides are 
congruent. 


15 Prove that the diagonals of a rectangle are congruent. 

16 Given: ABCD is a kite. 

AB = x + 3, 

BC = x + 4, C 
. CD = 2x - 1, 

AD = 3x - y 
a Solve for x and y. 
b What is the perimeter of the kite? 

c Is it possible for AC to be 19 units long? Why or why not? 


17 a PQRS is a kite and also a rectangle. What else do we know 
about PQRS? 

b Draw a quadrilateral that is not convex and still satisfies the 
definition of a kite. 



18 What is the area of a triangle whose vertices are (-4, — 3), (8, 7), 
and (8, - 3)? 


19 The trapezoidal region is actually the 
union of two triangles and a rectangle. 
Find the area of the trapezoid. 
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Problem Set B, continued 


20 How many rectangles are shown in the 
figure at the right, in which all of the 
angles are right angles? 


Problem Set C 

21 a How many diagonals does a triangle have? 

h How many diagonals does a quadrilateral have? 
c How many diagonals does a five-sided polygon have? 
dl How many diagonals does a six-sided polygon have? 
e How many diagonals meet at one vertex of a polygon with n 
sides? 

f How many vertices does an n-sided polygon have? 
ij How many diagonals does an n-sided polygon have? 

22 Refer to the seven special quadrilaterals on page 236. What is the 
probability that if two are picked at random, each will have a 
pair of congruent opposite sides? 


HISTORICAL SNAPSHOT 


A New Kind of Proof 

The computer and the four-color 
conjecture 


How many colors does it take to color any 
map so that no two adjacent regions will be the 
same color? (Regions that touch only at a single 
point are not considered to be adjacent.) In 
1SS2 it was suggested that four colors are 
enough for any possible map. Although no one 
ever succeeded In constructing a map that 
needed more than four colors, for over 100 
years no one was able to furnish a satisfactory 
proof that such a map could not exist. 

Then, In 1976, it was announced that a 
group of mathematicians led by Kenneth Appel 
and Wolfgang Haken at the University of Illinois 
had proved the four-color conjecture. Having de¬ 
termined that all possible maps could be repre¬ 
sented by a set of 1936 particular configura¬ 
tions of regions, they programmed a computer 
to test each of these cases for four-colorabhofy. 



The computer found no instance in which more 
than four colors were required. 

Traditionally, however, a proof has been con¬ 
sidered a way of presenting mathematical rea¬ 
soning that can be understood and verified by 
other people. The four-color proof is so complex 
that it would take lifetimes to verify it by hand. 
It is one of the first examples of a proof that 
can be produced and checked only using a 
computer. 
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Properties of 
Quadrilaterals 


Objectives 

A/ter studying this section, you will be able to 

■ Identify some properties of parallelograms 

■ Identify some properties of rectangles 
• Identify some properties of kites 

■ Identify some properties of rhombuses 

■ Identify some properties of squares 

■ Identify some properties of isosceles trapezoids 


Part One: Introduction 

Properties of Parallelograms 

In this section, we will list some of the properties of special quadri¬ 
laterals, beginning with parallelograms* (You should be able to prove 
many of these properties*) Read the properties carefully and learn 
them* They will be used often in the sections to follow* 

Learning so many properties may seem overwhelming at first, 
but most are concepts that you already know or that you discovered 
in Section 5*4. With some effort you will soon learn them all. 


In a parallelogram, 

1 The opposite sides are parallel by definition 
(PL || AR, AP || RL) 

2 The opposite sides are congruent 
(PL = AR, AP = RL) 

3 The opposite angles are congruent 
(APAR a APLR, AARL = AAPL) 

4 The diagonals bisect each other 
(AL bis. PR, PR bis* AL) 

5 Any pair of consecutive angles are 
supplementary (APAR supp, AARL, etc*} 



Properties of Rectangles 

In a rectangle, 

1 All the properties of a parallelogram 
apply by definition 

2 All angles are right angles (AREC is 
a right angle, etc*) 

3 The diagonals are congruent (ET = RC) 
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Properties of Kites 

In a kite, 

1 Two disjoint pairs of consecutive sides are t 

congruent by definition (IT = ET, IK = EK) 

2 The diagonals are perpendicular {TK 1 IE) 

3 One diagonal is the perpendicular bisector of the other 



E 


(TK 1 bis. IE) 

4 One of the diagonals bisects a pair of opposite angles (TK bis. 


K 


AITE, TK bis. AIKE) 

5 One pair of opposite angles are congruent (Z.TIK = ATEK) 


Properties 3-5 are sometimes called the half properties of kites. 



Properties of Rhombuses 

In a rhombus, 

1 All the properties of a parallelogram 
apply by definition 

2 All the properties of a kite apply (In fact, 
the half properties become full properties) 

3 All sides are congruent—that is, a rhombus is equilateral 
(RH = HO = OM = MR) 

4 The diagonals bisect the angles (RO bis. AMRH, RO bis. AMOH, 
etc.) 

5 The diagonals are perpendicular bisectors of each other 
{RO 1 bis. MH.MH1 bis. RO) 

6 The diagonals divide the rhombus into four congruent right 
triangles 


Q S 


u 


Properties of Isosceles Trapezoids 

In an isosceles trapezoid, 

1 The legs are congruent by definition (TP = RA) 

2 The bases are parallel (by definition of trapezoid) (TR |[ 

3 The lower base angles are congruent (ARAP = ATPA) 

4 The upper base angles are congruent (APTR = A ART) 

5 The diagonals are congruent (PR = AT) 

6 Any lower base angle is supplementary to any upper base angle 
(APAR supp. APTR, etc,) 



Properties of Squares 

In a square, 

1 All the properties of a rectangle apply by definition 

2 All the properties of a rhombus apply by definition 

3 The diagonals form four isosceles right triangles 
(45°-45°-90° triangles) 
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In the problems that follow, you will be asked to prove some of 
these properties. You may use any prior property to help in the proof 
of a later property. For example, if you are asked to prove property 5 
of parallelograms, you may use properties 1-4 to help you in the 
proof. 


Part Two: Sample Problems 


Problem 1 


Proof 


Given: ABCD isaO (parallelogram). 
ZGHA_ = Z.FEC, 

HB = DE 

Conclusion: GH = EF 


A 



C 


1 ABCD is a O. 

1 Given 

2 DC || AB 

2 Opposite sides of a o are |. 

3 AECF s AHAG 

3 || lines => alt. int. As = 

4 AB = DC 

4 Opposite sides of a □ are =. 

5 HB = DE 

5 Given 

6 HA = EC 

6 Subtraction Property 

7 AGHA = AFEC 

7 Given 

8 AGAH = AFCE 

8 ASA (3, 6, 7) 

9 GH = EF 

9 CPCTC 


Problem 2 Given: VRZA is a o. 

AV = 2x — 4, 

VR = 3 y + 5, 

RZ = + 8 

ZA = y + 12 

Find: The perimeter of 

Solution The opposite sides of a o are congruent, so we can write two 

equations. 


2x - 4 = lx + 8 

1 Z 

3y + 5 = y + 12 

V - 4 = 8 

2y + 5 = 12 

1-x = 12 

2y = 7 

x = 8 

y = 4 

AV - 12 and RZ = 12 

VR = 15“ and ZA = 

Adding the measures of the four sides, we find that the perimeter 


is 55. 
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Problem 3 


Prove property 4 of parallelograms. 
Given: o ABCD 

Prove: AC and BD bisect each other. 




Proof 


1 O ABCD 

1 Given 

2 AD || BC 

2 Opposite sides of a o are |. 

3 A1 - A2 

3 | lines ^ alt, int, Is = 

4 A3 = A4 

4 j lines => alt, int* Is = 

5 AD = BC 

5 Opposite sides of a o are =, 

6 ABEC = ADEA 

6 ASA (3, 5, 4) 

7 BE = DE 

7 CPCTC 

8 AE as EC 

8 CPCTC 

9 AC and BD bisect each other. 

9 If two segments divide each 


other into = segments, they 


bisect each other. 


Part Three: Problem Sets 

Problem Set A 

1 Given: o ABCD (ABCD is a □.) 
Conclusion: AABC = ACDA 

A 



2 Given: □ EFHJ, 

A1 = A2 

Conclusion: KH = EG 
Supply each missing reason. 



F 


1 □ EFHJ 

2 AJ s 

3 JH s EF 

4 A1 = A2 

5 AKJH =_AGFE 

6 KH = EG 


1 

2 

3 

4 

5 

6 


3 Given: Rectangle MPRS, 
MOsPO 

Prove: AROS is isosceles. 
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4 Given: oABCD, 

AE = CF 

Conclusion: DE = BF 


5 Given: o WSTV, 

WS = x + 5, 

WV = x + 9, 

VT = 2x + 1 

Find the perimeter of WSTV. 

6 Given: □ ABCD, 

ZA = (xj°, 

ZD = (3x - 4)° 

Find: mZD and mZC 


7 Given: EFGH is an isosceles trapezoid, 

with legs HE and GF. 

EJ = x + 5, 

JG = 2x - 1, 

HF = 13 

Find: EJ, JG, and HJ 

8 Prove property 3 of parallelograms. 

9 Prove property 4 of rhombuses. 

10 Prove property 5 of isosceles trapezoids. 


11 Given: mZlPT = 5x - 10, 
KP = 6x 

Find: KT 




12 Given: REC.T is a rectangle. 

RA = 43x, 

AC = 214x - 742 

Find: The length of ET to the nearest 
tenth 
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Problem Set A, continued 


13 Which of the dotted lines represent an axis of symmetry of the 
figure? (One side of a figure is a reflection of the other side over 
an axis of symmetry.) 




c Rhombus 



^ v 


14 Given; AAFB = Z.DCE, 

AAFB & ADCE 

Prove: ACDF is not a parallelogram. 



Problem Set B 

IB Given; ABCD is a □. 
AF = CE 
Prove: DF || EB 



16 


Given; PHJM is a rectangle. 


PG = MK 


0 


Prove: AOGK is isosceles. 



M 

r zlL 



H J 



K 
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17 Given: VRST is an isosceles trapezoid, 
with legs VR and TS* 

Prove: AARS is isosceles. 



18 Prove that the diagonals of a rhombus divide the rhombus into 
four = A. 


19 Given: o KMOP, 

AM = (x + 3 y)°, 
AO = (x — 4)°, 
AP = (4y - 8}° 

Find: mAK 



20 ABCD is an isosceles trapezoid with 
upper base AD* 

BE = x + 7, CE = y — 3, 

AE - x + 5, BD = y + 4 

Find AC* 

21 An author wrote a problem involving 
kite KITE but forgot to say which pairs 
of sides were congruent* Work the prob¬ 
lem twice to see which pairs of sides are 
congruent 



22 Prove, in paragraph form, that one diagonal of a kite divides it 
into two congruent triangles, while the other diagonal divides it 
into two isosceles triangles* 


23 


RHOM is a rhombus, 
a Find the coordinates of point O. 
b Find the slopes of HM and RO. 
c What does the result in part b verify? 



The area of a parallelogram is equal to / 

the product of its base and its height. / 
Find the area of the parallelogram. / 

Z r 


8.25 mm 


12.13 mm 
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Problem Set B, continued 
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25 SQUA is a square. If one of the triangles 
shown in the figure is chosen at random, 
what is the probability that it is 
isosceles? 



26 CM is a median. 

a Find the coordinates of M. 

Is Is CM an altitude? 
c What type of triangle is AABC? 



27 RHOM is a rhombus. 
mZMBR = 21x + 13, 

MR = 6,2x 

Find the length of RH to the nearest 
tenth. 


M 0 



Problem Set C 

28 TRAP is an isosceles trapezoid. The measure of one of its angles 
is 2.43 greater than 5.12 times the measure of another. If mAT is 
less than mAR, find A A to the nearest second. 


29 Given: in || n 

a Solve for a in terms of x and y. 

fa If a > 90, what must be true of y - x? 


m < > 


n 


30 In the solid box, 
a ABCD = o EFGH. 
Prove: HF = DB 
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5.6 


Proving That a 
Quadrilateral Is 
a Parallelogram 



Objective 

A/ter studying this section, you will be able to 
■ Prove that a quadrilateral is a parallelogram 



Any one of the following methods might be used to prove that 

quadrilateral ABCD is a parallelogram. 

1 If both pairs of opposite sides of a quadrilateral are parallel, then 
the quadrilateral is a parallelogram (reverse of the definition). 

2 If both pairs of opposite sides of a quadrilateral are congruent, 
then the quadrilateral is a parallelogram (converse of a property). 

3 If one pair of opposite sides of a quadrilateral are both parallel 
and congruent, then the quadrilateral is a parallelogram, 

4 If the diagonals of a quadrilateral bisect each other, then the 
quadrilateral is a parallelogram (converse of a property). 

5 If both pairs of opposite angles of a quadrilateral are congruent, 
then the quadrilateral is a parallelogram (converse of a property). 
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Part Two: Sample Problems 

Problem 1 Given: ACDF is a □. 

AAFB = AECD 

Prove: FBCE is a □. 


Proof _ 

1 ACDF is a o, 

2 ZAs AD 

3 AF = DC 

4 AAFB s aECD 

5 ^AFB_= ADCE 

6 FB a EC_ 

7 AB = ED 

8 AC s FT) 

9 BC = FE 

10 FBCE is a O. 


F ED 



A B C 


1 Given 

2 Opposite As of a o are =. 

3 Opposite sides of a o are =. 

4 Given 

5 ASA (2, 3, 4) 

6 CPCTC 

7 CPCTC 

8 Same as 3 

9 Subtraction Property 

10 If both pairs of opposite sides of a 
quadrilateral are =, it is a □. 


Problem 2 


Proof . 


Given: ACAR is isosceles, 
with base CR. 

AC as BK, 

AC = AK 

Prove: BARK is a o. 


1 ACAR is isos., with base CR, 

2 AC s AR 

3 AC = BK 

4 AR = BK 

5 AC k aARC 

6 AC = AK 

7 AARC = AK 

* — > 

8 AR || BK 

9 BARK is a o. 


A B 



C R K 


1 Given 

2 Legs of an isos, A are =. 

3 Given 

4 Transitive Property 

5 Base Ls of an isos* A are =* 

6 Given 

7 Transitive Property 

8 Corr* ZLs = || lines 

9 If one pair of opposite sides 
of a quadrilateral are 
both || and =, it is a o. 


Problem 3 


Solution 


Given; Quadrilateral QUAD, with 
angles as shown 

Show that QUAD is a o. 



By the Distributive Property of Multiplication over Subtraction, 
3x(x 1 2 - 5x) = 3x 3 4 - 15x 2 ; and {x 2 } 5 6 7 8 9 = x 10 by the rules of expo¬ 
nents* This means that a^Q = zlA and Z.U = ZD* Thus, QUAD is a 
parallelogram, since both pairs of opposite angles are congruent. 
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Problem 4 


W 


V 


T 


Proof 


Given: NRTW is a □. 
NX = TS, 

WV = PR 

Prove: XPSV is a □, 


1 NRTW is a o. 

1 Given 

2 Z.N = Z.T 

2 Opposite Z_s of a o are 

3 NX = TS 

3 Given 

4 NR = WT 

4 Opposite sides of a o are 

5 WV = PR 

5 Given 

6 NP = VT 

6 Subtraction Property 

7 ANXP = ATSV 

7 SAS (3, 2, 6) 

a xp = vs 

8 CPCTC 

9 In a similar manner, 

9 Steps 1-8 

AWXV s ARSP and 


XV 3 PS. 


10 XPSV is a o. 

10 If both pairs of opposite sides of a 


quadrilateral are =, it is a O t 




Part Three: Problem Sets 

Problem Set A 


1 For each quadrilateral QUAD, state the property or definition (if 
there is one) that proves that QUAD is a parallelogram. 



Q D 



2 Given: ZXRV s XRST, 

Z.RSV = /.TVS 

Conclusion: RSTV is a o. 

3 Given: 00 

Conclusion: SMPR is a □. 
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Problem Set A, continued 

4 Given: RKMP is a o. 

ZJRK = Z.PMO 

Prove: RJMO isao, 

Supply each missing reason. 


R P 0 



J K M 


1 RKMP is a o, 

1 

2 ROflJM 

2 

3 RKsPM 

3 

4 Z.RKM = Z.MPR 

4 

5 Z.JKR supp. ARKM 

5 

6 Z.OPM supp. AMPR 

6 

7 2LJKR s ZOPM 

7 

8 AJRK a APMO 

8 

9 AJRK e AOMP 

9 

10 JK = PO 

10 

11 RP = KM 

11 

12 RO = JM 

12 

13 RJMO is a □. 

13 



6 Given: CD || AB, 

AEDA = ACBF 

Prove: ABCD is a parallelogram. 


7 Given: RSTU is a square, 

VR = SW 

a Is VWTU an isosceles trapezoid? 
b Is A VWX an isosceles triangle? 
c Is A UTX an isosceles triangle? 


ABCD is 32, find AB. 
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9 JKMO is a □. 

JM bisects Z.OJK and Z.OMK, 
0] = x + 5, KM = y - 3, 

JK = 2x — 4 

a Solve for x. 
b Solve for y. 

c Find the perimeter of OJKM. 



10 The measure of one angle of a parallelogram is 40 more than 3 
times another. Find the measure of each angle. 


Problem Set B 

11 Answer Always, Sometimes, or Never: A quadrilateral is a 
parallelogram if 

a Diagonals are congruent 

b One pair of opposite sides are congruent and one pair of 
opposite sides are parallel 

c Each pair of consecutive angles are supplementary 
d All angles are right angles 


12 Given: Quadrilateral PQRS, 

P = (“ 10, 7), Q = (4, 3), 

R = (-2,-5),S = (-16, 1) 

a Prove that quadrilateral PQRS is not a parallelogram, 
b Prove that the quadrilateral formed by joining consecutive 
midpoints of the sides of PQRS is a parallelogram. 


13 


14 


Prove that the quadrilateral is a parallel¬ 
ogram. 



Given: RSOT is a O. 

MS = TP 

Conclusion: MOPR is a O. 




15 Prove: If both pairs of opposite sides of a quadrilateral are =, the 
quadrilateral is a o (method 2 of proving that a quadrilateral is 

a o). (Hint: Use method 1.) 

16 Prove: If two sides of a quadrilateral are both || and =, the quad¬ 
rilateral is a o (method 3 of proving that a quadrilateral is a □). 
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Problem Set B, continued 

17 Find the value of x. 



18 Given: AF || EO_ 

AF = EC, 

BE = FD 

Prove ABCD is a o, 

Copy and complete the flow diagram for 
the proof. Be sure to list reasons 1-6. 




Problem Set C 

19 Given: AKOR is equilateral. 
KOPR is a o. 

, KMOR is a o. 

Prove: AJMP is equilateral. 


J 



20 Given two parallel lines with a quadrilat 
eral ABCD forming congruent angles as 
shown, prove that ABCD is a parallelo¬ 
gram (paragraph proof). 


Problem Set D 

21 The angles of a rectangle and a parallelogram that is not a 
rectangle are in a box. 

a If two of the eight angles are selected at random, what is the 
probability that the angles are congruent? 

b A man offers to let you have two tries at getting a pair of 
congruent angles. In other words, you would draw a pair of 
angles at random, then replace the pair, and then draw a pair 
again. The man is willing to bet you $20 that you won’t draw a 
congruent pair either time. Should you take the bet? 
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Proving That Figures Are 
Special Quadrilaterals 


Objectives 

After studying this section, you will be able to 

■ Prove that a quadrilateral is a rectangle 

■ Prove that a quadrilateral is a kite 

■ Prove that a quadrilateral is a rhombus 

■ Prove that a quadrilateral is a square 

■ Prove that a quadrilateral is an isosceles trapezoid 


■ Part One: Introduction 

Proving That a Quadrilateral Is a Rectangle 

When you want to prove that a figure is one of the special quadrilat¬ 
erals, you must be sure that you prove sufficient properties to estab¬ 
lish the quadrilateral's identity. 

You can prove that quadrilateral EFGH — - - 

is a rectangle by first showing that the quad¬ 
rilateral is a parallelogram and then using 

either of the following methods to complete p - 

the proof* 

1 If a parallelogram contains at least one right angle, then it is a 
rectangle (reverse of the definition). 

2 If the diagonals of a parallelogram are congruent, then the paral¬ 
lelogram is a rectangle. 

You can also prove that a quadrilateral is a rectangle without first 
showing that it is a parallelogram. 

3 If all four angles of a quadrilateral are right angles, then it is a 
rectangle. 
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Proving That a Quadrilateral Is a Kite 

To prove that a quadrilateral is a kite, either 
of the following methods can be used. 

1 If two disjoint pairs of consecutive sides of a quadrilateral are 
congruent, then it is a kite (reverse of the definition). 

2 If one of the diagonals of a quadrilateral is the perpendicular 
bisector of the other diagonal, then the quadrilateral is a kite. 


K 



Proving That a Quadrilateral Is a Rhombus 

To prove that quadrilateral KMOJ is a rhombus, you may first show 
that it is a parallelogram and then apply either of the following 
methods. 

1 If a parallelogram contains a pair of consecutive sides that are 
congruent, then it is a rhombus (reverse of the definition). 



M 


2 If either diagonal of a parallelogram bisects two angles of the 
parallelogram, then it is a rhombus. 

You can also prove that a quadrilateral is a rhombus without first 
showing that it is a parallelogram. 

3 If the diagonals of a quadrilateral are perpendicular bisectors of 
each other, then the quadrilateral is a rhombus. 


Proving That a Quadrilateral is a Square 

The following method can be used to prove that NPRS is a square: 

■ If a quadrilateral is both a rectangle and a rhombus, then it is a 
square (reverse of the definition). 



Proving That a Trapezoid Is Isosceles 

Any one of the following methods can be used to prove that a 
trapezoid is isoscelds. 

1 If the nonparaliel sides of a trapezoid are congruent, then it is 
isosceles (reverse of the definition). 



2 If the lower or the upper base angles of a trapezoid are congruent, 
then it is isosceles. 


3 If the diagonals of a trapezoid are congruent, then it is isosceles* 
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Part Two: Sample Problems 

Problem 1 What is the most descriptive name for quadrilateral ABCD with verti¬ 
ces A = (- 3, - 7), B - (- 9, 1), C = (3, 9), and D = (9, 1)? 

Solution We must check every detail to see if sides are parallel or 

perpendicular, and we must also check diagonals. We must be 
careful to identify what we are finding with each calculation. 

A graph may prove helpful in directing our work. 

Slope 
Slope 
Slope 

Slope 

Since 
BC = 

Is it a rectangle or a rhombus? Since the slopes of AB and BC are 
not opposite reciprocals of each other, Z.ABC is not a right angle. 
ABCD is not a rectangle. 

For the figure to be a rhombus, the diagonals must be perpendicular. 

9 -(-7) 16 8 

Slope of AC - = T = - 

i — i n 

Slope of BD = -—- — - 0 
F 9 - (- 9) 18 

The slopes are not opposite reciprocals, so AC / BD, We conclude 
that ABCD is a parallelogram. 


of AB = 


izZL 


of BC = 


of CD = 


of AD = 


9 - 1 — 3 ) 
9-1 = 

3 - E-9) 

1-9 = -8 
9 - 3 ” 6 

1 ~ 1 - 7 ) _ 

9-(-3) 


A 

12 


_8^ 

12 


2 

3 

4 
3 

2 
“ 3 



^ ^ 7 __ ___ 

the slopes of AB and CD are equal, AB || CD. Similarly, slope 
slope AD, so BC || AD. Thus, ABCD is at least a parallelogram. 


Problem 2 Prove that if either diagonal bisects two angles of a o, the o is a 
rhombus (method 2 of proving that a quadrilateral is a rhombus). 


Proof 


Given: ABCD is a O. 

BD bisects Z.ADC and ZABC. 
Prove: ABCD is a rhombus. 



1 ABCD is a o. 

1 Given 

2 ZADC = ZABC 

2 Opposite Z_s of a o are 

3 BD bis. ZADC and ZABC 

3 Given 

4 ZABD s ZADB 

4 Division Property 

5 AB = AD 

5 If Zk, then 

6 ABCD is a rhombus. 

6 If a o contains a consecutive pair 


of sides that are =, it is a 


rhombus. 
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Problem 3 


0 
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Proof 


Given; GJMO is a o. 

OHlGK; 

MK is an aifitude of AMKJ. 
Prove; OHKM is a rectangie. 


M 



G H J K 


1 GJMO is a □, 

1 Given 

2 OM || GK 

2 Opposite sides of a O are |j. 

3 OHlGK 

3 Given 

4 MK is an alt. of AMKJ. 

4 Given 

5 MK 1 GK 

5 An altitude of a A is ± to the side 


to which it is drawn. 

6 OH || MK 

6 If two coplanar lines are 1 to a 


third line, they are |. 

7 OHKM is a O. 

7 If both pairs of opposite sides of a 


quadrilateral are ||, it is a LJ. 

8 Z.OHK is a right L, 

8 1 segments form a right L . 

9 OHKM is a rectangle. 

9 If a O contains at least one right A, 


it is a rectangle. 


Part Three: Problem Sets 

Problem Set A 

1 Locate points Q = (2, 4), U = (2, 7), A = (10, 7), and D = (10, 4) 
on a graph, Then give the most descriptive name for QUAD. 


2 If AB s DC, show that ABCD is not a 
rhombus. 


A 2x + 5 B 



D 4x - 17 C 


3 In order for RECT to be a rectangle, 
what must the value of x be? 



4 What is the most descriptive name for a quadrilateral with 
vertices (-11, 5), (7, 5), (7, -13), and (-11, -13)? 


5 a Write an expression for the area of the rectangle. gx 

b Write an expression for the perimeter of the rectangle. 

c Evaluate each when x is 4.2. - 

2x- 5 
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6 Give the most descriptive name for 

a A quadrilateral with diagonals that are perpendicular bisectors 
of each other 

b A rectangle that is also a kite 

c A quadrilateral with opposite angles supplementary and con¬ 
secutive angles supplementary 

d A quadrilateral with one pair of opposite sides congruent and 
the other pair of opposite sides parallel 

7 Given; AC bisects ZBAD, B C 

AB - BC, 

AB ]f CD 

Prove; ABCD is a trapezoid. 


8 Given: YTWX is a o. 

YP 1 TW, 

ZW ±_TY, 

TP-TZ 

Conclusion: TWXY is a rhombus 



8 Given; Right APQR, with hypotenuse PR. M is the midpoint of 
PR, Through M f lines are drawn parallel to the legs. 
Prove: The quadrilateral formed is a rectangle. 


10 Given: ID bisects RB, 
B! ^ IR 

Prove: BIRD is a kite. 


Problem Set B 



D 


11 Given: ABDE is a O. 

BC is the base of isosceles ABCD. 

Prove: ACDE is an isosceles trapezoid. 



12 ABCD is a parallelogram with perimeter 
52. Th e pe rimeter of ABNM is 36, and 
NC s AM. Find NM. 


B N 



M D 
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Problem Set B. continued 


13 What is the most descriptive name for each quadrilateral below? 





14 What is the most descriptive name for a quadrilateral with verti¬ 
ces (-7, 2), (2, 8) t (6, 2), and (—3, -4)? Justify your conclusion* 

15 Given; o PQRS; Q A R 

A is the midpoint of QR. 

PA bisects AQPS* 

Prove: SA bisects APSR. 

P S 



16 Find the area of the parallelogram. (Hint: (-5, 9 ) 

Area = base • height.) 

y 


(4, 5) 

% 

(-5, -3) 

> 


x-axis 

(4, -7) 


17 a If a quadrilateral is symmetrical across both diagonals, it is a 


b If a quadrilateral is symmetrical across exactly one diagonal, it 
is a___, 

c Which quadrilateral has four axes of symmetry? 


IB Given: A ABC; 

M is the midpoint of AB. 
Segments are drawn from M par¬ 
allel to AC and BC* 

Prove: a PMQC is a o* 

b AMAP ss ABMQ. 


A 
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19 Write a quadratic equation to represent 
the area of the rectangle* If the area is 
160 square meters, find the perimeter. 


x + 6 


20 The rectangle has a 
The equation of the 
Find the area of the 



21 OP just touches (is tangent to) the x-axis. 
Find the area of OP to the nearest 
hundredth. 



22 M, N, O, and P are midpoints of the 
sides of ABCD* Make up your own coor¬ 
dinates for A, B t C, and D. 

a Find the coordinat es o f M, N, O, and P. 
h Find the slopes of MN and PO, 
c What is true about MN and PO? 



23 R, H, O, and M are midpoints* Find the 
slopes of the diagonals of RHOM* 
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Problem Set B, continued 



25 


ABCD is a parallelogram. If two of the 
following conclusions are selected at 
random, what is the probability that both 
conclusions are true? 

a AB = DC 

ii E is the midpoint of AC. 



D 


C 


c Z.ADC is supplementary to Z.DAB. 
tS AC bisects ADAB. 


Problem Set C 

26 What is the most descriptive name for 
the quadrilaterals SQUA and Q'QAA', 
where Q' is the reflection of Q over the 
y-axis and A' is the reflection of A over 
the x-axis? Justify your conclusions. 



21 The diagonals of a quadrilateral are congruent. Exactly one pair 
of opposite sides are congruent. Prove that two of the triangles 
formed are isosceles. 

20 What is the most descriptive name for the quadrilateral with 
vertices (3, 2), (8, 1), (7, 6), and (2, 7)? 

29 a Write an expression to represent the 
shaded area, 

h Write an inequality that gives the lim¬ 
its of the area of the square. 


2 

X 

X 



-27— - -- 
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Chapter Summary 


Concepts and Procedures 

After studying this chapter, you should be able to 

■ Write indirect proofs {5.1} 

m Apply the Exterior Angle Inequality Theorem (5.2) 

■ Use various methods to prove lines parallel (5.2) 

■ Apply the Parallel Postulate (5.3) 

■ Identify the pairs of angles formed by a transversal cutting 
parallel lines (5.3) 

■ Apply six theorems about parallel lines (5.3) 

■ Solve crook problems (5.3) 

■ Recognize polygons (5.4) 

■ Understand how polygons are named (5.4) 

■ Recognize convex polygons (5,4) 

■ Recognize diagonals of polygons (5.4) 

■ Identify special types of quadrilaterals (5.4) 

■ Identify some properties of parallelograms, rectangles, kites 
rhombuses, squares, and isosceles trapezoids (5.5) 

* Prove that a quadrilateral is a parallelogram (5.6) 

■ Prove that a quadrilateral is a rectangle (5.7) 

■ Prove that a quadrilateral is a kite (5.7) 

■ Prove that a quadrilateral is a rhombus (5.7) 

■ Prove that a quadrilateral is a square (5.7) 

■ Prove that a quadrilateral is an isosceles trapezoid (5.7) 


Vocabulary 

convex polygon (5.4) 
diagonal (5.4) . 
indirect proof (5.1) 
isosceles trapezoid (5.4) 
kite (5.4) 

lower base angles (5.4) 
parallelogram (5.4) 
Parallel Postulate (5.3) 


polygon (5.4) 
quadrilateral (5.4) 
rectangle (5,4) 
rhombus (5.4) 
square (5,4) 
trapezoid (5.4) 
upper base angles (5.4) 
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Review Problems 


Problem Set A 

1 Give the most descriptive name for 

a A quadrilateral whose consecutive sides measure 15, 18, 15, 
and 18 

b A quadrilateral whose consecutive sides measure 15, 18, 18, 
and 15 

c A quadrilateral with consecutive angles of 30°, 150°, 110°, 
and 70° 

4 A quadrilateral whose diagonals are perpendicular and 
congruent and bisect each other 

e A quadrilateral whose congruent diagonals bisect each other 
and bisect the angles 


■ 






6 



2 ABCD is a EJ\ 

AB = 2x + 6, 

BC = 8, 

CD - x + B 

Find the perimeter of ABCD. 


3 Write an inequality stating the restric¬ 
tions on x. 


4 JKMP is a rectangle. 

PK = 0*2x, 

JM = x - 12 

Find PK. 

5 Given: LA = LZ\ 

ABCD is not a □. 
Prove: LL3 & Z.4 


6 In a parallelogram, the measure of one of the angles is twice that 
of another. Are these opposite angles or consecutive angles? Find 
the measure of each angle of the parallelogram. 
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7 In each of these diagrams, is m || p? 





Name five properties of a parallelogram. 


SI Given: AB as CD, AG = BE, 
AG || BE 

Conclusion: GC || ED 


10 Given; HJKM is a o. 

AJHP = ^MKO 

Conclusion: MP = JO 


11 Show that ABCD is an isosceles trape¬ 
zoid. 





13 Two polygons are selected at random from a group consisting of a 
nonisosceles trapezoid, an isosceles trapezoid, and a parallelo¬ 
gram. Find the probability that both polygons have two pairs of 
congruent angles. 


14 a How many squares appear to be in the 
figure at the right? 
lb How many rectangles? 


Review Problems 
































Review Problem Set A, continued 


■ 


|l|g 


8 
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15 Given: KR is a median to }0. 
RP = KM, 

RM = KM 

Prove: JMOP is a □. 



0 


11 In O AESCD, LA = (2x + 6)° and LB = (x + 24)°* Find mLC. 


17 TP (a diameter) passes through the cen¬ 
ter of ©O, Find the area of the circle to 
three decimal places* 




Problem Set B 

18 Given: AD | BC, 

mZ_l = 5.63X + 2.42, 
mZ_2 = 2.1x, 
mA3 = 6x - 5.1, 
mZ_4 = 42 

a Find mZ.1. 
b Is DC II AB? 


19 If the statement is always true, write A; if sometimes true, write 
S; if never true, write N. 

a If the diagonals of a quadrilateral are congruent, the quadrilat¬ 
eral is an isosceles trapezoid. 

b If the diagonals of a quadrilateral divide each angle into two 
45-degree angles, the quadrilateral is a square, 
c If a parallelogram is equilateral, it is equiangular, 
d If two of the angles of a trapezoid are congruent, the trapezoid 
is isosceles. 

20 Prove: The figure produced by joining the consecutive midpoints 
of a parallelogram is a parallelogram. 

21 Prove: If the bisector of an exterior angle formed by extending 
one of the sides of a triangle is parallel to a side of the triangle, 
the triangle is isosceles. 

22 What is the most descriptive name for the quadrilateral with 
vertices (0, -6), (-4, 2), (4, 6), and (8, -2)? Justify your 
conclusion. 
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23 Given: EFGH is a o. 

M = BF = CG 

Prove: ABCD is a O, 


DH 



24 Given: P is the midpt. of RO . 

K is the midpt. of JM. 
iA = _A2, 

PS = KS 

Prove: RJMO is a O. 

25 Find the value of x. 



0 



RY 1| WX 

Prove: RWXY is an isosceles trapezoid. 


27 If two of the five labeled angles are cho¬ 
sen at random, what is the probability 
that they are ‘supplementary? 








Problem Set C 

28 Given: AB = DC, _ 

AB ± BC, DC 1 BC 

Prove: ADEC is isosceles. 


29 Given: AAED and ABEC are isosceles,_ A 

with congruent bases AD and BC. 

Prove: ABCD is a rectangle. 

30 Given: Kite KITE 
Find: The three possible values of the 

perimeter of KITE 




Review Problems 
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CHAPTER 

6 Lines and Planes in Space 




6.1 


Relating Lines to Planes 


Objectives 

A/ter studying this chapter, you will be able to 

■ Understand basic concepts relating to planes 
* Identify four methods of determining a plane 

■ Apply two postulates concerning lines and planes 



Part One: Introduction 

Preliminary Concepts 

Recall the definition of plane from Section 4.5: A plane is a surface 
such that if any two points on the surface are connected by a line, all 
points of the line are also on the surface. Because a surface has no 
thickness, a plane must be “fiat” if it is to contain the straight lines 
determined by all pairs of points on it. It must also be infinitely long 
and wide. Thus, a plane has only two dimensions, length and width. 


A surface that is not a plane Plane surface 

A plane is frequently drawn as shown in the right-hand diagram 

above. In this case, the diagram represents part of a horizontal plane, 

with the edges nearest to you darkened. A plane can be named by 

placing a single lowercase letter in one of the corners. 

It is important to understand that although our picture of a plane 

has edges and comers, an actual plane has neither and should be 

thought of as infinite in length and width. 

You may recall the following definitions from Section 4.5: 1/ 

points, lines, segments, and so forth, lie in the same plane, we call 

them coplanar. Points, lines, segments, and so forth, that do not lie in 

the same plane are called noncoplanar. In the diagram on the next 
<—> <—> 

page, AB and ST lie in plane m, RP does not lie in the plane but 
intersects m at V. 



Section 6.1 Relating Lines to Planes 


269 











A, B, S, T, and V are copianar points. 

^6 K ?■ 

AB and ST are copianar lines. 

AB and ST are copianar segments. 

A, B, S, T, and R are noncoplanar points, 

AB, ST, and RP are noncoplanar lines, 

AB, ST, and RP are noncoplanar segments. 


Definition The point of intersection of a line and a plane is 
called the foot of the line. 


In the preceding diagram, V is the foot of RP in plane m. 


Four Ways to Determine a Plane 

In Chapter 3, you learned that two points determine a line. We 
would now like to find conditions under which a plane is deter¬ 
mined. 

One point obviously does not determine a plane, since infinitely 
many planes pass through a single point. 

The diagram at the right shows that two 
points also do not determine a unique plane. 

It shows two different planes, m and n, each 
of which contains both point A and point B. 

The same diagram shows that three 
points—A, B, and C—do not determine a 
plane if the three points are collinear. 



If the three points are noncollinear, however, 
a plane. 

There is one and only one plane that 
contains the three noncollinear points A, B, 
and C, This plane can be called either plane 
ABC or plane k. 


they do determine 




£fl 



The preceding observations suggest an important postulate. 


Postulate Three noncollinear points determine a plane . 


There are other ways of determining a plane. The following three 
are stated as theorems. 
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Theorem 45 


A line and a point not on the line 
determine a plane. 



Theorem 46 


Two intersecting lines determine a plane. 



The proofs of Theorems 45 and 46 are asked for in Problem Set B. 



Proof; If AB and CD are parallel, then according to the definition of 

parallel lines, they lie in a plane. We need to show that they 

lie in only one plane. If P is any point on AB, then according 

to Theorem 45, there is only one plane containing P and CD* 

Thus, there is only one plane that contains AB and CD, 

<—> 

because every plane containing AB contains P. 


Two Postulates Concerning Lines and Planes 

We shall assume the following two statements* 


Postulate 


If a line intersects a plane not containing it f then 
the intersection is exactly one point 



Postulate 
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Part Two: Sample Problems 


Problem 1 


a 

b 

c 

d 

e 

f 

g 

h 

i 



m n n = —-— 

A, B, and V determine plane —2_. 

<—+ 

Name the foot of RS in m. 

<—^ ~ 

AB and RS determine plane — t — 

AB and point —■— determine plane n. 

Does W lie in plane n? 

Line AB and line — t — determine plane m 

A, B, V, and — i — are coplanar points. 

A, B, V, and — 1 — are noncoplanar points. 

If R and S lie in plane n, what can be said 


Answers 


a AB 
b m 
c P 


d n 

e R or s 
f No 


g VW 
h WorP 
i R or S 


j RS lies in 
plane n. 


Note In this problem, other planes are determined besides the two 
shown in the diagram, For example, the noncollinear points R, P, 
and V determine a plane. 


Problem 2 


Proof 


Given; A^B, and C lie in plane m. 
PB A AB, 

PB 1 BC, 

AB = BC 

Prove: AAPB = ACPB 



1 PB 1 AB, PB 1 BC 

2 APBA and APBC are right As. 

3 Z.PBA = Z.PBC 

4 AB s BC 

5 PB = PB 

6 APBA = APBC 

7 A APB ss ACPB 


1 

2 

3 

4 

5 

6 
7 


Given 

1 lines form right As. 
Right As are s=. 

Given 

Reflexive Property 
SAS (4, 3, 5) 

CPCTC 



Part Three: Problem Sets 

Problem Set A 

1 Consider a spherical object, such as an orange or a globe. If two 
points are marked on it and a straight line is drawn through the 
two points, does the line lie on the surface? Is it possible to draw 
a straight line that will lie entirely on the surface? 
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rf1s = 
AB n s 


Name three collinear points. 

Name four noncoplanar points. 

What plane do points A, B t and E determine? 
—> <—> 

f What plane do AB and ED determine? 

<. > 

g Name the foot of TC in plane s. 

<—^ 

h Name the foot of TC in plane r. 

<—> <—■> 

i Do CD and ED determine a plane? 
j If CD _L AB, name the right angles formed. 


3 Consider two points on a cylindrical surface, such as the curved 
surface of a tin can. Does the line connecting two such points 
always lie on the surface? Does it ever lie on the surface? 

4 Make freehand sketches of a horizontal plane, a vertical plane, 
and two intersecting planes. 

5 A three-legged stool will not rock, even if the legs are of differ¬ 
ent lengths. Many fourdegged stools wobble. Explain. 

6 What theorem or assumption in this chapter provides the best 
explanation for the fact that when you saw a board, the edge of 
the cut is a straight line? 



Problem Set B 

7 Given: A, P, and B lie in plane m 
» <—>«—> 

CP ± AP, cp ± PB, 

PA = PB 
Prove: CAsCB 


8 Given: OO lies in plane p. 
VO 1 OS, 

VO 1 OT 

Prove: AVSO = Z.VTO 



9 Prove Theorem 45: A line and a point not on the line determine 
a plane. (Write a paragraph proof,) 
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Problem Set B, continued 

10 Prove Theorem 46: Two intersecting lines determine a plane. 
(Write a paragraph proof.) 

11 Can you hold two pencils so that they do not intersect and are 
not parallel? Are they coplanar? (Lines that do not intersect and 
that are not coplanar are called skew lines*) 

12 Cut a quadrilateral out of paper and fold 
it along a diagonal as shown in the fig¬ 
ure. Is every four-sided figure a plane 
figure? 


13 If two points in space are equidistant from the endpoints of a 
segment, will the line joining them be the perpendicular bisector 
of the segment? Explain* 

14 Given: Planes m and n 

<—> 

intersect in RS. 
m contains R, S, and V. 
n contains R, S, and T. 

TS^= VR, 

TR 1 RS, 

VS 1 RS 

Prove: TR s VS 




Problem Set C 

15 The figure at the right is a square pyra¬ 
mid. How many planes are determined 
by its vertices? (There are more than 
five.) Name them. 
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17 Given: A, B, and X lie in plane m. 

X is on AB. P and Q are above m, 
B is equidistant from P and Q. 

A is equidistant from P and Q, 

Prove: X is equidistant from P and Q. 



Q 


18 Given: A ABC = ADBC 
Prove: AAXD is isosceles. 



CAREER PROFILE 


The Geometry of Architecture 

Thalia and Steve Lubin organize space 


The geometry of a building can express itself 
in a multitude of ways. On a technical level 
there are the angles and dimensions of the hall¬ 
ways and rooms that compose the building. At 
the creative level the architect who designs the 
building must be able to see it in abstract geo¬ 
metrical terms. Explains architect Steve Lubin: 
“When we look at an empty lot we envision 
volumes of space where there are none now. IPs 
ail geometry, imagining a progression of inter¬ 
locking spaces that will ultimately become a 
building." 



Computer-generated renderings courtesy of Skidmore, Owings & Merrill. 


Then there is the geometry of scale. Accord¬ 
ing to architect Thalia Lubin: “When you enter a 
space you relate it to yourself. That's why a 
house cannot be restful and orderly unless 
everything in it relates to people and their sense 
of proportion and scale." 

in designing a building, an architect must 
take Into consideration the client's wishes, le¬ 
gal requirements, and environmental constraints 
dictated by the building site. The purest expres¬ 
sion of geometry in a building is one of logic. 
"The final design is a bundle of compromises," 
says Thalia Lubin. “The architect's job is to im¬ 
pose a sense of logic on all of the competing 
forces, to find the natural order of things." 

Both members of this unusual husband-and- 
wife team of architects took five-year degrees in 
architecture from the University of Oregon at 
Eugene. After working briefly for others, they 
decided to go into business together in Wood- 
side, California. Jn designing a budding, Thalia 
works with the client, while Steve oversees the 
technical aspects of the project. The system 
works, though Thalia admits, “We take a lot of 
chaos wherever we go." Steve says, “Every job 
is completely different. You need incredible pa¬ 
tience to be an architect, but you dream of 
achieving poetry in the end." 
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6.2 



Perpendicularity of a 
Line and a Plane 

Objectives 

A/ter studying this section, you will be abie to 

■ Recognize when a line is perpendicular to a plane 

■ Apply the basic theorem concerning the perpendicularity of a line 
and a plane 


Part One: Introduction 

A Line Perpendicular to a Plane 

What does it mean to say that a line is perpendicular to a plane? 
Think about that for a moment and then read the following formal 
definition. 

Definition A line is perpendicular to a plane if it is perpendicu¬ 
lar to every one of the lines in the plane that pass 
through its foot. 


Observe that we now have two kinds of perpendicularity: 



The definition above is a very powerful statement because of the 

words every one. If we are given that ABlm (in the diagram 

above), we can draw three conclusions: 

<—> <■—> 

AB 1 BC AB 1 BD AB X BE 

The Basic Theorem Concerning the Perpendicularity of a 
line and a Plane 

You have just seen that a number of conclusions can be drawn from 
the information that a line is perpendicular to a plane. What about 
the reverse situation? How can we prove that a given line is perpen¬ 
dicular to a plane? To apply the preceding definition in reverse, we 
would have to show that the line is perpendicular to every line that 
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passes through its foot. Considering the infinite number of lines one 
by one would be an endless process. 

If a line is perpendicular to only one line that lies in the plane 
and passes through its foot, is it perpendicular to the plane? Or must 
it be perpendicular to two, three, or four lines in order to be perpen¬ 
dicular to the plane? The following theorem answers that question. 


Theorem 48 If a line is perpendicular to two distinct lines that 
lie in a plane and that pass through its foot, then it 
is perpendicular to the plane. 


Given: BF and CF lie in plane m. 
AF 1 FB, 

AF 1 FC 
Prove: AF _L m 



The proof is left as a challenge. (You may already have written part 
of the proof in Section 6.1, problem 16.) 



Part Two: Sample Problems 

Problem 1 If ASTR is a right angle, can we 

<—> 

conclude that ST 1 m? Why or why 
not? 


A 

S 



Solution 


No. To be perpendicular to plane m, ST must be perpendicular to at 
least two lines that lie in m and pass through T, the foot of ST. 


Problem 2 


Proof 


Given: PF 1 k, 
PG = PH 
Prove: ZG s zH 



1 PF 1 k 

1 Given 

2 PF 1 FG, 

2 If a line is 1 to a plane, it is 1 to every 

PF 1 FH 

line in the plane that passes through its 


foot. 

3 ZPFG is a right Z. 

3 1 lines form right Zs. 

ZPFH is a right Z. 


4 PG at PH 

4 Given 

5 PF a PF 

5 Reflexive Property 

6 APFG = APFH 

6 HL (3, 4, 5) 

7 ZG as ZH 

7 CPCTC 
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Problem 3 


A 


Given: B, C, D, and E iie in plane n, 
AB 1 n, 

BE 1 bis. CD 
Prove: AADC is isosceles. 



Proof -—- 

1 AB 1 n 

2 AB1BD, 

AB 1 BC 

3 /.ABC is a right A. 
Z.ABD is a right A. 

4 Z.ABC = ZABD 

5 BE1 bis. CD 

6 BC = BD 


7 AB = AB 

8 AABC = AABD 

9 AD = AC 

10 AADC is isosceles. 


1 Given 

2 If a line is J. to a plane, it is _L to 
every line in the plane that passes 
through its foot. 

3 JL lines form right As. 

4 All right As are =. 

5 Given 

6 If a point is on the A bis. of a 
segment, it is equidistant from the 
segment’s endpoints. 

7 Reflexive Property 

8 SAS (6, 4, 7) 

9 CPCTC 

10 A A with two = sides is isosceles. 


Part Three: Problem Sets 

Problem Set A 

1 If ABCD is a square that lies in plane t 

and PF 1 t, how many right angles can 
be found in the figure? 
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1 Given: Q, R, S, and T lie in plane m. 

ZPQR and ZPQT are right As, 
Prove: APQS is a right A. 


8 if AB 1 BD, rn^dABD — |x + 56, and 
mZABC = 2x - 10, is AB 1 m? 



9 Given: PA _L s; 

P is equidistant from B and C 
Prove: A is equidistant from B and C. 


10 Given: AB _L n f 
CD 1 n; 

AC bisects BD, 
Prove: BD bisects AC, 
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Problem Set B, continued 


11 


12 


Given: AB _L m; 

equilateral A DBG lies in plane m 
Prove: AACD is isosceles. 


Given: PB A m; 

D is the rnidpt. of AC. 

APAC is isosceles, with base AC. 

Prove: BD 1 bis. AC 



13 From any point on a line perpendicular to a plane, two lines are 
drawn oblique to the plane. If the foot of the perpendicular is 
equidistant from the feet of the oblique lines, prove that the 
oblique segments are congruent. 


Problem Set C 

14 Given; EF 1 CF, 

CE = DE, 

Z.FCD = Z.FDC 

Prove: EF 1 m 



15 Given: AD and BC intersect at E. 
AC 1 m, AC 1 n, 

BD 1 m, BD 1 n 
Prove: AD = BC 



16 Given: A, B, C, and D lie in m. 

ED 1 BC, 

AD 1 bis, BC 

a Which segment is _L to which plane? 

fa How many planes are determined in 
this figure? 



17 Prove that if a line is perpendicular to the plane of a circle and 
passes through the circle’s center, any point on the line is equi¬ 
distant from any two points of the circle. 
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19 Given: SX 1 m, 

SXln^ 

TP = TR 

Prove: ASZW is isosceles. 




HISTORICAL SNAPSHOT 


Probability and Pi 

The ubiquity of a geometric constant 


Georges-Louis Leclerc, comte de Buffan 
(1707-1788), one of the most celebrated 
naturalists of all time and a pioneer in 
such fields as ecology and paleontology, 
was also extremely interested in mathe¬ 
matics. Besides translating Isaac 
Newton's work on the calculus into 
French, he was among the first to deal 
with probability in a geometrical fashion. 

Imagine a tabletop ruled with equally spaced 
parallel lines. If you toss a needle at random 
onto the table, what is the probability that it 
will land across one of the ruled lines? Buffon 
found that vf the length of the needle is less 
than or equal to the distance between the lines, 
this probability can be expressed as ^, where € 
is the needle's length and d Is the distance 
between the lines. 

It is somewhat surprising that the answer to 
a probability problem that does not involve cir¬ 
cles should involve tt, the ratio between a cir¬ 



cle's circumference and its diameter. 
But 77 has a habit of popping up in 
unlikely places, even ones entirely 
unconnected with geometry, as in 
these amazing infinite sums: 


1 _ 1 1 _ 1 1 _ _ 1 _ _ 7T 

1 3 + 5 7 + 9 11 + -4 

A.A-A.A.X. _ 

*2 + 2 2 + 3 2 + 4* + 5 2 + ” e 


1 - ^ \ 

/ " \ \ 

\\ / , 

! / 

1 


t / 

- 1 




- ^ 

' 7 
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6.3 



Basic Facts About 
Parallel Planes 


Objectives 

After studying this section, you will be able to 
* Recognize lines parallel to planes, parallel planes, and skew lines 
■ Use properties relating parallel lines and planes 


Part One: Introduction 

Lines Parallel to Planes, Parallel Planes, Skew Lines 

Since we examined the concept of parallel lines in Chapter 4, it 
seems logical now to investigate the possibilities of a line being 
parallel to a plane and of two planes being parallel to each other, 


Definition A line and a plane are parallel if they do not 
intersect. 



Definition Two planes are parallel if they do not intersect. 



The diagram at the right shows two lines 
located in two parallel planes. Although the 
planes are parallel, the lines are not parallel, 
because A, B, C, and D do not determine a 
plane. Such lines are said to be skew* 
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Definition 


Two lines are skew if they are not coplanar. 


You will see that parallelism in space is very similar to parallel¬ 
ism in a plane. There are, however, a few notable differences. For 
example, there are no skew planes. Planes are either intersecting or 
parallel. 

The following theorem is basic to the understanding of parallel¬ 
ism in space. 


Theorem 49 If a plane intersects two parallel planes, the lines 
of intersection are parallel 


Given: m j| n; 

s intersects 
m and n in lines 

^ y ^ ^ 

AB and CD, 
Prove: AB |j CD 



Proof: We know that AB and CD are coplanar, since they both lie in 
plane s. Also, they cannot intersect each other, because one 
lies in plane m and the other lies in plane n—two planes that, 
being parallel, have no intersection. Thus, AB || CD by the 
definition of parallel lines. 


Properties Relating Parallel Lines and Planes 

There are numerous properties relating lines and planes in space, 
many of which are similar to the theorems about parallel lines you 
have already seen. We will present some of these properties without 
their proofs. 


Parallelism of Lines and Planes 


1 If two planes are perpendicular to the same line, they are 
parallel to each other. 

2 If a line is perpendicular to one of two parallel planes, it is 
perpendicular to the other plane as well. 

3 If two planes are parallel to the same plane, they are parallel 
to each other. 

4 If two lines are perpendicular to the same plane, they are 
parallel to each other. 

5 If a plane is perpendicular to one of two parallel lines, it is 
perpendicular to the other line as well. 
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Part Two: Sample Problem 

ProMem Given: m II n; 

<—> 

AB lies in rm 

< — > 

CD lies in n, 

<— > <— > 

AC || BD 

Prove: AD bisects BC 



Proof 


1 m | n 

1 Given 

2 AB lies in m. 

2 Given 

CD lies in n. 


3 AC 1] BD 

3 Given 

< > < — > 

4 AC and BD determine 

4 Two | lines determine a plane. 

a plane, ACDB. 


5 AB || CD 

5 If a plane intersects two [ planes, 


the lines of intersection are |, 

6 ACDB is a o, 

6 If both pairs of opposite sides of a 


quadrilateral are |, it is a O. 

7 AD bisects BC. 

7 The diagonals of a O bisect each 


other. 


Note Before making statement 6, we had to show that ABDC is a 
plane figure. See Section 6.1, problem 12, for an example of a 
four-sided figure that is not a plane figure. 


■ Part Three: Problem Sets 

Problem Set A 

1 Indicate whether each statement is True (T) or False (F). 

a If a plane contains one of two skew lines, it contains the other. 
h If a line and a plane never meet, they are parallel. 

c If two parallel lines lie in different planes, the planes are 
parallel. 

if If a line is perpendicular to two planes, the planes are parallel. 

e If a plane and a line not in the plane are each perpendicular 
to the same line, then they are parallel to each other. 


By substituting 3 for x and 4 for y, verify 
that point D is on the circle that is the 
graph of the equation x 2 *h y 2 = 25. 
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3 Given: r || s, 
s 1 1 , 

AE || BF 

Prove: a r || t 

b ABFE is a plane figure, 
c AB || EF_ 
d AB = EF 



4 Given: GJ and KH bisect each other at P. 
a Is GHJK a plane figure? 
b Are GH and KJ parallel? 
c Are GH and KJ congruent? 
d Are plane e and plane f parallel? 

e What is the most descriptive name for 
GHJK? 



5 In the figure shown, find the slope of 
chord EF. Then find the slope of chord 
FG. What type of triangle is AEFG? 
Why? 



Problem Set B 

6 Given: m || n, 

AB || CD 
Prove: AB = CD 


7 Given: e || f, 

RT n VS = P, 
RS = VT 

Prove: RV s ST 
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Problem Set B, continued 

8 If a slide projector is set up so that the slide is parallel to the 
screen, 

a Prove that a segment on the slide is parallel to its image on the 


screen 

b Prove that the angles marked 1 and 2 in the diagram are 



9 Given: f || g; 

RTW is an isosceles 
with base TW< 

Prove: ARSV is isosceles. 



Problem Set C 

10 Given: m || n, 

BD a CE 

Prove: AADE is isosceles. 


!1 Given: p I q, 

AD || BE, CF || BE 
Prove: ABAC = AEDF 
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Concepts and Procedures 

A/ter studying this chapter, you should be able to 

■ Understand basic concepts relating to planes (6.1) 

■ Identify four methods of determining a plane (6,1) 

■ Apply two postulates concerning lines and planes (6,1) 

■ Recognize when a line is perpendicular to a plane (6,2) 

■ Apply the basic theorem concerning the perpendicularity of a line 
and a plane (6.2) 

m Recognize lines parallel to planes, parallel planes, and skew 
lines (6.3) 

■ Use properties relating parallel lines and planes (6,3) 


Vocabulary 

foot (6.1) 
skew (6.3) 


wm 
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Problem Set A 

1 Indicate whether each statement is True or False, Be prepared to 
defend your choice. 

a Two lines must either intersect or be parallel. 

b In a plane, two lines perpendicular to the same line are 
parallel. 

c In space, two lines perpendicular to the same line are parallel. 

d If a line is perpendicular to a plane, it is perpendicular to 
every line in the plane. 

o It is possible for two planes to intersect at one point. 

f If a line is perpendicular to a line in a plane, it is perpendicu¬ 
lar to the plane. 

g Two lines perpendicular to the same line are parallel. 

Ill A triangle is a plane figure. 

i A line that is perpendicular to a horizontal line is vertical, 
j Three parallel lines must be coplanar. 
k Every four-sided figure is a plane figure. 




Problem Set B 

4 How many planes are determined by a set of four noncoplanar 
points if no three of the points are collinear? 


Chapter 6 Lines and Planes in Space 






















' ' ■■ . / . ■■■ :■ • ■ ' V : : ' ■ ■ : ; 


5 From the top of a flagpole 48 ft in height, two 60-ft ropes reach 
two points on the ground, each of which is 36 ft from the pole. If 
the ground is level, is the pole perpendicular to the ground? 



I a At a given point on a line, how many lines can be drawn 
perpendicular to the given line? 
b At a given point on a plane, how many lines can be drawn 
perpendicular to the plane? 


Given: Z.ADC = (x + 88)°, 

Z.ADE = {74 - 8x)°, 

ABDE = (2x + 94)° 

a Are AD and m perpendicular? 

1) Are AD and CD perpendicular? 
c Are AD and DE perpendicular? 



8 OP lies in plane m. If A and B are points on OP and if QP i. m, 
which of the following must be true? 

a AAPQ = ABPQ 
b AP & PB 
c QPiAB 


9 AB' is parallel to plane m and perpendicular to plane r. CD lies 
in r. Which of the following must be true? 

c CD 1 m 
d AB || CD 


a r 1 m 

b r H m 


e AB and CD are skew. 


10 Given: A R PC is isosceles, with BD = CD 
AADB = AADC 

Prove: ABAC is isosceles. 




12 A line is drawn perpendicular to the plane of a square at the 
point of intersection of the square’s diagonals. Prove that any 
point on the perpendicular is equidistant from the vertices of 
the square, 
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Problem Set C 

13 Given: PR 1 m, 

ARAB = zlPBA 

Prove: ZPAR ss APBR 



14 Given: A ABC lies in n. 

Ms PC, 

AB = BC; 

T and S are midpoints. 
Prove: RT = RS 



15 Given; PC = QC; 

A is the midpoint of PQ 
A PCB = AQCB 

Prove: BA _L PQ 



IS Given; m || n, 

Pin; _ 

AD bisects BC. 

Prove: BC bisects AD. 


m 
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Cumulative Review 

CHAPTERS 1-6 


Problem Set A 

1 Write the most descriptive name for each figure. 

a A four-sided figure in which the diagonals are perpendicular 
bisectors of each other 

lb A four-sided figure in which the diagonals bisect each other 
c A triangle in which there is a hypotenuse 
d A four-sided figure in which the diagonals are congruent and 
all sides are congruent 

2 Find the angle formed by the hands of a clock at 9:30. 

3 If one of two supplementary angles is 16° smaller than three 
times the other, find the measure of the larger. 


4 Given: ZOMP = Z OPM 
APMR = Z.MPR 

Prove: OR _L bis. PM 



M 


5 Given: TV AX is a rectangle. 
Conclusion: XTXV = XVAT 



6 Two consecutive angles of a parallelogram are in a ratio of 7 to 5. 
Find the measure of the larger. 

7 Given: NPRS is a o, with diagonals SP 

and NR intersecting at O. 
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Cumulative Review Problem Set A, continued 


8 Find mZl. 



8 Given: OP; 

M is the midpoint of AB. 
> <—> 

Prove: PQ 1 AB 


B 



10 Indicate whether each statement is true Always, Sometimes, or 

Never (A, S, or N). 

a If a triangle is obtuse, it is isosceles. 

ii The bisector of the vertex angle of a scalene triangle is perpen¬ 
dicular to the base. 

c If one of the diagonals of a quadrilateral is the perpendicular 
bisector of the other, the quadrilateral is a kite, 

d If A, B, C, and D are noncopLanar, AB _L BC S and AB 1 BD, 
then AB is perpendicular to the plane determined by B, C, and 
D, - 

e Two parallel lines determine a plane. 

f Planes that contain two skew lines are parallel, 

I Supplements of complementary angles are congruent. 


11 Given: FGHJ is a o. 

FG = x + 5, GH = 2x + 3, 
ZG = 40°, Zj - (4x + 12)° 

Find: a mZF 

h The perimeter of FGHJ 


12 In the figure shown, find the slope of 
chord AC. Then find the slope of chord 
AT. What type of triangle is ACAT? 
Why? 


F J 
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Problem Set B 

13 Given: AB = AC, 

BD = DC 

Conclusion: LB = LG 


14 Given: GH a GK, 

HM = KM 

Conclusion: HMKJ is a kit 


15 Given: ABCD is a o t 
Lh = (3x + y)°, 
LD = (5x + 10)° t 
LG = (5 y + 20}° 

Find: mAB 





1G Given: A, B f C t and D lie in m 
FBCE is a o. 

FE || AD, 

AD ss BC 

Prove: ABCD is a o. 


17 Prove: If segments drawn from the midpoint of one side of a 
triangle perpendicular to the other two sides are congruent then 
the triangle is isosceles. 

18 The measure of the supplement of an angle exceeds three times 
the measure of the complement of the angle by 12. Find the 
measure of half of the supplement. 



Problem Set C 

IS Given: AC = BD, 
AB = CD 

Prove: LB = LC 


PA 1 m, 
PD = PE 

Prove: BE = CD 
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P olygons of various shapes and sizes are interwoven to 
create this intricate ceiling design of inlaid wood in the 
Hall of the Blessing, the Alhambra, Granada, Spain. 


CHAPTER 

7 Polygons 












7.1 




Triangle Application 
Theorems 


Objective 

After studying this section, you will be able to 

■ Apply theorems about the interior angles, the exterior angles, and 
the midlines of triangles. 


Part One: introduction 

In elementary school you probably learned that the sum of the 
measures of the angles of a triangle is 180°. This property of triangles 
has a number of important applications. 


Theorem 50 The sum of the measures of the three angles of a 
triangle is 180, 


Given: AABC 

Prove: mAA + mzlB + mAC = 180 



Proof: According to the Parallel Postulate, 
there exists exactly one line through 

point A parallel to BC, so the figure at 
the right can be drawn. 



Because of the straight angle, we know that 
A1 4- A2 + L 3 = 180°, Since A1 = AB and A3 = AC (by j| lines 
alt. int + As =}> we may substitute to obtain AB + A2 + AC = 180 
Hence, mAA + mAB 4- mAC = 180. 


Section 7.1 Triangle Application Theorems 


295 






















Before proving the next theorem, we need to explain what an 
exterior angle of a polygon is. In each of the figures below, L\ is an 
exterior angle of a polygon. 



You can see that an exterior angle of a polygon is formed by extend¬ 
ing one of the sides of the polygon. The following definition puts 
this idea in a form that is much more useful in proofs and problems. 

Definition An exterior angle of a polygon is an angle that is 

adjacent to and supplementary to an interior angle of 
the polygon. 


The next theorem applies only to triangles. 

Theorem 51 The measure of an exterior angle of a triangle is 
equal to the sum of the measures of the remote 
interior angles. 

Given: ADEF, with exterior 
angle 1 at F 

Prove: mZ.1 = mzlD + mZE 


Do you see how Theorem 50 and the definition of exterior angle are 
the keys to a proof of Theorem 51? 

The following theorem could have been presented in the chapter 
on parallelograms, but you may find it more useful now. 



Theorem 52 A segment joining the midpoints of two sides of a 
triangle is parallel to the third side, and its length 
is one-half the length of the third side. [Midline 
Theorem) 


Given: H is a midpoint. 
M is a midpoint. 

Prove: a HM j| JK 

li HM = §CJK) 



Proof: Extend HM through M to a point P so that MP = HM. P is 
now established, so P and K determine PK. 
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G 


We know that GM = KM fby the de/mi- 
tion of midpoint) and that Z.GMH = 
Z.KMP (vertical As are =). Thus, 
AGMH = AKMP by SAS. 

Since AG = APKM by CPCTC, 

PK || HJ by alt. int. As | lines. Also, 
GH s pk by CPCTC, and GH = HJ 
(by the definition of midpoint). By 
transitivity, then, PK = HJ. 



Two sides, PK and HJ, are parallel and congruent, so PKJH is a 
parallelogram. Therefore, HP || JK. 


Opposite sides of a parallelogram are congruent, so HP = JK. 
Also, since we made MP = HM, HM = ^(HP) and, by 
substitution, HM = |(JK). 



Part Two: Sample Problems 

Problem 1 Given; Diagram as marked 
Find; x t y, and z 



Solution Since the sum of the measures of the angles of a triangle is ISO, 

X + 100 + 60 = 180 55 + 80 + y = 180 x + y + z = 180 

x + 160 - 180 135 + y = 180 20 + 45 + z = 180 


= 20 y = 

Substitution 

= 45 



Substitution 


Problem 2 The measures of the three angles of a triangle are in the ratio 3:4:5, 
Find the measure of the largest angle. 

Solution Let the measures of the three angles be 3x, 4x, and 5x. Since the 

sum of the measures of the three angles of a triangle is 180, 

3x + 4x + 5x = 180 
12x = 180 
x — 15 


Therefore, the measure of the largest angle is 5(15), or 75. 
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Problem 3 


A 


Solution 


If one of the angles of a triangle is 80®, 
find the measure of the angle formed 
by the bisectors of the other two angles. 



C 


The bisectors, BE and CE, meet at E, so we want to find mZE. Let 
/.ABC = (2x)° and ZACB = (2y)°. 


In AABC, 

2x + 2y + 80 = 180 
2x + 2y = 100 
x + y = 50 

In AEBC, 

x + y + mZE = 180 

50 + mZE = 180 (Substitution) 
mZE = 130 


Problem 4 


Solution 


Z1 = 150°, and the measure of ZD is 
twice that of ZE. Find the measure 
of each angle of the triangle. 


Let ZE — x° and ZD - (2x)°. 


D 



Since the measure of an exterior angle of a triangle is equal to the 
sum of the measures of the remote interior angles, 


150 = x + 2x 
150 = 3x 
50 = x 


Hence, ZE = 50°, ZD = 100°, and ZDFE = 30®. 



Part Three: Problem Sets 


Problem Set A 

1 Given: Diagram as marked 
Find: 111 Z.B 



2 Given: LI - 130°, 

LI = 70° 

Find the measures of L2 , L3 f LA, L5, and L$. 
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3 Given: ACAB = 80°, 

AC BA =J3Q°, 

AE and BD are altitudes* 

Find: mAC and mAAFB 


4 In the diagram as marked, 
if mAG = 50, find mAM. 
(Hint: See sample problem 3.} 


C 




5 The measures of the three angles of a triangle are in the ratio 
4:5:6. Find the measure of each* 


6 Given: AORS = (4x + B}°, 
AP = (x + 24)° f 
AO - (2x + 4)° 

Find: mAO 


7 In the diagram as marked, 
if WX - 18, find AY. 


0 




vv 


A 

8 Given: Diagram as marked; 

F 

G 

G and f are midpoints, 

J 

Find: mZ.H, mZ.HGJ, and mZ.HJG 

K 

70^A) 


9 Tell whether each statement is true Always, Sometimes, or Never 

(A, S, or N). 

a The acute angles of a right triangle are complementary. 

b The supplement of one of the angles of a triangle is equal in 
measure to the sum of the other two angles of the triangle* 

c A triangle contains two obtuse angles* 

d If one of the angles of an isosceles triangle is 60°, the triangle 
is equilateral. 

e If the sides of one triangle are doubled to form another trian¬ 
gle, each angle of the second triangle is twice as large as the 
corresponding angle of the first triangle* 
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Problem Set A, continued 


10 The vertex angle of an isosceles triangle is twice as large as one 
of the base angles. Find the measure of the vertex angle. 

11 Given: AP = 10°; 

RO bisects AMRP. 

Find: mAORP and mZMOR 

0 



Problem Set B 

12 In ADEF, the sum of the measures of AD and AE is 110, The 
sum of the measures of AE and AF is 150. Find the sum of the 
measures of AD and AF. 


13 Prove, in paragraph form, that the acute angles of a right triangle 
are complementary. 

14 Prove, in paragraph form, that if a right triangle is isosceles, it 
must be a 45°-45°-90° triangle. 


15 The measures of two angles of a triangle are in the ratio 2:3. If 
the third angle is 4 degrees larger than the larger of the other 
two angles, find the measure of an exterior angle at the third 
vertex. 


16 Given: A A = 30°, AB = AC; 

CD bisects AACB, 

BD is one of the trisectors of A ABC. 
Find; mAD 


A 



C 


17 Given: EFGH is a rectangle, 

FH = 20; 

J, K, M, and O are midpoints, 
a Find the perimeter of JKMO. 
b What is the most descriptive name for 
fKMO? 



18 Given: APST = (x + 3y)°, 

AP = 45°, AR = (2y}°, 
APSR = (5xJ° 

Find: mAPST 
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Problem Set C 

19 Prove that the midpoint of the hypotenuse of a right triangle is 
equidistant from all three vertices* (Hint: See the method used to 
prove the Midline Theorem, page 296.) 


20 Prove that if the midpoints of a quadrilateral are joined in order, 
the figure formed is a parallelogram. 


21 Given; AB ^ AC, 

AE - DE - DB - BC 

Find: mAA 



A 


22 Given: Z.E = 70°; 

JH and FH bisect the exterior 
angles of AJEF at J and F* 

a Find mZ.H* 

ti Can you find a formula that expresses 
mZH in terms of mZE? 


E 



F 


G 
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Two Proof-Oriented 
Triangle Theorems 


Objective 

After studying this section, you tviJl be able to 
■ Apply the No-Choice Theorem and the A AS theorem 


■ Part One: Introduction 

We shall refer to the following theorem as the No-Choice Theorem, 
since it shows that two angles “have no choice” but to be congruent. 

Theorem 53 If two angles of one triangle are congruent to two 
angles of a second triangle, then the third angles 
are congruent [No-Choice Theorem) 


Given: Z.A = A D, C 



Proof: Since the sum of the angles in each triangle is 180°, the sums 
may be set equal. If we then apply the Subtraction Property, we see 
that AC and AF must be congruent. 

Note The two triangles need not be congruent for us to apply the 
No-Choice Theorem. 


Theorem 54 If there exists a correspondence between the verti¬ 
ces of two triangles such that two angles and a 
nonincluded side of one are congruent to the corre¬ 
sponding parts of the other, then the triangles are 
congruent. (AAS) 
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Given: AG = AK, 

AH = AM , 

JH = OM 

Prove: AGHJ s AKMO 


Proof; 


1 AG= AK 

2 AH = AM 

3 A] = AO 

4 JH = OM 

5 AGHJ £ AKMO 


J 



1 Given 

2 Given 

3 No-Choice Theorem 

4 Given 

5 ASA (2, 4, 3) 




Part Two: Sample Problems 

Problem 1 Given: AA = AD 
Prove: AE = AC 



Proof 


1 AA = AD 

1 Given 

2 AABE s aDBC 

2 Vertical Zs are =. 

3 AE = AC 

3 No-Choice Theorem 


Problem 2 Given: AN = AR, ANTR = AP, 
TO A NP, TS A PR, 

TO = TS 

Prove: NPRT is a rhombus, 


Proof 


1 AN = AR 

1 Given 

2 ANTR = AP 

2 Given 

3 NPRT isao, 

3 If both pairs of opposite As of a 


quadrilateral are =, it is a o. 

4 TO 1 NP 

4 Given 

5 ATON is a right A. 

5 A segments form right- As. 

6 TS 1 PR 

6 Given 

7 ATSR is a right A, 

7 Same as 5 

8 ATON = ATSR 

8 Right As are =. 

9 TO = TS 

9 Given 

10 ATON = ATSR 

10 AAS (1, 8, 9) 

11 TN = TR 

11 CPCTC 

12 NPRT is a rhombus. 

12 If two consecutive sides of a o 


are =, it is a rhombus. 
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Part Three: Problem Sets 


Problem Set A 

1 Given: JM 1 GM, 

GK 1 Kj 

Conclusion: AG = AJ 


G 



J 


2 Given: CB 1 AB, 

DE || AB, 

ACDE = 40° 

Find: mAA, mZC, and mACED 


C 



3 Given: PD and PC lie in plane m. 
BP 1 m, 

AC = AD 

Prove: APBC = APBD 


B 



4 Given: MR 1 KP, 

KO 1 PM, 

ARKM = AOMK 

Prove: ARKM = AOMK 


5 Given: GO, 

Z.SOV = A TOW, 
AWSO = AVTO 

Prove: SO = TO 



6 Given: GJKM is a rhombus. 
Oj 1 GM, 

MH 1 GJ 

Conclusion: MH = JO 


7 Given; AA = AX, 

AAVZ = AXYB, 
AZVB = AYBX 

Prove: VBYZ is a o. 
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8 The measures of the angles of a triangle are in the ratio 3:4:8. 
Find the measure of the supplement of the largest angle. 


9 Given: Triangle as marked 
Find: mZ.1 



10 Given: A] = AO, 
JK_= OP^ 
HK * MP 
Prove: AH & AM 


Problem Set B 

11 Prove that the altitude to the base of an isosceles triangle is also 
a median to the base. 



12 Prove that segments drawn from the midpoint of the base of an 
isosceles triangle and perpendicular to the legs are congruent if 
they terminate at the legs. 


13 Given: 
Prove: 


OHJM is an isosceles trapezoid, with bases 
AHP] = Z.JKH 

a AHRJ is isosceles, 
b HP = JK 

c R is equidistant from O and M. 



14 Given: AC II XY, 

<—> <—> 

AB || CY, 

Z.ZAC at AXAB 
Prove: AX = AZ 

15 Prove the HL postulate. 


Z 



Given: TW = GR, 

WE s AR; 

Z.E and Ah are rt. As. 
Conclusion: AWET = ARAG 



(Hint: Extend GA to P so that AP = ET. Use SAS to prove that 
AWET s ARAP. Prove that ARGP is isosceles. Use AAS to prove 
that ARAG = ARAP. What does it mean that two triangles are 
congruent to ARAP?) 
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10 a If the perimeter of ADEF is 145, find 
the perimeter of AGHJ, 

b Can you state a generalization based 
on your solution to part a? 



Problem Set C 

17 Give the most descriptive name to the figure formed by connect¬ 
ing consecutive midpoints of each of the following figures. Be 
prepared to defend your answer in each case* 

a Rhombus t Square e Parallelogram g Isosceles trapezoid 

b Kite i Rectangle f Quadrilateral 

IB Given: EF is the median to AC, A B 

AGED = Z.ADB; 

CD is the base of isosceles AFDC. 

Prove: ABCD is a rectangle. 

19 Given: P, T, and R lie in plane f, 

ATNR = Z.TSR, NS ± f, 

ATNP = ATSP 



R 
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7.3 



F ormulas Involving 
Polygons 

Objective 

After studying this section, you will be able to 
■ Use some important formulas that apply to polygons 


Part One: Introduction 

A polygon with three sides can be called a 3-gon, Similarly, a 
polygon with seven sides can be called a 7-gon, Most of the polygons 
you will encounter have special names, like those given in the 
following chart. 


No. of Sides 
(or Vertices) 

Polygon 

No. of Sides 
(or Vertices) 

Polygon 

3 

Triangle 

8 

Octagon 

4 

Quadrilateral 

9 

Nonagon 

5 

Pentagon 

10 

Decagon 

6 

Hexagon 

12 

Dodecagon 

7 

Heptagon 

15 

Pentadecagon 



n 

n-gon 


What is the sum of the measures of the five 
angles in the figure? To answer that ques¬ 
tion, start at any vertex and draw diagonals, 

Three triangles are formed. By adding the 
measures of the angles of the three triangles, 
we can obtain the sum of the measures of 
the five original angles. In this case, the sum 
of the measures of the angles of pentagon 
ABCDE is 3(180), or 540, 

We follow a similar process with the next figure 




Since there are four triangles, the sum of the 
measures of the angles of figure GHJKMO is 
4(180), or 720. 



These two examples suggest the following theorem, which we 
present without formal proof. 
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Theorem 55 The sum S f of the measures of the angles of a polygon 
with n sides is given by the formula S; = (n - 2)180. 


On occasion, we may refer to the angles of a polygon as the 
inferior angles of the polygon. 

In the following diagram, we have formed an exterior angle at 
each vertex by extending one of the sides of the polygon. 



At vertex A, mZ.1 + m/lEAB = 180. In a similar manner, we can 
add each exterior angle to its adjacent interior angle, getting a sum of 
180 at each vertex. Since there are five vertices, the total is 5(180), or 
900. 

According to Theorem 55, the sum of the measures of the angles 
of polygon ABCDE is 540, Since 900 - 540 = 360, we may conclude 
that mA.1 + mZ.2 + mZ.3 + mZ4 + mZ.5 = 360. 

What is the sum of the measures of ex¬ 
terior angles 1, 2, 3, 4, 5, and 6 in this 
figure? 

Again, the sum of the interior and the 
exterior angle is 180 at each of the six verti¬ 
ces, for a total measure of 6(180), or 1080. 

Moreover, according to Theorem 55, the sum 
of the measures of the angles of polygon 
GHJKMO is 720. 

Because 1080 - 720 = 360, we may conclude that in this figure, 
too, mZ.1 + mZ.2 + mZ.3 + m/-4 + mZ_5 + mZ.6 = 360. 

These two examples suggest the next theorem, which we present 
without formal proof. 

Theorem 56 If one exterior angle is taken at each vertex, the 
sum S e of the measures of the exterior angles of a 
polygon is given by the formula S e — 360. 





The following theorem is presented without proof. Problem 21 in 
Problem Set C asks you to explain this formula. 

Theorem 57 The number d of diagonals that can be drawn in 
a polygon of n sides is given by the formula 

. n(it - 3) 
d — — 
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Part Two: Sample Problems 


Problem 1 Find the sum of the measures of the 
angles of the figure to the right. 

Solution The figure has five sides and five 

vertices. 

The formula is S; = (n — 2)180. 

By substituting 5 for n, we find that 
S, = (5 - 2)180, or 540. 



Problem 2 
Solution 


Find the number of diagonals that can be drawn in a pentadecagon. 

We use the formula in Theorem 57. 

a = n f n ~ 3 ) 

2 

_ 15(15 ~ 3) 

2 

= 90 


Problem 3 What is the name of a polygon if the sum of the measures of its angles 
is 1080? 

Solution We use the formula in Theorem 55* 

S i = (n - 2)180 
1080 = (n - 2)180 
1080 = 180n - 360 
1440 = 180n 
8 = n 

Since it has eight sides, the polygon is an octagon. 


Part Three: Problem Sets 


Problem Set A 

1 Find the sum of the measures of the angles of 
a A quadrilateral c An octagon e A 93-gon 

ii A heptagon d A dodecagon 


2 Given: mZ.A = 160, m/.B = 50, 
mZ.C = 140, mAD = 150 

Find: mZ.E 



B 


3 How many diagonals can be drawn in each figure below? 
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Problem Set A, continued 

4 Given: mZ.F = 110, 
m/-C = 80, 
mZH = 74 

Find: m^l 


5 Given: K is a midpoint. 

P is a midpoint. 
mZ.M = 70, 
mZjKP = y + 15, 
miJPK = y - 10 

Find: a mZjKP b mZ_JPK c mZ-J 

6 Find the sum of the measures of the exterior angles, one per 
vertex, of each of these polygons. 

a A triangle b A heptagon c A nonagon d A 1984-gon 

7 What is the fewest number of sides a polygon can have? 

Problem Set B 

ffi Ona dock a segment is drawn connecting the mark at the 12 
and the mark at the 1; then another segment connecting the 
mark at the 1 and the mark at the 2; and so forth, all the way 
around the clock* 

a What is the sum of the measures of the angles of the polygon 
formed? 

b What is the sum of the measures of the exterior angles, one 
per vertex, of the polygon? 

9 Prove that corresponding altitudes of congruent triangles are con¬ 
gruent. 

10 How many sides does a polygon have if the sum of the measures 
of its angles is 

a 900? e 2880? e 436? 

b 1440? d 180x - 720? f Six right angles? 

11 a In what polygon is the sum of the measures of the exterior 

angles, one per vertex, equal to the sum of the measures of the 
angles of the polygon? 

Ii In what polygon is the sum of the measures of the angles of the 
polygon equal to twice the sum of the measures of the exterior 
angles, one per vertex? 
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12 If the sum of the measures of the angles of a polygon is increased 
by 900, how many sides will have been added to the polygon? 

13 What are the names of the polygons that contain the following 
numbers of diagonals? 

a 14 b 35 c 209 

14 Tell whether each statement is true Always, Sometimes, or Never 
(A, S, or N). 

a As the number of sides of a polygon increases, the number of 
exterior angles increases. 

1} As the number of sides of a polygon increases, the sum of the 
measures of the exterior angles increases. 

c The sum of the lengths of the diagonals of a polygon is greater 
than the perimeter of the polygon. 

d The sum of the measures of the angles of a polygon formed by 
joining consecutive midpoints of a polygon’s sides is equal to 
the sum of the measures of the angles of the original polygon. 


15 Find the restrictions on x. 



15 If AB > BC, find the restrictions on 
point B’s 

a x-coordinate 
b y-coordinate 



17 Find the area of a rectangle with vertices at (— 5, 2), (3, 2), 
(3, 8), and (-5, 8). 


18 Using the diagram, write a coordinate 
proof of the Midline Theorem. 
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Problem Set B, continued 


19 If three of the following four statements 
are chosen at random as given informa¬ 
tion, what is the probability that the 
fourth statement can be proved? 

a Z.C = Z.D c /-A = Z.F 
IjACsDF d AB = EF 


B 



Problem Set C 

20 In Chapter 5, we noted that one of the ways to show that a 
quadrilateral is a parallelogram is to prove that both pairs of 
opposite angles are congruent* Without the information presented 
in this chapter, the proof of that method would be extremely 
long and involved. Use your new knowledge to prove it now* 


Given: AB = AD, 

AA = AC 

Prove: ABCD is a □* (Hint: Let mAB = x and mAC = y J 




21 Explain why each of the three ingredients in the formula of 
Theorem 57 (the n, the n — 3, and the 2) is needed* 

22 We have stated that in this text the word E 
polygon will mean a convex polygon and 
that angles greater than 180° will not be 
considered. Ignore those rules for this 
problem* 

a Consider the nonconvex polygon EFGHJ, whose interior angle 
at J is greater than 180°. Can you demonstrate that the sum of 
the measures of the angles of this nonconvex polygon is 540? 

b Can you demonstrate that the sum of the mea¬ 
sures of the angles of the nonconvex octagon 
at the right is 1080? 

c Is the sum of the measures of the angles of a nonconvex 
polygon of n sides (n - 2)180? 
il Is the sum of the measures of the exterior angles, one per 
vertex, of a nonconvex polygon equal to 360? Explain. 




23 Seven of the angles of a decagon have measures whose sum is 
1220. Of the remaining three angles, exactly two are complemen¬ 
tary and exactly two are supplementary. Find the measures of 
these three angles. 
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Problem Set D 

24 Find the set of polygons in which the number of diagonals is 
greater than the sum of the measures of the angles. 


CAREER PROFILE 


Precise Angles Pay Off 

John C. BuchhoJz cuts a solid with 58 facets 


Make a mistake drawing a 34° angle with 
your pencil and protractor, and the conse¬ 
quences will probably be minimal. Make a simi¬ 
lar mistake cutting a facet on a diamond, and 
the consequences may be disastrous, A flaw¬ 
less, beautifully colored 1 carat (200 milligram 
or ounce) diamond may be worth $25,000, 
according to Denver, Colorado, diamond cutter 
John C. Buchholz. That is the size Buchholz typi¬ 
cally works on, and an error in cutting a dia¬ 
mond cannot be corrected. 

Diamond is the hardest, and one of the rar¬ 
est, naturally occurring substances. Diamond 
crystals often occur as octahedra. To turn a 
rough diamond into a brilliant gem requires pre¬ 
cise and painstaking work. Buchholz describes 
the cutting of the fifty-eight facets (faces or 
planes) that characterize the familiar round bril¬ 
liant-cut diamond: M Since only diamond can cut 
diamond, I use a 3000-rpm wheel impregnated 
with diamond powder. As I cut, i aim for maxi¬ 
mum brilliance, i use gauges to cut the first 




eight facets: four in the crown at 32|° and four 
in the pavilion at 4of° The other fifty facets I 
cut by eye," As he works on the tiny facets he 
must keep his eye on the overall proportions of 
the diamond. For example, the table, or top fac¬ 
et, must be uniform and centered, with a diame¬ 
ter 53 percent to 57 percent of the stone's 
diameter. 

Buchholz was bom in Iota, Wisconsin. Follow¬ 
ing his discharge from the army he undertook a 
three-year apprenticeship at a diamond-cutting 
school in Gardnerville, Nevada. Says Buchholz: 
“American cutters are the most skilled and the 
best paid in the world today." Unlike many cut¬ 
ters, he has refused to specialize, remaining 
proficient in all facets of cutting. He takes as 
his motto the words of Michelangelo: “Only hu¬ 
man genius enlivens a rough stone into a mas¬ 
terpiece." 

Describe the plane figures that form the fac¬ 
ets of a round brifiiant-cut diamond. 
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7.4 


Regular Polygons 


Objectives 

A/ter studying this section, you will be abie to 

■ Recognize regular polygons 

■ Use a formula to find the measure of an exterior angle of an 
equiangular polygon 



Part One: Introduction 

Regular Polygons 

The figures below are examples of regular polygons * 



Equilateral Square 

Triangle 


Regular 

Pentagon 



Definition A regular polygon is a polygon that is both equilat¬ 
eral and equiangular. 


A Special Formula for Equiangular Polygons 

Can you find mZl in the equiangular pentagon below? 



In Section 7,3, you learned that the sum of the measures of the 
exterior angles, one per vertex, of any polygon is 360, Since each of 
the five exterior angles has the same measure, we can find mZl by 
dividing 360 by 5, 


mZ.1 = ^ = 72 

D 


This result suggests the next theorem, which we present without 
formal proof. 
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Theorem 58 The measure E of each exterior angle of an equian¬ 
gular polygon of n sides is given by the formula 

E = ^ 
n 


You will see several applications of this theorem in the problems 
that follow. 



Part Two: Sample Problems 


Problem 1 
Solution 


How many degrees are there in each exterior angle of an equiangular 
heptagon? 

Using E — we find that E — ^p, or 5l|. 


Problem 2 
Solution 


If each exterior angle of a polygon is 18°, how many sides does the 
polygon have? 

We can use the formula E = ^p. 

360 

18 --- 

n 

18n = 360 
n = 20 


Problem 3 
Solution 


1/ each angle of a polygon is 108°, how many sides does the polygon 
have? 

First, we find the measure of an exterior angle. Since an angle of a 
polygon and its adjacent exterior angle are supplementary, an exte¬ 
rior angle of this polygon has a measure of 180 108, or 72. Now 

we can substitute 72 for E in the formula E — pp. 


72n = 360 
n = 5 


Problem 4 Find the measure o/ each angle of a regular octagon. 

Solution We use the formula E = ^p, finding that E = pp, or 45. Thus, the 

measure of each interior angle is 180 - 45, or 135. 

Problem 5 Find the measure of each exterior angle of an equilateral quadrilateral. 

Solution An equilateral quadrilateral is not necessarily equiangular, so there 

is no answer. 
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Part Three: Problem Sets 


Problem Set A 

1 Find the measure of an exterior angle of each of the following 
equiangular polygons. 

a A triangle c An octagon e A 23-gon 

Hi A quadrilateral d A pentadecagon 


2 Find the measure of an angle of each of the following equiangu¬ 
lar polygons. 

a A pentagon c A nonagon e A 21-gon 

h A hexagon d A dodecagon 


3 Find the number of sides an equiangular polygon has if each of 
its exterior angles is 

a 60° b 40° c 36° d 2° e z|° 


4 Find the number of sides an equiangular polygon has if each of 
its angles is 

a 144° b 120 4 c 156° i 162° e 172§° 


5 Given; PENTA is a regular pentagon. 
Prove: APNT is isosceles. 



6 In the stop sign shown, is ANTE scalene, 
isosceles, equilateral, or undetermined? 



U E 


7 In an equiangular polygon, the measure of each exterior angle is 
25% of the measure of each interior angle. What is the name of 
the polygon? 


Problem Set B 

S a Prove that the perpendicular bisector of a side of a regular 
pentagon passes through the opposite vertex. 

b Can you generalize about the perpendicular bisectors of the 
sides of regular polygons? 
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B Given: AB = AD , 

FC 1 BD 

Conclusion: AAEF is isosceles. 

B 

10 The sum of the measures of the angles of a regular polygon is 
5040, Find the measure of each angle. 

11 The sum of a polygon's angle measures is nine times the mea¬ 
sure of an exterior angle of a regular hexagon. What is the 
polygon's name? 

12 What is the name of an equiangular polygon if the ratio of the 
measure of an interior angle to the measure of an exterior angle 
is 7:2? 

13 Tell whether each statement is true Always, Sometimes, or Never 
(A, S, or N), 

a If the number of sides of an equiangular polygon is doubled, 
the measure of each exterior angle is halved. 

h The measure of an exterior angle of a decagon is greater than 
the measure of an exterior angle of a quadrilateral. 
c A regular polygon is equilateral, 
d An equilateral polygon is regular. 

e If the midpoints of the sides of a scalene quadrilateral are 
joined in order, the figure formed is equilateral, 

f If the midpoints of the sides of a rhombus are joined in order, 
the figure formed is equilateral but not equiangular. 



Problem Set C 

14 Given: ABCDEF is a regular hexagon. 
Prove: ACDF is a rectangle. 



15 Given: RO 1 plane GHJ; 

O, M, and K are coplanar. 
GHJKMP is a regular hexagon. 

HO bisects Z.GHJ. 

RH = RJ 

Prove: AHOJ is regular. 


R 
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Problem Set C, continued 


18 Given: 105 < mZ.T < 145; 

an equiangular polygon 
can be drawn with Z.T 
as one of the angles. 

Find: The set of possible values of mZ.V 



17 We shall call the figure to the right a 
regular semioctagon. (What do you think 
that means?) 

If mZ.E = 3x + 3y + 9 and mZ-A = 2x + y - 4|, 
what are the values of x and y? 



MATHEMATICAL EXCURSION 


Polygons In The North Country 

The VegreviJJe Egg 


Polygons can be tiled in three dimensions as 
well as two. One result: an aluminum sculpture 
ot an egg—31 feet long, three and a half stor¬ 
ies high, weighing 2.5 tons, and decorated in 
the intricate Ukrainian style—in the town of 
Vegreville, Alberta, Canada. 


cracked the problem and who finally hatched a 
plan. After much computer analysis of the struc¬ 
tures of various birds' eggs, he designed an egg 
that could be built using very thin aluminum 
tiles. 



To make a long story short, 
the town had got a grant to 
build a huge Ukrainian-style 
egg to celebrate the centennial of the Royal 
Canadian Mounted Police. The project, however, 
was more than most architects and engineers 
were willing to take on. Their reluctance arose 
from the fact that the surface of an egg cannot 
be defined mathematically. 

Fortunately, true to the spirit of the Moun- 
ties, there was one computer science professor 
from Utah who would not give up until he had 


He tiled the egg 
using more than 
two thousand 
congruent equi- 
Hate rail triangles and 
more than five 
hundred hexagons 
in the shapes of 
stars, as shown in 
the illustration. The 
tiles, ranging from ^ 
inch to | inch thick, 
are joined at angles 

ranging from less than 1° near the middle of the 
egg to about 7° at its tip- They are held together 
by an internal structure consisting of a central 
shaft from which radiate spokes that connect it 
with the egg's “shell.” 

How can flat tiles be used to simulate a 
curved surface such as an egg's? Are the stars 
equilateral hexagons? Are they regular hexa¬ 
gons? Why or why not ? 
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Chapter Summary 


Concepts and Procedures 

After studying this chapter, you should be able to 

■ Apply theorems about the interior angles, the exterior angles, and 
the midlines of triangles. (7,1) 

■ Apply the No-Choice Theorem and the A AS theorem (7.2) 

■ Use some important formulas that apply to polygons (7.3) 

■ Recognize regular polygons (7.4) 

■ Use a formula to find the measure of an exterior angle of an 
equiangular polygon (7.4) 


Vocabulary 

decagon (7.3) 
dodecagon (7.3) 
exterior angle (7,1) 
heptagon (7.3) 
hexagon (7.3) 
interior angle (7.3) 


octagon (7.3) 


pentadecagon (7.3) 


pentagon (7.3) 
nonagon (7.3) 


regular polygon (7.4) 
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Warn 


Review Problems 


Problem Set A 

1 Given: ADBC = AE 
Conclusion: AA = ABDC 



2 Given: GO, 

AW s aV, 
AORW S aosv 

Prove: PR £ ST 



W V 


3 Given: AC s AE, 

ACBD= AEFD 

Prove: ABDC = AFDE 



4 Given: AS £ AROP, 

AROS £ AP 

Prove: ASRO = APRO (Hint: Why can’t 
you use AAS to prove that the 
triangles are congruent?) 



5 Given: SV lies in plane m. 

VX lies in plane m, 

AS £= AX, 

<—> 

TV 1 plane m 
Prove: TS = TX 


© The measures of three of the angles of a quadrilateral are 40, 70, 
and 130- What is the measure of the fourth angle? 

7 The measures of the angles of a triangle are in the ratio 1:2:3, 
Find half the measure of the largest angle. 
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8 Given: Diagram as marked 
Find: mZ.1 and mZ2 



0 Given: Diagram as marked 
Find: mZYZA 


10 Given: C is the midpt. of BD. 

E is the midpt. of BF. 

DF = 12, 

mZ_D - 80, mZ_B = 60 
Find: CE, mZBCE, and mZ_ BEC 



11 Find mZ.3 in the diagram as marked. 



12 If the measure of an exterior angle of a regular polygon is 15, 
how many sides does the polygon have? 


13 If a polygon has 33 sides, what is 

a The sum of the measures of the angles of the polygon? 

il The sum of the measures of the exterior angles, one per vertex, 
of the polygon? 


14 The sum of the measures of the angles of a polygon is 1620. Find 
the number of sides of the polygon. 


15 Find the number of diagonals that can be drawn in a 
pentadecagon. 


16 The measure of an exterior angle of an equiangular polygon is 
twice that of an interior angle. What is the name of the polygon? 


Problem Set B 


17 Prove that any two diagonals of a regular pentagon are congru¬ 
ent. Are any two diagonals congruent in any regular polygon? 
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Review Problem Set B, continued 


18 The measure of one of the angles of a right triangle is five times 
the measure of another angle of the triangle. What are the possi¬ 
ble values of the measure of the second largest angle? 


19 Given; A ABC is isosceles, 
with base BC, 

BE bisects AABC, 

CE bisects AFCD. 

AA = 50° 

Find: a mAABF h mABCE 


g inAE 



20 Given: AB = AC, 

ADBC = ADCA, 
mAA = 50 

Find: mABDC 



21 Tell whether each statement is true Always, Sometimes, or Never 
(A, S, or N). 

a An equiangular triangle is isosceles* 

lb The number of diagonals in a polygon is the same as the 
number of sides. 

c An exterior angle of a triangle is larger in measure than any 
angle of a triangle. 

d One of the base angles of an isosceles triangle has a measure 
greater than that of one of the exterior angles of the triangle. 

22 The sum of the measures of five of the angles of an “octagon” is 
540, What conclusion can you draw about the “octagon”? 

23 An arithmetic progression is a sequence of terms in which the 
difference between any two consecutive terms is always the 
same, (For example, 1, 5, 9, 13 is an arithmetic progression 
because the difference between any two consecutive terms is 4.) 
Do the numbers of diagonals in a triangle, a quadrilateral, a 
pentagon, and a hexagon form an arithmetic progression? 

24 The measure of an angle of an equiangular polygon exceeds four 
times the measure of one of the polygon's exterior angles by 30, 
What is the name of the polygon? 
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Problem Set C 


25 Given: BC = FE, 

AC = AE 

Prove; AABF is isosceles. 



2G Show that h = §(b 



27 Given: PR = PS; 

RV bisects APRS. 
SV bisects APST, 
Prove: mAV = |(mAP) 
(Hint: Let mAP = 4x.) 



23 In a drawer there is a regular triangle, a regular quadrilateral, a 
regular pentagon, and a regular hexagon. The drawer is opened, 
and an angle from one of the polygons is selected at random. 
What is the probability that the measure of the angle is an 
integral multiple of 30? 


29 


A square has vertices A = (-4, 0), B = (-4, 4), C = (0, 4), and 
0 - (0, 0). When the square is rotated 90° counterclockwise 
about the origin, points A, B, and C are rotated to points E, F, 
and G respectively. Find the area of the polygon with vertices at 
A, B, F, and G. 


Problem Set D 


30 Show that the number of diagonals in a polygon is never the 
same as the sum of the measures of the exterior angles, one per 
vertex, of the polygon. 
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CHAPTER 

8 Similar Polygons 


L inda MacDonald used similar 

polygons to create a geometric design 
in her quilt, Titus Canyon. 











8.1 


Ratio and Proportion 


Objectives 

After studying this section, you iviJI be able to 
* Recognize end work with ratios 

■ Recognize and work with proportions 

■ Apply the product and ratio theorems 

■ Caknl ate geometric means 



Part One: Introduction 

Ratio 

You may recall the following ciefinilion from your previous mathe¬ 
matics studies. 


Definition A ratio is a quotient of two numbers. 


The ratio of 5 meters to 3 meters can be written in any of the 
following ways: 

| 5:3 5 to 3 5 + 3 


Notice that the first number, 5, is the numerator and the second 
number, 3, is the denominator. 

Unless otherwise specified, a ratio is given in lowest terms. For 


example, the ratio of 15 to fk or when reduced to lowest terms 


is - T 


The slope of a line is the ratio of 
the rise between any two points on I he 
line to the run between the two points. 
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On a map, the scale gives the ratio of 
the map distance to the actual distance. 
The distance from A-ville to B-viJb on 
the map is 2,5 centimeters. The scale in¬ 
dicates that 1 centimeter represents 30 
miles. We can conclude that the distance 
from A-ville to B-ville is 2.5(30}, or 75, 
miles. 

Proportion 

Proportions are related to ratios. 



Defimtion A proportion is an equation stating that two or more 
ratios are equal. Here are three examples of propor¬ 
tions. 


1 

2 


_ 5 _ 

10 


5:15 


15:45 


4 ^ 10 = x ^ 2 
0 15 y ” 3 


Most proportions you encounter, however, will contain only two 
ratios and will be written in one of the following equivalent forms. 


b ■ d c:h ~ ^ 

In both of these forms, 

o is called the first term c is called the third term 

b is called the second term d is called the fourth term 



3 - [-3] 6 15 - 6 9 

No matter what pair of points on the line we choose, the slope 
should be the same. The proportion | = | is a true statement, since 
both relios reduce to |, 
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The Product and Ratio Theorems 

In a proportion containing four terms, 

■ The first and fourth terms are called the extremes 
m The second and third terms are called the menus 


Theorem 59 In a proportion P the product of the means is equal to 

the product of the extremes* (Means-Extremes Prod¬ 
ucts Theorem) 


This theorem allows us to “multiply out" a proportion. 

If § = g, then ad = be. 

Theorem GO If the product of u pair of nonzero numbers is equal 

to the product of another pair of nonzero numbers, 
then either pair of numbers may he made the ex¬ 
tremes f and the other pair the meons Y of a propor¬ 
tion, (Means-Extremes Ratio Theorem) 


This theorem is harder to state than to use. Given that pq = rs, 
we can create proportions such as ^ ^ ^ and zr = All these 

i q l? Ljj p & 

proportions are equivalent forms, since multiplying them out yields 
equivalent equations. 

The Geometric Mean 

In a moan proportion, the means are the same. 

1 = _4 a = x 
4 W x r 


Definition If the means in a proportion are equal, either mean 
is called a geometric mean, or mean proportional, 
between the extremes. 


Tn the first example above, 4 is a geometric mean between 1 and 
16. What is the mean proportional (geometric mean] ip the second 
example? 
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In other mathematics classes* you have probably had to calculate 
averages. The average of two numbers is another kind of mean 
between the numbers r called the arithmetic mean. 

Example Find the geometric end arithmetic means be!ween 3 and 27. 

Geometric Mean: 

Write a proportion, using 3 and 27 as 
the extremes and x as both maans. 

3 
x 
x 2 

X 

The arithmetic mean is 15. There are two possible values of the 
geometric mean. The geometric mean is either 9 or —9. 


_ x_ 
” 27 
= 81 
= ±9 


Arithmetic Mean: 

A 3 + 27 

Average = —-— 

= 15 


Part Two: Samp/e Problems 


ft 7 

Problem 1 1/ - = solve for x 


Solution 3 _ _7_ 

x " 14 
3 = 1 
x ” 2 

1 - x = 3 * 2 
x — 6 


^ reduces l.o ■j. 

Jyleasus-E xlramns Prnducte Theorem 


Problem 2 Find the fourth term (sometimes coifed I he fourth proportional) of a 
proportion if the first three terms are 2 , 3, and 4. 

Solution 2 _ 4 

3 “ x 



x = 6 


Problem 3 Find the mean propartional(sJ between 4 and 18- 

Solution 4 _ k 

X - 16 

x ■ x = 4 ■ 16 
x 2 = 64 

x = ±8 (Two answers) 

Note There arc two mean proportionals (or geometric means) be¬ 
tween the numbers. In certain geometry problems, we reject one of 
these algebraic answers. For example, a segment cannot have a 
length of -8, 
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Problem 4 If 3x = 4y, jmd the ratio of x to y. 

Solution Use Theorem 60 to write a proportion, making x and 3 the extremes 
and y and 4 the means, 

3.x = 4y 
x _ 4 

y " 3 


Problem 5 
Solution 


Is * = l equivalent to 
x _ a x - 2y _ ri - 2b 

y ~~ b y b 

xb = _ya [x - 2y)b = (a - 2b)y 

xb = ay xb - 2by = ay — 2by 

xb = ay 

The answer is yea. The Means-Extremes Products Theorem reveals 
that the two proportions are equivalent forms. 


FTnbiem ti 
Solution 


Show that | = ^ and are equivalent proportions. 

Start with the first proportion and add 1 to each side, 
a c 


b d 
a c 

b +1 =d +1 


a b = c d 
b b d d 


a + b 
b 


c + d 


Substitute fraclLoiu equal to 1. 


Part TArea; Problem Sets 

Problem Set A 

1 a In f = what is the third term? 

b Name the means and the extremes of the proportion in part a. 

2 Is | = l equivalent to £ = J? 

q s ^ p q 

3 Solve each proportion for x, 

3 _ 12 . x _ 3 7 

* X 16 ^ Vi 7 C X — 4 

4 Find the fourth proportional for each set of three terms, 

a 1. 2, 3 fa 3, 4 c a, b. 5 
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Problem Set A, continued 


5 a Use the coordinates of points A and B 

< —* 

to find the slope of AC, 

ii Use the coordinates of points B and C 
< > 

to find the slope of AC. 

c Should your answers in parts a and b 
be the same? 


fi Find the ratio of x to y if 

a Zx = 3v b 6(v + 3] = 2(x + 9) 



3 


x +■ 5 y + 15 


7 What is the ratio of the number of diagonals in a pentagon to the 
measure of each exterior angle of a regular decagon? 


8 Given two squares with sides 5 and 7, 
a What is the ratio of their perimeters? 
b What is the ratio of their areas? 


9 If the ratio of the measures of a pair of sides of a parallelogram is 
2:3 and the ratio of the measures of the diagonals is 1:1, what is 
the most descriptive name of the parallelogram? 



11 Find the geometric mean(s) between each pair of extremes. 

a 4 and 25 b 3 and 5 c a and b 


12 A SO-m steel pole is cut into two parts in the ratio of 11 to 4. 

How much longer is the longer part than the shorter? 

13 The ratio of the measures of the sides of a quadrilateral is 2:3:5:7. 
If the figure's perimeter is 69, find the length of each side. 


Problem Set B 

14 Find the positive arithmetic and. geometric means between each 
pair of numbers, Note which mean is greater in each case, 

a 8 and 50 h 6 and 12 

16 If 4 is a mean proportional between 6 and a number, what is the 
number? 
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16 Copy the number line and locate the ^ 

arithmetic mean and the positive geo- 5 1 5 

metric mean between the two numbers. 

17 The ratio of the measure of the supplement of an angle to the 
measure of the complement of the angle is 5:2. Find the measure 
of the supplement. 

1® Is ^= | equivalent to x 4 1 = [Hint: Use what was 

proved in sample problem 6 as a theorem.) 

1® If x(fl + b) = y(c + d) p find the ratio of x to y. 

2® If ex - fy - gx -f hy, find the ratio of x to y, 

2 r- 

21 Reduce the ratio * 12 to lowest terms, 

22 The length of a model plane is 10| in. The scale of the model is 
1:72, 

a What is the length of the real plane? 

b If the real plane has a wingspan of 43| ft, find the wingspan of 
the model. 

c if another model of the same plane has a scale of 1:48, find the 
length of that model. 


Problem Set C 

23 Show that no polygon exists in which the ratio of the number of 
diagonals to the sum of the measures of the polygon's angles is 1 
to 18. 

24 If § = ^, show that 

25 In the figure, P is said to divide AB A*-* — -*-* P 

externally into two segments, AP and PB. ® 

if AB = 30 and g = J find AP. 

26 The equation y = |x — 3 relates the x- and y-coordinates of 

points on a line. Find the points on the line whose x-coordinates 
are 6 and 10. Then use these points to find the slope of the line. 


Problem Set D 

27 If two ratios are formed at random from the four numbers 1,2, 
4, and 8, what is the probability that the ratios are equal? 
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8.2 


Similarity 


Objective 

After studying this section, you will he abie to 
■ Identify the characteristics of similar figures 



Part One: introduction 

Below are three pairs of similar figures—figures that have the same 
shape but not necessarily the same size. 


1 




3 


You need only look around you to find examples of similar 
figures. Whenever you use a pair of binoculars, look at a photograph, 
or read a map, you are dealing with similar figures. A knowledge of 
similarity and proportion is also useful in the building of model 
planes arid automobiles and in the construction of electric-train 
layouts. 

One way in which a figure similar to another figure can be 
produced is called dilation, or enlargement. The opposite of dilation, 
called reduction, also produces similar figures. 


Example 1 A pin hole camera produces a reduced 
image of a eandJe, The size of the 
image is proportional fo the distance 
of the candle from the camera. Given 
the measurements shown in the 
diagram, find the height of the candle. 



To find the height, we write and solve a proportion. 
H _ 20 
2 ” 5 
H = 8 

The candle is S cm tall. 
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Ln this book, except for a few problems, we shall limit our study 
of similar figures to similar polygons. 


Definition Simibr polygons arc polygons in which 

1 The ratios of the measures of corresponding sides 
are equal 

2 Corresponding angles are congruent 


The triangles below are similar triangles. They have the same shape, 
although they differ in size. 



We write A ABC ~ ADEF (“triangle ABC is similar to triangle DEF ,r ), 
which means that A corresponds to D. B corresponds to E, and C 
corresponds to F, 

As you can see, 

1 The ratios of the measures of all pairs of corresponding sides 
are equal 

AB _ 2 AC = 2 BC _ 2 
DE ” 1 DF ” 1 EF ~~ 1 

2 Each pair of corresponding angles are congruent 
ZB = ZE ZAsZD ZC = ZF 


Example 2 


AMCN is a dilation of A MED, with 
an enlargement ratio of 2:1 for each 
pair of corresponding sides. Find the 
Jengtlis of the sides of AMCN. 



Since each side of AMCN is twice as long as the corresponding side 
of AMED, MC = 8 and MN = 6 r To find the length of CN n we can 
use the fact that in any right triangle with legs a and b and hypote¬ 
nuse C s Q l H- f>" = C 1 . 

(CN) 2 - B 2 + G 2 
= 100 
CN = 10 
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Example 3 Given: ABCD ~ EFGH, with measures as shown. 




Find FG, GH, and EH. 

Since the quadrilaterals are similar, the ratios of the measures of 
their corresponding sides are equal. We begin with one ratio of 
measures of corresponding sides, preferably one we can simplify, 

i hus, ef “ a “ a - 


^5 = 5^ ^ = ^77 AB:EF = AD:EH 


AB _ BC 
EF FG 

2 _ 4 

3 " FG 
2(FG) - 12 

FG = 6 


AB 

EF 

2 
3 


CD 

GH 

3 

GH 


2(GH) = 9 
GH = 4 


2:3 = 7: EH 

2 [EH) - 21 
EH = l4 


Find the .ratio of the perimeter of ABCD to the perimeter of EFGH, 
Perimeter of ABCD - 6 + 4 + 3 4- 7 = 20 
Perimeter of EFGH = 9 + 6+ 4|+lo|=30 

F ABCD 


EFGH 


20 

30 


Notice that in the preceding example the ratio of perimeters was 
equal to the ratio of sides. This result suggests the following 
theorem. 


Theorem 61 The ratio of the perimeters of two similar polygons 
equals the ratio of any pair of corresponding sides- 



Part Two: Sample Problems 

Problem 1 Given that AJHK — APGM. ZH = 90°, ZJ = 40°, mZM = x + 5, and 

rl 

mzlO = ^y r find the values of x and y. 

Solution First draw triangles JHK and POM so that AH — 90 D h A] — 40°, and 

the corresponding angles are congruent. 
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Problem 2 


Solution 


Problem 3 


Solution 


Zf comp, ZK 
ZJ = 40° 


=> AK = 50° 

J ZK = ZM 


50 = x + 5 
45 = x 


ZH = ZO 
90=|y 
ISO = y 


Given: ABAT - A DOT, 

OT = 15, BT = 12, TD 
Find the value of x (AO), 


A 



Since ABAT ~ ADOT r the ratios of the measures of corresponding 
sides are equal. 

AT _ BT 
OT TD 
x ± 15 = 12 
15 9 

X + 15 = 4 
15 “ 3 

3(x + 15] = 4(15) Msans-Extremes Products Theorem 
3x + 45 = 60 
3x = 15 
x ~ 5 


P 

fn the diagram, segments PA, PE, and PC 
are drawn to the vertices of AABC from 
an external point P, then extended to 
three times their original lengths to points 
A', B', and C\ What are the lengths of the 
sides of AA'B'C'? 

It appears that AA'B'C' AABC. (In the next section we will devel¬ 
op some theorems that will allow you to prove that the triangles are 
similar,) In fact, AA'B'C' is a dilation of AABC, with a dilation ratio 
of 3:1 for each pair of corresponding sides. 

A'B' = 3[AB) = 3(12) = 36 
B'C' = 3(BC) = 3(10] = 30 
A'C' = 3 (AC) = 3(15] = 45 
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Part Three: Problem Sets 


Problem Set A 

1 Which pairs of figures appear to be similar? 



4 Given: A ABC — ADEF t A 



fi Find the mean proportionals between each pair of extremes, 
a 4 and 25 h 2 and 5 


7 If 3x = 5y r find the ratio of x to y. 
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8 AOKM is a dilation of AOHJ, with a 
dilation ratio of 3:1 for each pair of cor¬ 
responding sides, 
a Find the coordinates of K. 


h Find the lengths of the sides of AOHJ. 

c Find the lengths of the sides of 
AQKM, 



Problem Set B 


9 Given: ASVT ~ AWYX, 

with measures as shown 

Find: WY and VT 


X 


10 Given: Q uad A BCD -- quad HGFE, 
with measures as shown 

Find: a The ratio of lengths of com 
spending sides 

b EF 





G 


c The perimeter of EFGH 
ri The ratio of the perimeters 



12 Find the ratio of the Fourth proportional of i H 2, and 3 to fhe 
fourth proportional of 4, 5 P and 6. 

13 If 2.X - 3y = 6x - 4y * find ihe ra ^ io of x to V- 

14 The roof of a house has a slope of 
What is the width of the house if the 
height of the roof is 8 ft? 

I - ? - 

15 Hammond R. looked at the plans for the new house he was 
building. The plans were drawn to a scale of ^ in, = 1 ft. He 

measured the size of a room on the plans and found it to be 2.75 
in. by in. About how large is the room? 



Section 8,2 Similarity 


337 























Problem Set B, continued 


16 

17 


Draw a triangle. Using some point F in the interior of the triangle 
as the point of dilation, draw a triangle twice the size of the 
original triangle. 


The projector shown uses a 
slide in which the rectangular 
transparency measures 3 cm by 
4 cm. The slide is 5 cm behind 
the lens. How large is the rec- 
tangnlar image on the screen? 

3 



Problem Set C 

IB Given: A ABC ~ ADEF, 

mi A = 50. mZD = 2x + 5y, 
mAF = 5x + y, mAB - 102 - x 

Find: mZ,F 

19 Look again ai problem 3. Find the length of NP in simplified 
form, Then quickly find ST. 
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8.3 


Methods of Proving 
Triangles Similar 


Objective 

After studying this section, you will be ubJe to 
■ Use several methods to prove that triangles are similar 


■ Part One: Introduction 

! In this section, we will present ways to prove that triangle# are 
| similar. We start by accepting one method as a postulate. 

Postulate If there exists a correspondence between the verti¬ 
ces of two triangles such that the three angles of one 
triangle are congruent to the corresponding angles 
of the other triangle * then the triangles are similar . 

I AAA 1 


The following three theorems will be used in proofs much as SSS h 
SAS, ASA, HL, and A AS were used in proofs to establish con¬ 
gruency. 


Theorem 62 If there exists a Correspondence between the verti¬ 
ces of two triangles such that two angles of one 
triangle are congruent to the corresponding angles 
of the other, then the triangles are similar. (AA) 


Given: LA = AD, A 

LB ^ LE 

Conclusion: A ABC ^ ADEF 

B 

The proof of Theorem 62 follows from the No-Choice Theorem 
[p. 302). 

We also present, without proof, two additional methods of proving 
that two triangles are similar. You will discover, however, that A A is 
the most frequently used of the three methods. 
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Theorem 63 


// there exists a correspondence between the verti¬ 
ces of two triangles suc/i that the ratios of the mea¬ 
sures of corresponding sides are equal, then the 
triangles are similar. (SSS —) 



Theorem 64 If there exists a correspondence between the verti¬ 
ces of two triangles such that the ratios of the mea¬ 
sures of two pairs of corresponding sides are equal 
and the included angles are congruent, then the 
triangles are similar. (SAS—) 


Given: 


AB 

DE 


BC 

EF' 


L B = AE 


Prove: A ABC ~ ADEF 

B 



C E 



F 



Part Two: Sample Problems 

Problem 1 Given: ABCD is a a. 

Prove: ABFE ~ ACFD 

Proof _ 

1 ABCD is a cj. 

„ *—> 

2 AB || DC 

3 ACDF = AE 

4 ADFCs^EFB 

5 ABFE - ACFD 



1 Given 

2 Opposite sides of a o are ||. 

3 || lines alt, int. As = 

4 Vertical angles are as, 

5 AA [3, 4} 


Problem 2 Given: LP 1 EA; 

N is the midpoint of LP. 
P and R trisect EA, 
Prove: A PEN - APAL 


Proof Since LP 1 EA, ANPE and ALPA are congruent right angles, If N is 

the midpoint of LP, ^ = | L But P and R trisect EA, so 
Therefore, APEN — APAL by SAS~. 
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Problem 3 


Proof 


Given: KH is the altitude to 

hypotenuse GJ of right AGHJ< 

Prove: AKHJ - AHGJ 



1 KH is the altitude to 

1 Given 

hypotenuse G) of AGHJ. 


2 ZHKJ is a right angle. 

2 An altitude of a A is drawn from 


a vertex and forms right As with 


the opposite side. 

3 AJHG is a right angle. 

3 The hypotenuse is opposite the 


right A. 

4 AHK] ^ ^JHG 

4 Right As are =, 

5 L\ = A) 

5 Reflexive Property 

6 AKHJ - AHGJ 

6 AA (4. 5) 


Problem 4 
Proof 


The sides of one triangle are 8 , 14, and 12 , and the sides of another 
triangle are 18 K 2i, and 12 . Prove that the triangles are similar. 

We can determine the ratios of corresponding sides to see whether 
the ratios are equal. 


Shortest sides: — = 
12 

Longest sides: j^y = 

Other sides: 7 ^ — 7 
18 3 


2 

3 

2 

3 


Since the ratio is the same for each pair of corresponding sides, the 
two triangles are similar by SSS—. 



Part Three: Problem Sets 


Problem Set A 

I Given: lA = AD, 

L2 & Z.4 

Prove: AABC ~ ADEF 




2 

3 


Draw a triangle GJ K, Th en indicate a point H on GJ and a point 
M on GK such that HM || |K. Prove that AGHM ~ AGJK, 


Given: NPRV is a O, 
Conclusion: AN WO — ASWT 



Section 8,3 Methods of Proving Triangles Similar 


341 
















Problem Set A, continued 



Find the coordinates of B if AOAC — 
AOBD, Then write a paragraph proof to 
show that AO AC ~ AOBD. Challenge: 
Can you find the length of BD? 


7 Given: AG is a right L. 
AK is a right A, 
HJ - |(MO) 

Prove: AGHJ - AKMO 


8 in AFGH, FG = 6, GH = 8, and FH = 12. AFGH is projected 
onto a wall, and the image. AF'G'H', has sides F'G' = 15, 
G r H r = 20, and F'H' = 30. Is AFGH similar to AF'G'H'? 




-> 

x^axis 


M2 


Chapter 8 Similar Polygons 

















11 Given: AA'B'C' is not a dilation of 
A ABC. 

Prove: A'C' #12,3 


Problem Set B 

12 Given: SP_is the altitude from £> to NR. 

RT is the altitude from R to NS. 
Conclusion: ANRT — ANSP 



A' 



C 


N 



13 Prove that if an acute angle of one right triangle is congruent lo 
an acute angle of another right triangle, the triangles are similar. 


14 Prove that if the vertex angle of one isosceles triangle is congru¬ 
ent to the vertex angle of a second isosceles triangle, the triangles 
are similar. 


,, Gl_GK 

15 Given. HK GM> 

Z.1 s AG 

Conclusion: HM f| JK 


J 



16 Indicate whether the statement is true Always, Sometimes, or 
Never (A, S, or N). 

a If two triangles arc similar, then they ary congruent, 
b If two triangles are congruent, then they are similar, 
c An obtuse triangle is similar to an acute triangle, 
d Two right triangles are similar, 
e TWo equilateral polygons are similar, 
f TWo equilateral triangles are similar, 
g TWO rectangles are similar if neither is a square. 


17 From two points, one on each leg of an isosceles triangle, perpen¬ 
diculars are drawn lo the base.. Prove that the triangles formed 
are similar. 


10 Given; A = (1, 2), B = (9, 8), C = (1. 3), 

P = (5, -3), Q - (-7, 6), R - (-7, -3), 
AB = 10, PQ = 15 

By which theorem is A ABC — AQPR? 
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Problem Set B, continued 

19 Given: Figure as shown 

a is AFQT - APRS? Justify your 
reasoning. 

h Is QT parallel to RS? justify your 
reasoning- 


20 A line is graphed at the right, 
a What is the slope of the Hue? 
h As the x values of points on the line 
increase by 3. by how much do the y 
values increase or decrease? 



Problem Set C 

21 Prove that two triangles similar to a third triangle are similar to 
each other (the transitive property of similar triangles]. Do you 
think the transitive property could be applied to other similar 
polygons? 

22 If two of the six triangles below are selected at random, what is 
the probability that the two triangles are similar? 
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Congruences and 
Proportions in 
Similar Triangles 


Objective 

After studying this section, you will he able to 

■ Use the concept of similarity to establish the congruence of angles 
and the proportionality of segments 


■ Part One: Introduction 

As you have seen, if we know that two triangles are congruent, we 
can use the definition of congruent triangles (CPCTG) to prove that 
pairs of angles and sides are congruent. In like fashion, once we 
know that two triangles are similar, we can use the definition of 
similar polygons to prove that 

1 Corresponding sides of the triangles are proportional (The 
ratios of the measures of corresponding sides are equal.) 

2 Corresponding angles of the triangles are congruent 

If a problem asks you to prove that products of the measures of 
sides are equal, try using the Means-Extremes Products Theorem. 


Example 1 


Given: AABC — ADEF 
Prove: A A = AD 


B 




1 AABC - ADEF 

1 Given 

2 ZA s jLD 

2 Corresponding As of — A are 


Example 2 


Given: AABC - ADEF 


n AB AC 
PiWer DE = DF 



1 AABC - ADEF 
AB _ AC 
DE DF 


1 Given 

2 Corresponding sides of — A are 
proportional, 


Nuie We may also write ^ ^ since this proportion is equiva¬ 

lent tO 
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Example 3 Given; A ABC ADEF 

Prove; AB - DF = AC - DE 



1 A ABC ~ ADEF 

„ AB AC ( AB 

2 DE DF [° r AC 

3 AB * DF - AC ■ DE 


1 Given 


DE\ 

dfJ 


2 Corresponding sides of ~ A are 
proportional. 

3 Means-Extremes Products 
Theorem 



Part Two: Sample Problems 


Problem 1 

Given: BD !| CE 

Proof 

Prove; AB - CE = AC ■ 

1 BD||CE 


2 AABD es AC 

3 AADB = AE 

4 AABD= AACE 

- 

AB BD 

AC CE 


6 AB ■ CE = AC ■ BD 


A 



1 Given 

2 || lines ^ corr. As = 

3 Same as 2 

4 AA ( 2 n 3) 

5 Corresponding sides of ^ A are 
proportional. 

6 Means-Extremes Products Theorem 


Note In sample problem 1 , we worked backwards. In order to con¬ 
clude that AB ’ GE = AC * BD, we looked for a proportion involving 
AB, AC, CE, and BD, the lengths of sides of a pair of similar 
triangles. Working backwards helped us to think through the logical 
steps that we would need. 





20 m 


25 m 




Ground 


Problem 2 While strolling one morning to get a little sun, Jody noticed that a 

20 -m jlagpole casi a 25-m shadow, Nearby was a telephone pole that 
cast a 35-m shadow. How tall was the telephone pole? (A shadow 
problem) 
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Solution 


Problem 3 


Proof 


Because the sun is very far from ns, its rays are nearly parallel, 
A ABC ADEF by AA, so we can write a proportion, 

35 “ 25 
x_ _ 4 
35 “ 5 
5x = 140 
x = 28 

The pole was 28 m high. 


Given: oYSTW, 

SX 1 YW, 

SV 1 WT 

Prove: SX * YW = SV ■ WT 



1 OYSTW 

1 Given 

2 AY = AT 

2 Opposite As of a o are =, 

3 SX 1 YW 

3 Given 

4 ASXY is a right A. 

4 1 segments form right As, 

5 SV 1 WT 

5 Given 

6 ASVT is a right A, 

6 Same as 4 

7 ASXY = ASVT 

7 Right As are s. 

8 ASXY - ASVT 

8 AA ( 2 , 7) 

SX _ SY 


9 SV - ST 

9 Corresponding sides of — A are 


proportional. 

10 SX ■ ST = SV • SY 

ID Means-Extremes Products Theorem 

11 ST s YW 

11 Opposite sides of a o are s. 

12 57 = WT 

12 Same as 11 

13 SX ■ YW = SV ■ WT 

13 Substitution (11 and 12 in 10 ] 


In this proof, we again found it useful to work backwards. This 
time, lengths YW and WT were not sides of similar triangles. But 
since SYTW is a parallelogram, wc were able to substitute these 
lengths for the lengths of the opposite sides. 


Part Three: Problem Sets 


Problem Set A 

1 Given: AC s aF, 
AB 1 BC, 
DE X EF 

„ AB DE 
TmK — . — 



c 
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Problem Set A, continued 
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4 Given: AHJK is a right A. 
JM is an altitude. 


Prove: 


M = m 

MK JK 


5 Given: A NOP - ARST 
Prove: NO ■ RT = RS ■ NP 




6 


7 


Given: WZ || XY 
Conclusion: WS ■ XY - 


A ABC - ADEF 
Find: AC and EF 


S 



8 Given: GJKL - MOPR 
Find: OP, PR, and MR 



9 A shadow problem: Manner!ink observed that a tree was casting 
a 30-m shadow, A nearby flagpole was casting a 24-m shadow. If 
the flagpole was 20 m high, how tall was the tree? 

ID If two similar kites have perimeters of 21 and 28, what is the 
ratio of the measures of two corresponding sides? 
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Problem Set B 

12 Given: oACEG, with F the 
midpoint of EG, 
Z.ABH s ZEFD 

Prove: AB ■ FD = HB ■ GF 



13 Prove that the ratio of corresponding altitudes of similar triangles 
is equal to the ratio of any pair of corresponding sides of the 
triangles. 


14 Find the coordinates of point P in the 
diagram. 




15 Given: m || p || r; 

) lies in m, 
KT lies in p, 
OS lies in r. 


„ JK IT 
Prove: jo = is 



16 Given: Trapezoid ABCD, with bases AB and CD 
Prove: AE ■ CD = EC ■ AB 



17 Given: Z.M = ZlS, 
MP = S, 
PR = 6, 

' SP = 7 

Find: PO 
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Problem Set B, continued 


IB If ATVK - AXZY, TV = 8, VK - 9, TK = 10, and ZY = 4. find 
XY, 

A 

IB Given: BE || CD, / S V 

AB = 6, BC = 2, BE = y si - AE 

Find: CD t -/ _ ^ 


Shad’s shadow? 


21 Given: AD || BC, 

AB = 24, BC = 9, 

AD = 16, DB = 12 

a How can you show that the ttoo trian¬ 
gles are similar'? 

b Which angle is congruent to A A? 
c Find CD, 



B 9 C 



Problem Set C 

22 Given: AACB is a right A, 

CD is an altitude. 

Prove: (CD) 2 - (AD) (DB] 

23 Given: EFGK is a □, 

MJ = 4, 

JH = 5 
Find: EM 




24 When an object is placed on a ramp, part 
of its weight w (which is a downward 
force) is directed along the ramp as a 
sliding force f. In physics, these forces 
are represented by vectors with lengths 
proportional to w and /. 

a Find the angle between the two vectors, 
b If iv is 50, what is f? 



4 meters 
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Three Theorems Involving 
Proportions 


Objective 

After studying this section, yon will he cibJe to 

■ Apply three theorems frequently used to establish proportionality 


Part One: Introduction 

Yon will find the theorems presented in this section useful in a 
number of applications, 


Theorem 65 If a line is parallel to one side of a triangle and 
intersects the other two sides, it divides those two 
sides proportionally. ( Side-Splitter Theorem) 



Theorem 66 // three or more parallel lines are intersected by 

two transversals, the parallel lines divide the frons- 
versals proportionally . 


Given: A B II CD 


EF 

BD 


Conclusion: £§ - Dp 



If you wish to prove this theorem, draw auxiliary segment AF and 
think about two opportunities of using the Side-Splitter Theorem. 
You may also find it a challenge to prove Theorem 66 for transver¬ 
sals intersecting four parallel lines. 
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Another useful statement that can be made about parallel lines 
and their transversals is the following: if parallel lines cut off (inter¬ 
cept] congruent segments on one transversal, they cut off congruent 
segments on any transversal. Do you see how this statement is a 
consequence of Theorem 66 ? What is the ratio of lengths in such a 
case? 


Theorem 67 // a toy bisects on angle of a triangle, it divides the 

opposite side into segments that are proportional to 
the adjacent sides, (Angle Bisector Theorem) 


Given: AABD; 

AC bisects Z.BAD. 


Prove: 


BC 

CD 


AB 

AD 


Proof: 



1 AABD 

2 AC bisects /.BAD, 

3 a Z2 

4 Draw r through B the line 

that is || to AC, 

* — > 

5 Extend DA to intersect 
the ]| line at some point E. 
BC _ EA 

6 CD ~ AD 


1 Given 

2 Given 

3 If a ray bisects an L, it 
divides the A into two = As. 

4 Parallel Postulate 

5 A line can be extended as far 
as desired 

6 Side-Splitter Theorem 


7 A\ s zL3 

8 212 = 214 

9 Z3aZ.4 
10 EA = AB 


11 


BC 

CD 


AB 

AD 


7 j lines all. int. As = 

6 | lines corr, As = 

9 Transitive Property (3, 7, 8 ] 

10 If A, then A, 

11 Substitution [10 in 6) 



Part Two: Sample Problems 

Problem 1 Given: BE I CD, 

lengths as shown 

Find: a ED 

I) CD 
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Solution 


Be alert, in problems involving this type of figure, you may need to use 
both the Side-Splitter 1 Theorem and the properties of similar triangles, 


a By the Side-Splitter Theorem, 
AB _ AE 
BC ED 
4 _ J_ 

2 ED 
2 _ 7 _ 

1 ED 
2 (ED) = 7 

ED - 3^ 


h Since the parallel segments are 
involved, use the fact that 
A A BE — AACD to write a 
proportion, 

AB BE 
AC CD 
4 = 6 

4 + 2 “ CD 
2 _ 6 
3 “ CD 
2 (CD) = IS 
CD = 9 


Problem 2 


Solution 


Problem 3 


Solution 


Given: a || b || c || d, 

lengths as shown, 
KP = 24 


Find: KM 



According to Theorem 66, the ratio KM:MO:QP is equal to 5:2:8. 
Therefore, we let KM = 5x, MO = 2x t and OP — 8x. Since KP = 24, 

5x + 2x + 8.x = 24 
15x = 24 
_ 24 _ a 
x 15 5 

Thus, KM = s(J) = 8 


Given: Z.RVS = ASVT, 
lengths os shown 

Find: ST 

By Theorem 67, 

VR _ RS 
VT ST 

A = J_ 

10 ST 

4 _ _4_ 

5 ST 
4 (ST) = 20 

ST = 5 


V 
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Problem 4 


Proof 


Given; XA || YZ, 

Z.XAY = AXYA 


Conclusion; 


WX 

XA 


WA 

AZ 


W 



Z 


1 XA||YZ 
WX _ WA 
XY AZ 

3 Z.XAY = ZXYA 

4 XA = XY 
WX _ m 
XA AZ 


1 Given 

2 Side-Splitter Theorem 

3 Given 

4 If A, then A, 

5 Substitution (4 in 2 ) 


Problem 5 


Given; DH II BC, 
HF ;; BG 


D CD 
Prove; ^ 


GF 

FE 



G 


Proof _ 

1 DH || BG 
CD _ BH 

2 DE ’ HE 

3 HF || BG 
BH _ GF 

4 HE FE 
CD _ GF 

5 DE ' FE 


1 Given 

2 Side-Splitter Theorem 

3 Given 

4 Seme as 2 

5 Transitive Property ( 2 , 4) 



Part Three: Problem Sets 


Problem Set A 

For problems 1-3, see sample problem 1 , 


1 Given: BE || CD, 

lengths as shown 

Find: a ED 

b CD 


A ■ 
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2 Solve for x and y in the figure shown. 


10 



For problems 4 and 5 t see sample problem 2. 



For problems 6 and 7 + see sample problem 3> 


6 Given: zLRVS = ASVT\ 
lengths as shown 
Find: ST 



7 Given the diagram as marked, solve 
for x. 



B A 60 -m tower casts a 50-rn shadow, while one-half block away a 
telephone pole casts a 20-m shadow 1 . How tall is the telephone 
polo? 
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Problem Set B 

15 Given: 1.1 = 1.2 


Conclusion: 


KM 

IK 


MO 

OP 




17 Given: WY ZB is a trapezoid with bases 
WB and YZ. 


Prove 


XA | 

WX 

XY 


YZ 

_ wc 
cz 


BA 

AZ 



18 Given: BE || CD, 

AB = 4x, BC = k , 

“ AD = Sx, BE = 5x 
Find: AE and CD (in terms of x] 



D 


IB a One side of a triangle is 4 cm longer than another side. The 
ray bisecting the angle formed by these sides divides the oppo¬ 
site side into 5-cm and 3-cm segments, Find the perimeter of 
the triangle. 

b If the first side of the triangle in part a were x cm longer than 
the second side and the other information were unchanged) 
find the triangle’s perimeter in terms of x. 
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Problem Set B, continued 


21 Sketch a triangle ABC, and locate a point P on BC such that AP 
bisects ABAC, If the perimeter of A ABC is 44, BP = 6, and 
PC = 10, find AB and AC, 



23 Given: AC 1 BE, 




25 Prove that if a line bisects one side of a triangle and is parallel to 
a second side, It bisects the third side. 

ProblemSet C 

26 Given: GK || HJ. 

lengths as shown 

Find: The perimeter of AHJF 



27 If two flagpoles are 10 m and 70 m tall and are 100 m apart, find 
the height of the point where a line from the top of the first to 
the bottom of the second intersects a line from the bottom of the 
first to the top of the second, 
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28 Prove that a line that divides two sides of a triangle proportional¬ 
ly is parallel to the third side. 


29 Given: RW bisects ZSRT. 

TV bisects ARTS, 

RV = 4, SV = 5, 

SW = 6 , WT = 7 

Show that the given information is 
impossible, 


R 



30 In the diagram, BR || y-axis, AR || x-axis, 
and point P divides AB in the ratio 2:3, 
Find the coordinates of points R and Q. 
(Hint: Find BQ and QR.) 



CAREER PROFILE 


Putting Quilts in Perspective 

The patchwork world of Linda MacDonald, quilt maker 


Quilt patterns traditionally have been based 
on two-dimensional geometric shapes. Linda 
MacDonald, a California artiet, has taken this 
tradition and raised it to a new dimension. 

“I’m interested in creating a three-dimen¬ 
sional space instead of a flat pattern," she ex¬ 
plains, “a window you can move through—a 
fantasy landscape." Her quilt Salmon Ladders, 
for example, consists of hundreds of delicately 
colored polygons arranged in an intricate lattice 
of interlocking planes. 

To create perspective, MacDonald designs a 
set of similar polygons and arranges them from 
largest to smallest moving toward a horizon. 

She designs these figures freehand, which gives 
her the artistic flexibility that precisely con¬ 
structed figures might not allow. She hand-dyes 
her fabrics and stitches them hy hand- 

MacDonald received a bachelor of arts degree 
in painting from San Francisco State University. 
She began quilt making in 1974. “It’S such a 
rich art form," she says. “Traditionally, quilt 



patterns have told the story of American histo¬ 
ry. With the themes that I choose. I’m trying to 
toil my own history." 

Project; Use one or more sets of hand-drawn 
similar polygons to create a sense of space in a 
rectangular area. 
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Concepts and Procedures 

After studying this chapter, you should be able to 

■ Recognize and work with ratios ( 8 . 1 ) 

■ Recognize and work with proportions ( 8 , 1 ) 

* Apply the product and ratio theorems { 8 . 1 } 

■ Calculate geometric means ( 8 . 1 ) 

■ Identify the characteristics of similar figures [ 8 . 2 ) 

■ Use several methods to prove that triangles are similar (8.3) 

* Use the concept of similarity to establish the congruence of angles 
and the proportionality of segments (8,4) 

■ Solve shadow problems (8,4) 

■ Apply three theorems frequently used to establish proportionality 
(8.5) 


Vocabulary 

arithmetic mean (8.1) 
dilation ( 8 . 2 ) 
extremes ( 8 . 1 ) 
geometric mean ( 8 . 1 ) 
mean proportion ( 8 , 1 ) 
mean proportional ( 8 . 1 ) 
means (8.1) 


proportion ( 8 . 1 ) 
ratio ( 8 . 1 ) 
reduction ( 8 , 2 ) 
rise ( 8 . 1 ) 
run ( 8 , 1 ) 
similar ( 8 . 2 ) 
similar polygons ( 8 . 2 ) 


Chapter 8 Similar Polygons 




Review Problems 


Problem Set A 

1 Identify the means and the extremes in the proportion j* = 

2 Find the fourth proportional to 4 n 6, and 3. 

3 Find the mean proportionals between 5 and 20, 

4 Find the geometric means between 3 and 6. 

6 If 9x = 4 y, find the ratio of x to y. 

6 Given: A ABC — DEF> with lengths as A 



shown 

Find: DF and EF 


7 Pentagon ABODE is similar to pentagon A J B r C'D r E\ The penta¬ 


gons' respective perimeters are 24 and 30- If AB = 6 h find A H B'. 


8 If = § and Gf = 56, find HJ. 


G 


H 


9 If ^ what is the value of x in terms of ci ? b, and r? 

10 A radio antenna that is 100 m tall casts an 80-m shadow. At the 
same time, a nearby telephone pole casta a 16-m shadow. Find 
the height of the telephone pole. 


11 Given: MR 1 OP, 

lengths as shown 
Find: RP and OP 



12 Given: TP I, VW, 

lengths as shown 
Find: ST, TV, and PT 
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Review Problem Set A, continued 


13 Given: CD bisects ZlACB, 

AC = a, BC = 6, BD = 5 

Find: AD 


14 Given: Diagram as shown 
Find: x 



15 A scale model of the Titanic is ie| in, long. The scale is 1:570, To 
the nearest foot, how long was the Titanic? 


16 Given: EF|]GO || HM || JK, i 

^ t 

|V 1 

v A 

FG - 2, GH - 8, F 


lj 

h 

HI = 5, EM = 6 




Find: EO and EK 




E 


o"~ 

M 

> 

t \ 

/ \ 

t V 


17 Given: OS || PR, 

IA = Z2 

MO MT 


Prove: 


0. y 


OP ” SR 


M 
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Problem Set B 


20 Indicate whether the statement is true Always, Sometimes, or 

Never (A h S K or N) 

a Two isosceles triangles are similar if a base angle of one is 
congruent to a base angle of the other, 

b TWo isosceles triangles are similar if the vertex angle of one is 
congruent to the vertex angle of the other. 

c An equilateral triangle is similar to a scalene triangle. 

d If two sides of one triangle are proportional to two sides of 
another triangle, the triangles are similar. 

e In AABC, AA = 40°, AB - 6, and BC - 8- 
In ARST h RS = 12. ST = 16, and AR = 80* 

Therefore, A ABC — ARST. 

f If a line intersects a side of a triangle at one of its trisection 
points and is parallel to a second side, then it intersects the 
third side at one of its trisection points. 

n Two right triangles are similar if the legs of one are propor¬ 
tional to the legs of the other. 

h If the ratio of the measures of a pair of corresponding sides of 
two polygons is 3:4, then the ratio of the polygons 1 perimeters 
is 5:6. 




23 Prove that diagonals of a trapezoid divide each other 
proportionally. 

24 If 78 is divided into three parts in the ratio 3:5:7 h what is the sum 
of the smallest and the largest part? 

25 One side of a triangle is 4 cm shorter than a second side. The ray 
bisecting the angle formed by these sides divides the opposite 
side into 4-cm and 6-cm segments. Find the perimeter of the 
triangle.. 
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Review Problem Set B, continued 


26 If JT4 y = Sx^y' find th6 rati ° of X 40 y- 

27 Given: PT | RS, N 

NP = 5k - 21, PR = 5, 

NT = X, TS = B 

Find: NR + NS 



ZB The diagram shows a part of the town 
of Ooia, La. First, Second f Third, and 
Fourth streets are each perpendicular 
to Elmwood Avenue, If the total front¬ 
age on Sand wick Court is 400 m n find 
the length of each block of Sandwick 
Court. 



Problem Set C 



30 Liang is 5 ft tall and is standing in the light of a 15-ft lamppost. 
Her shadow is 4 ft long. If she walks 1 ft farther away from the 
lampost, by how much will her shadow lengthen? 


31 The sum of four numbers is 771, The ratio of the first to the 
second is 2:3, The ratio of the second to the third is 5:4, The 
ratio of the third to the fourth is 5:6. Find the second number 


32 Given: SB 1 AH, ED 1 EC, 
JF1AE, 

AB = 8, 

BC = 12, 

EC = 15, 

AE = 10, 

GH = 5 
Find: GJ and HJ 



33 Prove that if an altitude is drawn to the hypotenuse of a right 
triangle, then the product of the measures of the altitude and the 
hypotenuse is equal to the product of the measures of the legs of 
the right triangle. 
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34 Filbert knows that the two triangles ABC and XYZ arc similar, 
but he cannot remember what the correct correspondence of 
vertices should be, He guesses that A ABC ~ AXYZ, 

a What is the probability that his guess is correct? 

b If Filbert finds out that the triangles are isosceles, what will 
the probability be then? 

c If the triangles are equilateral, what are his chances of guess¬ 
ing a correct correspondence? 

35 Given: CARD and GAME are parallelo- A R M 

grams. 

The perimeter of GAME is 46, 

ADiDE = 2:1 

Find: The perimeter of CARD 

G E 




HISTORICAL SNAPSHOT 


A Master Technologist 

The sketchbook of ViJJard de Honnecourt 


In the Middle Ages, master architects were 
much more than merely designers of buildings. 
Because they had to supervise 
every aspect of the planning 
and construction of many 
types of structures, they 
needed to be adept in all the 
arts and sciences of their 
times. The wide-ranging Inter¬ 
ests and exper tise of these 
men are strikingly Illustrated 
by the surviving sketchbook q i 
one of them, the thirteenth- 
century French architect 
Vlllard de Honnecourt. 

Vrllard seems to have used 
his sketchbook as a sort of 
technological diary and as a 
way of sharing Ills ideas and 
discoveries with his col¬ 
leagues. In addition to draw* 
mgs of interesting architectural features and 
procedures that Villard noticed in his travels, 
the book includes such diverse material as 
plans for a variety of mechanical devices, in¬ 


cluding a powerful catapuFt and a water-driven 
saw; notes on Hon taming; recipes for medk 
cines; and more than a hun¬ 
dred drawings of different ani¬ 
mals. 

Among the most curious 
pages T however, are those 
devoted to sketches of people, 
beasts, and birds on which 
Villard has superimposed 
various geometric figures. Some 
of these sketches may have 
been Intended to demonstrate 
the proper proportions to use In 
drawing, but it Is thought that 
their main purpose was to ex- 
amplify a method of reproduc¬ 
ing drawings in any desired 
size. By associating a sketch 
with a geometric diagram and 
then drawing a dilation of the 
diagram on a wall or on a block of stone that 
was to be carved, an artist could create a basic 
framework that would serve as a guide for the 
accurate enlargement of the sketch itself. 
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T here are many 
ways to prove that 
the square of the length of 
the hypotenuse of a right 
triangle is equal to the 
sum of the squares of the 
lengths of its legs, but 
Euclid’s proof of the 
Pythagorean Theorem 
deals directly with 
squares and their areas. 


CHAPTER 

9 The Pythagorean Theorem 















Review of Radicals and 
Quadratic Equations 


Objective 

A/ter sludying Ihis section, you will be uble to 
■ Simplify radical expressions .and solve quadratic equations 


Part One: Introduction 

Some of the problems in the next three chapters will involve radi¬ 
cals and quadratic equations. Although you have already completed 
a course in algebra you may have forgotten some algebraic tech¬ 
niques. Carefully read the following sample problems, which review 
these two concepts. 


Part Two: Sample Problems 


Problem 1 


Simplify V48. 


Solution 


Vil = Vie - 3 (Ifi is H ptirfocl square.) 
= Vie * V3 
= 4V3 


Problem 2 
Solution 


Simplify Vl8 + V32 -I- V75, 


Via + Vis + V75 = Va - 2 + vie * 2 + V25 * 3 


= 3V2 + 4 Vi + svi 
= 5 V 3 + 7 V 2 



Solution 



3 3 L equivalent simplifications.] 
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Problem 4 Solve x 2 + 9 = 25 for x. 

Solution Method 1; 

X 2 + 9 = 25 
x 1 » lb 
X “ ±4 


Method 2 (factoring): 

X 1 + 9 - 25 
x 1 -16-0 
|x - 4) (x 4 - 4} = 6 

X — 4 — 0 or x + 4 = (J 
x = 4 or x = -4 


Problem 5 Solve (sVi) 2 + foVz) 2 = x 1 for x. 

Solution (aVs) 2 + (3V2) 2 = x 1 

9 * 5 + 9 • 2 = X ! 

45 + IS = x 2 
63 - x 2 
iV63 = X 
lV9 - 7 = x 
±3V7 - x 


Problem 6 Solve for x. ax 2 - lOx - -16 b X 2 + 5x « 0 

Solution a x 1 - 10x = -16 b x 1 + 5x = 0 

x 2 - lOx + 16 =* 0 x(x + 5) = 0 

{x - 6)[x - 2) = 0 x = 0 or x + 5 - 0 

x-8 M 0orx-2*0 x = 0 or x = —5 

x = 8 or x = 2 


Part Three: Problem Sets 

Problem Set A 


Simplify, 
a V4 

c V72 

e Vos 

9 V£o 

b V27 

d V5z 

I V2O0 

h V24 

Simplify. 

a sVta 

C V3 Z + 4 2 

a JV48 


h V4 + 9 

d Vs 2 + 12 2 

1 V»9 " 3 


Simplify 




1 

„ _L 

4 

d JL 

' VS 

Vs 

C V2 

vs 

Simplify. 

a 4 V3 + 7 Vi 


e Vi2 + V27 


b 7Vi + V3 + 

6V3 + V2 

d V72 + Vis - 

Via 
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5 Solve for x. 




a x 1 - 25 

c x 3 - 169 


e 

b x 3 = 144 

fx ! =i 


f 

8 Solve for x. 




a x 3 + 16 - 25 

c 12 3 + x 3 - 13 2 


a 

b x 3 + 6 3 - too 

d x 3 + {3Vs) 3 = 

36 

r 

1 Solve for x. 




a x 3 - 5x - 6 = 8 

c x 3 - &x + 15 = 

= 0 

e 

h x 3 + 4x - 12 - 0 

<1 x 3 - ta - 3x - 0 

f 

8 Solve for x. 




a x 1 - 4x = 0 

c x 3 - 2x = llx 



b x 3 = lOx 

d 5x = x 2 ~ 3x 



9 If, in the given figure, x 3 

+ y 3 13 r 3 , 



a Find x ify = 21 and r 

= 29 

\r 


b Find y, in simplified radical form, if y 



x = 2 and r « 4 


1 


c Find r to the nearest tenth if x = 4.1 

* 



and y - 7.1 


Problem Set B 

10 Solve for x, 

a 3 k 1 + 5x - 7 - x 1 + 8x + 26 
b 12x 3 - IS = ~llx 

11 Solve-fj = gii for x. 

iZ Find AB to the nearest tenth. 


Problem Set C 


C fix* - 7x + 9 



13 Simplify. 

t V'Tt*. if h represents a negative number 
I V(x - 3}*, if x < 3 

e v Vq 3 . if p and q both represent negative numbers 
d if x > o and y < 0 


x 2 = 12 
X 3 - 18 

(Vs) 3 + (Vri ) 3 = x 3 

x 3 = fsv9) J + {VS} 2 

x 3 - 36 = 9X 
- X 2 + 5x + 36 = 0 


2x 3 + 6x + 7 
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9.2 


Introduction to Circles 


Objective 

After studying this section, you will he able to 
■ Begin solving problems involving circles 



Part One: introduction 

Because of the unfamiliar terms and concepts involved, many stu¬ 
dents find working with circles the most difficult part of their geom¬ 
etry studies. To help you deal with circles more effectively, this 
section will informally introduce you to some of the basic concepts 
used in circle problems. If you study this section carefully and solve 
the circle problems presented in the problem sets of this chapter, 
you will be better prepared for the formal study of circles in 
Chapter 10, 

You have already encountered some problems that have asked 
you io find the circumferences (perimeters) and the areas of circles, 
so you should be familiar with the relevant formulas. 


Example 1 Find the rircuinference and the area of ©O. 


The circumference is found with the formula 
C = *rd, where d is the diameter of the circle, 

C = ird 
— 14?r 

The area is found with the formula A = ut 2 , where r is the circle’s 
radius. 

yk - at* 

= 

= 49fr 

The circle’s circumference is 14 v, or about 43,98, inches and its area 
is 4or about 153,94, square inches, 

An arc is made up of two points on a 
circle and all the points of the circle needed 
to connect those two points by a single path, 

The blue portion of the figure at the right is 

called arc CD (symbolized CD). 



D 
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The measure of an arc is equivalent to the number of degrees it 
occupies. (A complete circle occupies 360*,) The length of an arc is a 
fraction of a circle’s circumference, so it is expressed in linear units, 
such as feet, centimeters, or inches. 


Example 2 


Find the measure and the length of 
AB. 





Since the arc is one fourth of the circle, its measure is |{360), or 90. 
The arc’s Length ff) can be expressed as a part of the circle’s circum¬ 
ference. 

s = M-r 
1 letr - 1 

= fircf 
= | [it ■12 ) 

= 3ir, Or =“9,42 

A sector of a circle is a region bounded C 


T 


Since we know that CT has a measure of 90, we can calculate 
the area of sector CAT as a fraction of the area of OA, 

Area of sector CAT = ^(area of OA] 

= \(n * 6*) 

= Sir, or « 28,27 

A chord is a line segment joining two points on a circle. (A 
diameter is a chord that passes through the center of its circle.) An 
inscribed angle is an angle whose vertex is on a circle and whose 
sides are determined by two chords of the circle, 

In the figure at the right, AB and AC are 
chords, and ZBAC is an inscribed angle, 

ZB AC is said to intercept BC, (An intercepted 
arc is an arc whose endpoints are on the 
sides of an angle and whose other points aii 
lie within the angle. Although ZBAC inter¬ 
cepts only one arc, in Chapter 10 you will 
deal with some angles that intercept two 
arcs of a circle.) 



by two radii and an arc of the circle. The 
figure at the right shows sector CAT of OA. 
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Part Two: Sample Problems 


Problem 1 
Solution 


Find the circumference and the urea 
of OP. 

C = mi A — ttt 2 

— it (5 4) = ■jt(2.7 2 ] 

= 5Ait, or *16.96 = 7.29^ or ^22.90 



Problem 2 


Solution 


Problem 3 


Solution 


Given: Diagram as marked 

Find: a mAB 

/ 

^ y-sxis 

A (0. 8) 

b The length of AB / 


\b «,0) 

\ 

\ 

/ x-axis 

/ 


The circle's radius is 8, and Ab is one fourth of the circle, 
a mAB = 1(360) 

= 90 

b Length of AB = 

= \{r r ■ 16) 

= 4w, or *= 12,57 


Find the area of the shaded region 
(sector PAR), 


The radius of 0A is 12, and mRF' 

Area of sector PAR - ^(area of ©A) 

= J(^‘12 a ) 

- 36 it, or 113.10 



Problem 4 


Solution. 


Horry HaJph footed ahead to Chapter 10 and dis¬ 
covered that the measure of an inscribed angle is half 
the measure of its intercepted arc. Use this information 
to find the measure of inscribed angle DEF. 

DF is the arc intercepted by ZDEF. 
m^DEF = |(mDF) 

= jm 

= 40 
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Problem 5 
Solution 


If HJ is ci diameter 0 / GO, what are the 
coordinates of point O? 

We can use the midpoint formula. 

_ A] + x 2 = yi + y a 

X n> 2 Ym 2 

_ B + (- 4) 5 + (- 3) 

2 ~ 2 
= 2 = 1 

The coordinates of point O are (2, 1), 



(8. 5) 


Problem fi 

Show fhot AINS is a right triangle by 

) 

v y-axis 


a Finding mZJNS 

W J^ j^ 


— (6. 8) 


VV a /■ 

b Finding the slopes of IN and NS 

rf- 1. 


\ S (10, 0) „ 



Id-10, 0 

1 t > 

!■ / x-am 

Solution 

a ICS is one-half the circle, so mICS = 180, 




Since ICS is intercepted by inscribed angle INS, 

\ 

L 


m^INS = |(mlCSj 
= \ (180) 

= 90 


Therefore, Z.INS is a right angle, and AINS is a right triangle, 
tv Recall that two lines are perpendicular if their slopes are opposite 
reciprocals. 

Slope of IN - = l 

*.—n — o 

Slope of NS = * = - 2 

^ 10-6 

Since IN 1 NS n A [NS is a right triangle. 

Problem 7 Reflect point H over the v^xxis to H\ 

Then find the slope of TH'. 

Solution Since H is four units to the right of 
the y-axis, H f must be four units to 
the left of the y-axis, Therefore, 

W = (-4,9]. 

*—> q — 2 

Slope of TH" = —~~ 

* - 4-10 

= 7 

” -14 

_1 

2 



i 

v y-axis 


* H (4, 9) 


•TOO, 2^ 

\ 

Jt-axis 

f 
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Part Three: Problem Sets 
Problem Set A 

1 Find the circumference and the area 
of QO. 



2 Given: Diagram as marked 
Find; a The measure of lhe are 
from C to D [mCD) 
b The length of CD 


3 Given: Diagram as marked 
Find: a mEF 

b The length of EF to 
the nearest tenth 


4 Given: Diagram as marked 
Find: a The coordinates of D 
b The area of the shaded 
region (sector DGG) 


5 If AB = 10, what is the area of the 
shaded region (sector AGB)? 


S Find mZT\ 
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10 Find the coordinates of Q, the center of 
the circle. Then use slopes to show that 
ADEF is a right triangle. 



11 Copy the diagram, reflecting H across 
the y-axis to H\ Then find 

a The coordinates of H' 
b The slope of TH r 


y-axi5 

* H fr 14) 


I (8, 3) 




Problem Set B 

12 In GQ, mHf = 20 and mMK = 40, The 
circumference of OQ is 27w. 

a Find mJK, 
b Find the length of JK, 
c Find HM (the length of HM). 
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Problem Set B, continued 


13 Use the diagram of 0O to find the coor¬ 
dinates of H. Then find the coordinates 
of G\ the reflection of G over the y-axis. 



14 Write a convincing argument to show 
that A ABE ~ ADCE, 



C 



16 In the diagram of OO at the right, 
AJHK = 45*. 
a Find mJK. 
b Find the length of JK, 



17 Verify by substitution that point A = (5, 6) 
is on the circle that is the graph of the 
equation (x - 2) 1 + [y - 4)* = 25, 
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9.3 


Altitude- on-Hypotenuse 
Theorems 


Objective 

After studying this section, you will be able to 
■ Identify the relationships between the pails of & right triangle 
when an altitude is drawn to the hypotenuse 



Part One: Introduction 

When altitude CD is drawn 
to the hypotenuse of AABC, 
three similar triangles are formed. 

A ABC - AACD - ACBD 


C 



A ABC AACD by A A, and we notice that 


AB 

AC 


= or (AC) 2 = (AB) [AD) 



Therefore, AC is the mean proportional between AB and AD. 


A ABC ~ 
AB 
CB 


ACBD by AA, and we notice that 
= —, or (CB) 2 = (AB) (DB) 



Therefore, CB is the mean proportional between AB and DB> 


AACD — ACBD by transitivity of similar triangles, 
and we notice that 


AN Cl 3 

CD DET 


or [CD] 2 = (AD) (DB) 



Therefore, CD is the mean proportional between AD and DB. 

These illustrations prove three closely related theorems, which we 
will present as one theorem. 
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Theorem 68 // an altitude is drawn to the hypotenuse of a right 

triangle, then 

9 The two triangles formed are similar to the given 
right triangle and to each other 
AADC- AACB ~ A CDB 
b The altitude to the hypotenuse is the mean pro¬ 
portional between fhe segments 0 / the hypotenuse 

x h , 2 

t = —, or h — xy 
h y 

c Either leg of the given right triangle is the mean 
proportional between the hypotenuse of the given 
right triangle and the segment of the hypotenuse 
adjacent to that leg (i.e., the projection of that leg 
on the hypotenuse) 

y a 2 , x b ,2 

7- = or a 1 = yc; and - = or b = xc 

a c J b c 

Parts b and c of Theorem 68 can be summarized as follows. 

h 2 = x ♦ y 
b 2 = x • c 
a 2 = v ’ c 





Part Two: Sample Problems 

Problem t 1/ AD = 3 and DB = 9, j^ind CD, 


Solution (CD) 2 = AD - DB 
x 2 = 3 ■ 9 

x = ± V3V9 

X = ±3V3 

CD = 3V3 (CD cannot ba negative, so reject - 3VS.) 


Problem 2 f/ AD = 3 and DB = 9 a And AC. 


Soiiitiun 



[AC) 2 = AD AB 
x 2 = 3 - 12 
x 2 = 36 



x = ±6 
AC = 6 


(Raject — 6 r since AC cannot be negative j 
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Problem 3 
Solution 


1/ DB — 21 and AC = 10, jind AD, c 


(AC) 2 = AD ■ AB 

10/ 



10 2 = x(x + 21) 



x[x + 21) = 10-10 

A / 

1 


x 2 + 21x = 100 

X | 

0 

21 


X s + 21 x - 100 = 0 
(x + 25) (x - 4) = 0 

x + 25 = 0orx-4 = G 
x = - 25 or x = 4 


Problem 4 


Proof 


Since AD cannot be negative, AD = 4, 


Given: PK 1 JM, RK 1 JP, KO 1 PM 
Prove: (PO) [PM) = [PR) (PJ) 



1 PK 1 JM 

1 Given 

2 Z.PKJ is a right L. 

2 1 segments form right 21s. 

3 21PKM is a right A. 

3 Same as 2 

4 RK 1 JF 

4 Given 

5 RK is an altitude. 

5 A segment drawn from a vortex of a 


A JL to the opixisite side is an 


altitude. 

6 (PK) 2 = (PR) (PJ) 

G If the altitude is drawn to the 


hypotenuse of a right A, then either 


leg of the given right A is the mean 


proportional between the hypotenuse 


and the segment of the hypotenuse 


adjacent to that leg 

7 Similarly, 

7 Reasons 1 -6 

(PK) 2 = (PO) (PM) 


8 (PO) [PM) = [PR) [PJ) 

3 Transitive Property 



Part Three: Problem Sets 

Problem Set A 

1 a If EH = 7 and HG = 3, find HF, 

b If EH = 7 and HG = 4, find EF, 

c If GF = 6 and EG = 9, find HG, 



2 a Find 2x, b Find 
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Problem Set A, continued 


3 Given: AC -L CB, CD 1 AB 
a If AD = 4 and BD = 9, find CD. 
b If AD = 4 and AB - 1(5, find AC. 
* If BD = 6 and AB = 8, find BC, 
d If CD = 8 and BD = 16, find AD, 
a If AD = 3 and BD = 24, find AC, 
f If BC = 8 and BD = 20, find AB. 


B 



4 Given: Z.JOM = 90 s ; OK is an altitude. 
a If JK = 12 and KM = 5, find OK, 
b If OK = 3V5 and JK = 9, find KM, 
c If 10 = 3V2 and JK = 3, find JM, 
d If KM = 5 and JK - 6, find OM. 


0 



M 
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Problem Set B 

12 a Find the coordinates of point C. 

b Find the measure of the arc from A to 
B to C (mABCl), 
c Find the length of ABC. 



13 In OP, mFG = SO and mDE = 40, Find 
mEF and mZEDF, 



14 As Slarpy stood at B, the foot of a 6-m 
pole, he asked Carpy how far it was 
across the pond from B to C, Carpy got 
his carpenter’s square and climbed the 
pole. Using his lines of sight, he set up 
the figure shown, When Slarpy found 
that AB = 3 m, Carpy knew the answer, 
What was it? 


D 



15 Given: OO, CD 1 AB; 

ZACB is a right L. 


Conclusions: a 


AD 

CD 


h 


AD 

ED 


CD 

BD 

ED 

BD 


A 
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Problem Set B, continued 

16 a [f HG = 4 and EF = 3 V 5 , find EH. 
b If GF = 6 and EH = 9, find EG. 



17 a If AD = 7 and AB - 11, find CD. 
b If CD = 3 and AD = S, find AB, 
c If AB = 12 and AD - 4, find BC. 
if If AC = 7 and AB = 12, find BD, 



10 CD is the altitude to hypotenuse AB. If 
(lie lengths AD, CD, CD, and BD are 
written down at random to form two ra¬ 
tios, what is the probability that the ra¬ 
tios are equal? 


C 



Problem Set C 

19 If « 2 236, find DE to the nearest 
tenth. [The symbol ^ means “approxi¬ 
mately equals,’! 



20 Prove: The product of the measures of the legs of a right triangle 
is equal to the product of the measures of the hypotenuse 
and the altitude to the hypotenuse. 


21 Given: AD 1 CD, 

BD 1 AC, 

BC = 5, AD = 6 
Find: BD 


22 Given: FG 1 GH; 

zll is comp, to A3. 



„ JH GH 

Pr0ve: GH ~ HF 
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Problem Set D 

23 Given: HKM O is a rectangle, 
PK ±_HM S 
PJ ± HK 

Prove: nb = fx 



24 In the figure, CD is the mean proportional 
(or geometric mean) between AD and BD, 
Fbr any two numbers a and b, the 
arithmetic mean is tj(n + b). 

For any two numbers o and b, the 
harmonic mean is 



i , r 
a + E 


a Find the arithmetic mean, the geometric mean, and the har¬ 
monic mean between each pair of lengths, 

1 AD = 2, BD = 8 

ii AD = 3, BD = 12 

iii AD = 4, BD = 25 

h Given two positive numbers a and b, prove that their arithme¬ 
tic mean, |(a + b), is always greater than or equal to their 
positive geometric mean, Vab, 


MATHEMATICAL EXCURSION 


The Pythagorean Theorem And 
Trigonometric Ratios 

The magnifying properties of gravity 


Using sophisticated technology, 
astronomers have recently observed a phe¬ 
nomenon called Einstein rings, which occur 
when three objects, such as a galaxy, 
a quasar, and the earth, q 

are colli near. Einstein rings 
are multiple Images or the Farther 
object “for example, the quasar—as its Sight 
or energy curves around the intervening object 
—the galaxy. In this case, the galaxy acts as a 
gravitational lens. It helps astronomers see 
more of the distant object than they could by 
observing a single image. 

Astronomers can calculate the distance to a 
Flaring quasar by applying the Pythagorean The- 



Quasar 


Earth 

Gravitational Lens 

orem and trigonometric ratios to data that in- 
elude: the difference in arrival times of the Fight 
from the flare by different paths it takes around 
the galaxy, the angles separating the images, 
the red-shift velocities of light from the quasar 
and from the galaxy, and the mass of the 
galaxy. 
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9.4 



Geometry’s Most Elegant 
Theorem 


Objective 

After studying this section, you tviU be able to 
■ Use the Pythagorean Theorem and its converse 


Part One: Introduction 

As the plays of Shakespeare are to literature, as the Constitution is 
to the United States, so is the Theorem to geometry. 

First, it is basic* for it is the rule for solving right triangles. Second, 
it is widely applied, because every polygon can be divided into right 
triangles by diagonals and altitudes. Third, it enables many ideas 
(and objects) to fit together very simply. Indeed, it is elegant in 
concept and extremely powerful- 


Theorem H9 The square af the measure of the hypotenuse of a 
right triangle is equal to the sum af the squares of 
the measures of the legs* {Pythagorean Theorem) 


Given: AACB is a right A 
with right AACB. 

Prove: a 2 + b 2 = c 2 
Proof: 



1 ^lACB is a right L. 

1 Given 

2 Draw CD 1 to AB, 

2 Fhom a point outside a line, only 


one 1 can be drawn to the line. 

3 CD is an altitude, 

3 A segment drawn from a vertex of 


a A 1 to the opposite side is an 


altitude. 

4 a 1 = (c — jc)c 

4 In a right A with an altitude 


drawn to the hypotenuse* 


[leg] 2 - (adjacent seg.) (hypot). 

5 a 2 = c 2 - cx 

5 Distributive Property 

6 h 2 = xc 

6 Same as 4 

7 a 2 + b 2 = c 2 — cx + cx 

7 Addition Property 

0 a 2 + b 2 = c 2 

8 Algebra 
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The Pythagorean Theorem was known to the ancient Egyptians 
and Greeks. The first proof is attributed to Pythagoras, a Greek 
mathematician who lived about 500 B.c. There are now more than 
300 proofs of the theorem, and a book has been published consisting 
solely of such proofs, [Different sets of postulates and theorems lead 
to different proofs.) 

One of the simplest ways to know that two lines are perpendicu¬ 
lar is to find out if they form a right angle in a triangle. To use this 
method, we need the converse of the Pythagorean Theorem, given 
next. 


Theorem 70 1/ the square of the measure of one side of a trian¬ 

gle equals the sum of the squares of the measures of 
the other two sides, then the angle opposite the 
longest side is u right angle. 

If a 2 + b 2 = c 2 , 
then AACB is a right A 
and AC is the right A, 


If, in the diagram above, we increased c while keeping a and b the 
same, AC would become larger. Try it. Thus, a valuable extension of 
Theorem 70 can be stated: 

if c is the length of the longest side of a triangle, and 

■ a 2 + b 2 > c 2 , then the triangle is acute 

■ a 2 +-b 2 =c 2 , then the triangle is right 

■ a 2 + b 2 < c 2 , then the triangle is obtuse 




Part Two: Sample Problems 


Problem 1 



Solution We use the Pythagorean Theorem. 

6 2 ' + 8 2 = x 2 
36 + 64 - x 2 
100 = x 2 

±10 = x (fiflject-m) 
x — 10 
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Problem 2 
Solution 


Problem 3 
Solution 


Problem 4 
Solution 


Problem 5 
Solution 


Find the perimeter of the rectangle shown, 

We use the Pythagorean Theorem, 
x 2 + 5 2 = 13 2 
x 2 + 25 = 169 
x 2 = 144 

X = ±12 (Rojocl —12.) 

Perimeter = 5 + 12 + 5 + 12 = 34 



Find the perimeter of a rhombus with diagonals of 6 and 10, 

Remember that the diagonals of a rhombus 
are perpendicular bisectors of each other, 

3 2 + 5 2 = x 2 
9 + 25 = x 2 
34 = x 2 

±V34 = x (Reject - Vli.) 

Since all sides of a rhombus are congruent, the perimeter is 4 V 34 . 



Nadia skipped 3 m north, 2 m east f 4 m north, 13 m east , and 1 m 
north. How for is Nadia from ivhere she started? 

Since Nadia started at S and ended at E, we are looking for the 
hypotenuse of ASAE. She has gone a total of 8 m north and 15 m 
east, 

a 2 + is 2 

64 + 225 
269 
±17 
SE 

s 



Find the altitude of dm isosceles trapezoid whose sides have lengths of 
10, 30, 10, and 20. 

An altitude of a trapezoid is a segment, such as AE, perpendicular to 
bolh bases. We often draw two altitudes, such as AE and BD, to 
obtain a rectangle, AEDB. Thus, ED = 20, right AAEF is congruent 
to right ABDC, and FE = DC = f(30 - 20) = 5, 

111 AAEF, x J + 5 2 = 10 2 A 20 6 

x 2 + 25 = 100 
x 2 = 75 
x = ±V 75 
= ±V25 ■ 3 
= ±5V^3 (Reject - 5V3.) 

Altitude = 5V3 
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Problem 6 
Solution 


Classify the triangle shown. 

If 5 s + 7 Z > 8*, the triangle is acute. 

If 5 2 + 7 2 = 8 2 , the triangle is right. 

If 5 5 + 7 :1 < 8 3 , the triangle is obtuse 

5 2 + 7 1 ? 8 2 

25 + 49 7 64 

74 > 64 

Therefore, the triangle is acute. 



Part Three: Problem Sets 


Problem Set A 

1 Snlve for the third side, 
a x =■ 4, y = 5 
b x ~ 15, r = 17 
t y = 9, r - 15 
d x = 12, r = 13 


e x = 5, y = 5Vi 
f x = 5, r = V 29 
g x = 2V5, r = V38 



v 


2 Find the length of the diagonai of a square with perimeter 
12 cm. 

3 Find the perimeter of a rhombus with diagonals 12 km and 
16 km. 


4 Find the perimeter of a rectangle whose diagonal is 17 mm long 
and whose base is 15 mm long. 


5 Given: JG is the altitude to base FH of 
isosceles triangle JFH. 

FJ = 15, FH = 24 

Find: JG 



6 PM is an altitude of equilateral triangle PRO, If PR = 4, find PM. 


7 Find the missing length in the trapezoid. 



q 


8 


7 


n 
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Problem Set A, continued 


B How far is the foot of the ladder from 
the wall? 


50dm 



9 AC || y-axis and CB |] x-axis, 
a Find the coordinates of C, 
b Find AC and CB, 
c Find AB. 

d Is AB = V(8 - 2) 2 + (11 - 3) 2 7 



10 Use the method suggested by part d of 
problem 9 to find PQ, 



Problem Set B 

11 Find the missing length in terms of the variable(s) provided, a 


a AC = x, BC - y, AB = _J_ 
b AC = 2, BC = x, AB = l 
6 AC = 3a, BC = 4a, AB = l 
it AB = 13c, AC = 5c, BC =■ l 

12 ZACB is a right angle and CD 1 AB. 
a If AD = 7 and BD = 4, find CD, 

J) If CD = 3 and DB = 6, find CB. 
c If BC = 8 and BD = 2, find AB. 
d If AC = 21 and AB — 29, find CB. 



13 Al Capone walked 2 km north, 6 km west, 4 km north, and 2 km 
west. If Big Al decides to ”go straight,” how far must he walk 
across the fields to his starting point? 


14 Find the altitude [length of a segment 
perpendicular to both bases] of the isos¬ 
celes trapezoid shown. 
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15 A piece broke off rectangle ABDF, leav¬ 
ing trapezoid ACDF, If BD = 16, BC - 7, 
FD = 24, and E is the midpoint of FD, 
what is the perimeter of AACE? 



IB Given: Diagram as shown 
Find: CD 



17 Solve for x in the partial spiral to the right. 



18 If the perimeter of a rhombus is dVs and one diagonal has a 
length of 4\ 2 S find the length of the other diagonal 

19 Woody Woodpecker pecked at a 17-m wooden pole until it 
cracked and the upper part fell, with the top hitting the ground 
10 m from the foot of the polo. Since the upper part had not 
completely broken off, Woody pecked away where the pole had 
cracked. How far was Woody ahove the ground? 


20 Find the perimeter of an isosceles right triangle with a 6-cm 
hypotenuse, 

21 The lengths of the diagonals of a rhombus are in the ratio 2:1, If 
the perimeter of the rhombus is 20, find the sum of the lengths 
of the diagonals 


22 Classify the triangles. 




23 George and Diane bought a plot of land 
along Richard Road with the dimentions 
shown. 

a Find the area of the plot, 

b Find, to the nearest meter, the length 
of frontage on Richard Road. 
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Problem Set C 

24 Find the perimeter of A DBG, 


2E a Find HR 

h Is AEHF similar to AHGF? 


26 The perimeter of an isosceles triangle is 32, and the length of the 
altitude to its base is 8. Find the length of a leg, 

27 A ladder 25 ft long (JO) is leaning against 
a wall, reaching a point 20 ft above the 
ground (MO). The ladder is then moved 
so that JK - 2fPO). Find KM. 


J 

28 The medians of a right triangle that are drawn from the vertices 
of the acute angles have lengths of 2Vl3 and V/3, Find the 
length of the hypotenuse, 

23 The diagonals of an isosceles trapezoid are each 17, the altitude 
is 8, and the upper base is 9. Find the perimeter of the trapezoid. 

30 a Show that if the lengths of one leg of a right triangle and the 

hypotenuse are consecutive integers, then the square of the 
length of the second leg is equal to the sum of the lengths of 
the first leg and the hypotenuse. 

b Show by counterexample that the converse of the statement in 
part a is not necessarily true. (The converse is, ‘If the square 
of the length of one of the legs of a right triangle is equal to 
the sum of the lengths of the other leg and the hypotenuse, 
then the lengths of the second leg and the hypotenuse are 
consecutive integers/ 1 ] 

31 Quadrilateral QUAD has vertices at Q = (-7, 1), U = (1, 16} P 
A = (9* 10), and D = (1, - 5), 

a Plot the figure and indicate what typo of quadrilateral 
QUAD is. 

b Find the peri meter of QUAD. 
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Problem Set D 


32 The legs of a right triangle have lengths of 3 m and 4 m. A point 
on the hypotenuse is 2 m from the intersection of the hypotenuse 
with the longer leg, How far is the point from the vertex of the 
right angle? 

33 RS-TV is an isosceles trapezoid with W 

RS = 9, RV = 12, and ST = 16. > \ 

Find the length of the perpendicular seg- / \ 


ment from T to 5W, 


; 1 1 



R 


34 Given: PR 1 RT, PT = 2J5, PR = 15 
PS = ST + 12 

Find: SR 



35 Abigail Adventuresome took a shortcut along the diagonal of a 


rectangular field and saved a distance equal to | the length of the 


longer side. Find the ratio of the length of the shorter side of the 
rectangle to that of the longer side. 


30 a Given: P is any point in the interior 


D 



C 


of rectangle ABCD. 


Show: [BP) 2 + (PD) 2 = (AP ) 2 + [CP) 2 


b Is the result the same when P is In the 
exterior of the rectangle? 


A 


B 



£*t**t*>***s 
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The Distance Formula 


9.5 


Objective 

After studying this section, you will be able to 
■ Use the distance formula to compute lengths of segments in the 
coordinate plane 



Part One: introduction 


In AAGB, AO = 4, since we can count the 4 
spaces from O to A. OB = 3, since we can 
count the 3 spaces from O to B. 



When a segment in the coordinate plane is either horizontal or 
vertical its length is easily computed. To compute the length of AB, 
we must find a new method. Since AAOB is a right triangle, we can 
apply the Pythagorean Theorem, 



To compute any non vertical, nonhorizontal length, we could draw a 
right triangle and use the Pythagorean Theorem, 

(AB) 2 = (CA) 2 4 (BC) 2 

(AB ) 2 = {x 2 - x-j ) 2 + 

AB = V (x» ~ xj 2 + (y 2 - y.j) 2 
or AB = V(Ax) 2 + (Ay) 2 

However, ir is easier to use the distance formula, which is derived 
from the Pythagorean Theorem. 
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Theorem. 71 


If P = (x v yj) and Q = (x 2 , y 2 ) are any 
two paints, then the distance between 
them can be found with the formula 

PQ = V [* 2 - + (T; - ytf or 

PQ ~ V(Ax) 2 + (Ay} 2 


A 

y-am 



-—^ 




When doing coordinate proofs [sometimes called analytic proofs), 
yon may select any convenient position in the coordinate plane for 
the figure os Jong as complete generality is preserved. Here are some 
convenient locations for a right triangle r an isosceles triangle, and a 
parallelogram, 

R jght Tria ng le Isostel es Triang le Paral lelogram 



When midpoints are involved in a problem, 
it is helpful to use coordinates that make 
computations easier. For example, you could 
locate a rectangle as shown at the right. 


J 

^ y^xis 
(0, 2b) 

(2a, 2b) 



(2a, 0) 


(0,0) 

x-axis 


t 



Part Two: Sample Problems 

- 

Problem 1 

If A = (2, 3) and B = (7, 15), jind AB. 

t 6(7,15} 

Solution 

By the distance formula, 

i A (2,3) 


AB = V(Ax) 2 + (Ay) 2 

x-axis" 


- V[7 - 2) 1 + (15 - 3)* 



= V5 2 + 12 2 

= Vl69 

= 13 
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Problem 2 


Solution 


1/D = (7, 1], E = (9, -5), and F = (6, -J), 
find the length of the median from F to DE. 

By the midpoint formula, the midpoint 
M of DE is (8, —2). 

By the distance formula, 

FM - Vfiix) 2 + (Ay) 2 

- V[S - 8] r + [-4 - (-2)]“ 

= V(“2} 2 + (— 2) 2 
= Ve = 2 V 2 



Problem 3 


Proof 


Prove: The medians to the legs of an 
isosceles triangle are congruent. 

Use the general isosceles A ABC as shown. 

By the midpoint formula, M = (a, b) 
and N = (3a, b), 

By the distance formula. 

MB = V[4a - a) 2 + £0 - b) 2 = Vtia 2 + b 2 
NA = V(3a - Of + lb - W = V9a 2 + b 2 ' 
Thus, MB = NA. 



Part Three: Problem Sets 
Problem Set A 

f Find the distance between each pair of points, 
a (4, 0) and (6. 0) <f (-2, -4) and (-8, 4] 

b (2, 3) and (2, -1) e The origin and (2, 5) 

c (4. 1) and (7, 5] f (2. 1) and (6. 3) 

2 Find, to the nearest tenth, the perimeter of A ABC if A = (2, 6), 

B = (5, 10), and C = [0, 13). 

3 Show that the triangle with vertices at (8, 4), (3, 5), and (4,10) is 
a right triangle by using 

a The distance formula b Slopes 

4 Use the distance formula to show that ADOG is equilateral if 
D = (6, 0), O = (0, 0), and G = (3, 3 V 3 ), 

5 Find the area of the circle that passes through (9, - 4) and whose 
center is (-3, 5), 


Chapter 9 The Pythagorean Theorem 


















6 Given: ARTV as shown 

Find: a The length of the median 
from T 

b The length of the segment 
joining the midpoints of RT 
and TV 




fl Given: Rectangle ABCO 

a Find the coordinates of A, B, C, and O. 

b Find the coordinates of M, N, P, and 
Q, the midpoints of the sides. 

c Find the slopes of MN, QP, MQ, and 
NP. What can we conclude about 
MNFQ? 

d Find the lengths of MN, EJP, MQ, and 
NP. What can we now conclude about 
MNPQ? 



9 Given: Tfapezoid PQRS 
a Find PQ and SR and verify that PQRS 
is an isosceles trapezoid, 

b Prove that the diagonals PR and QS 
are congruent. 


ID In the figure at the right, RECT is a rec¬ 
tangle. Is R£ a diameter? Why or why 
not? 




M in rectangle RECT, RE = S and EC = 12, 
a Find the circumference of the circle, 
b Find the area of the circle to the near¬ 
est tenth. 



x-axis 
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Problem Set A, continued 

12 Prove that the diagonals of a square are congruent and 
perpendicular. 


Problem Set E 

13 Given: OR, mVW = 120,. 

RW - 9 

Find: a The area of sector TRV to the 
nearest tenth 

b The difference, to the nearest_ 

tenth, between the length of TW 
and the length of VW 

14 Show that (7, 11), (7, —13), and (14, 4) lie on a circle with its 
center at (2, -1). 

15 Find, to the nearest tenth, the perimeter of a quadrilateral with 
vertices A = (2, l), B = (7, 3), C = (12, t), end D = (7, -4), and 
give the figure's most descriptive name. 

16 Show that the parallelogram whose vertices are [— 1, -3), [2, 1], 
(3^ - 2), and (- 2, 0) is not a rhombus. 

17 Show that the triangle with vertices (—2,1), (5, 5), and (-1,-7) 
is isosceles. 

18 The vertices of a rectangle are (0, 9) (8, 0), (0, e) r and (8, 6). Find 
the sum of the lengths of the two diagonals. 

18 Show that (1, 2) (4, 6], and (10, 14) are coll inear by using 

a The distance formula (Hint: What is true about the lengths of 
the three segments joining three collinear points?) 

b Slopes 

26 The point (5, v) is equidistant from [1, 4] and [10, —3). Find y< 

21 Find the altitude of a trapezoid with sides 
lengths 2, 41, 20, and 41. 

22 A model rocket shot up to a point 20 m 
above the ground, hitting a smokestack, 
and then dropped straight down to a 
point 11 m from its launch site. Find, to 
the nearest meter, the total distance trav¬ 
eled from launch to touchdown. 


having the respective 



V 
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23 Prove that the midpoint of the hypotenuse of a right triangle is 
equidistant from the three vertices. 

24 Prove that the sum of the squares of the sides of a parallelogram 
is equal to the sum of the squares of the diagonals. 

Problem Set C 

25 Prove that in any quadrilateral the sum of the squares of ihe 
sides is equal to the sum of the squares of the diagonals plus 
four times the square of the segment joining the midpoints of the 
diagonals. 

26 In isosceles trapezoid ABCD, A = (—2a, 0) and B = (2a, GJ, 
where a > 0, The altitude of the trapezoid is 2h, and ihe upper 
base, CD, has a length of 4p. 

Find: a The coordinates of C and D 
b The length of the lower base 

c The ]ength of the segment joining the midpoints of AD 
and BC 

ri The length of the segment joining the midpoints of the 
diagonals of the trapezoid 

27 IWo of the vertices of an equilateral triangle are [2,1 ] and (6, 5), 
Find the possible coordinates of the remaining vertex, 


CAREER PROFILE 


Finding Distance With Lasers 


Don Milligan draws the contours of the land 


Don Milligan* whose work as a surveyor is 
heavily dependent on mathematics., admits that 
he hated geometry in high school* "But fi en¬ 
joyed trigonometry,” he says. “Then 1 found that 
trigonometric Identities are related to SAS simi¬ 
larity. That changed my mind about geometry." 

A surveyor's job is to determine the exact 
size, shape, and location o i 0 plot of land. A 
survey can help establish boundary lines and 
compute the areas of Irregularly shaped lots. 

Angles are measured using a tool called a 
transit, a small telescope on a tripod. Transits 
In use today often employ lasers. Surveyors ap¬ 
ply trigonometry, triangle proportions, end trian¬ 
gle similarity in their work. 

Bom in Salt Lake City, Utah* Milligan ob¬ 



tained a bachelor's degree in forestry and wild¬ 
life management at Utah State University. After 
doing some survey work during the summer, he 
was hired by the Utah State Fish and Game 
Department He left the department to work for 
a private surveying company* which he bought 
three years later. 
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9.6 



Families of Right 
Triangles 


Objectives 

After studying this section, you will he able to 

■ Recognize groups of whole numbers known as Pythagorean triples 

■ Apply the Principle of the Reduced Triangle 


Part One; introduction 

Pythagorean Triples 

In this section we consider some combinations of whole numbers 
that satisfy the Pythagorean Theorem, Knowing these combinations 
is not essential, but knowing some of them can save you appreciable 
time and effort, 


Definition Any three whole numbers that satisfy the equation 
a 2 + b 2 = c 2 form a Pythagorean triple. 

Below is a set of right triangles you have encountered many 
times in this chapter. Do you see how the triangles arc related? 


3^/1 



These four triangles are all members of the [3, 4, 5) family. For 
example, the triple [S, 8, 10} is [3 - 2, 4 - 2, 5_- 2). 

Even though the last triangle, ( 3 V 3 , 4 V 3 , sVi), is a member of 
the (3, 4, 5) family, the measures of its sides are not a Pythagorean 
triple because they are not whole numbers. 

Other common families are 

(5,12,13), of which (15, 36, 39) is another member 

(7, 24, 25), of which (14, 48, 50) is another member 

(8, 15, 17), of which ^4, 7j, is another member 

There are infinitely many families, including (9, 40, 41), (11, 60, 61), 
(20, 21, 29), and (12, 35. 37), but most are not used very often. 
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The Principle of the Reduced Triangle 

The following problem shows how a knowledge of Pythagorean tri¬ 
ples can be useful even in situations where their applicability is not 
immediately apparent. 

Example 1 Given; The right triangle shown 
Find; x 

7s 

The fraction may complicate our work, and we may not wish to 
complete a long calculation to solve 4 2 + ( 7 ^) 2 = x 2 . 

An alternative is to find a more easi¬ 
ly recognized member of the same 
family. We multiply each side by the 
denominator of the fraction, 2, 

Clearly, the family is (8, 15, 17}. 

Thus, 2x = 17 and x = (in the 
original triangle}. 



2(71) = 15 



iriple nf ihe Reduced Triangle 


1 Reduce the difficulty of the problem by multiplying or 
dividing the three lengths by the same number to obtain a 
similar, but simpler, triangle in the same family, 

2 Solve for the missing side of this easier triangle. 

3 Convert back to the original problem. 


The next example shows that the method may save time even if 
the sides of the £H reduced 3 3 triangle are not a proper Pythagorean 
triple- 

Example 2 Find the value of x. 


First, notice that both 55 and 77 are multiples of 11. Then reduce 
the problem to an easier problem as shown below. 




11-7 


is in the family 



where 5 2 
25 




Thus, x = 11 ■ 2VS = 22V6. 


(RfipfitzL — 2V'ft.) 
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Part Two: Sample Problems 


Problem 1 Find AB, 


B 



Solution Method One; 

(10, 24, ?) belongs to the (5. 12, 13) 
family, 

10 = 5 ■ 2 
24 = 12 ■ 2 
So AB = 13 ■ 2 - 26 


Method Two; 


10 1 + 24* = 
100 + 576 = 
676 = 

±V676 = 
26 = 


(AB)* 

(AB } 2 

(AB) 2 

AB (Reiecl -Vctb.) 
AB 


Problem 2 Find x. 

3 


x 

Solution You may think that 5 is the answer, but in a (3, 4, 5) triangle the 5 

must represent the length of the hypotenuse. Therefore, we are stuck 
with the long way, 

3 2 -I- x 2 = 4 2 
x 2 = 7 

X = ±\ / 7 (Reject - V7.) 

x = V? 



Problem 3 


Solution 


Find the hypotenuse o/the right triangle. 



Method One: 3 vl 

Reduced-Triangle Principle 

Divide eacli given length by 6 to ob¬ 
tain the reduced similar triangle. 

I 2 + (3V3) 2 = y 2 
1 + 27 = y 2 
±V28 = y 

±2\' / 7 = y (Reject - 2 V 7 .) 

Now multiply by 6 to convert back to 
the original triangle, 

x = 0(2 V?) = 12V7 



iSY‘3 


Method Two: 

Pythagorean Theorem 

6 2 + (leVjj ) 2 = x 2 

36 + 972 = x 2 
1008 = x 2 
Vl008 = x 
±Vl44 * 7 = x 

(Would you have discovered those 
factors?) 

Reject the negative root. 

12 V 7 = X 
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Part Three: Problem Sets 
Problem Set A 

In problems 1-5, find the missing side in each triangle. 

1 (3, 4, 5) 



2 (5,12,13) 



3 [7,24,25] 



5 Mixed 
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Problem Set A, continued 

G Find the diagonal of a rectangle whose sides are 20 and 48, 

7 Find the perimeter of an isosceles triangle whose base is 16 dm 
and whose height is 15 dm, 

B Find the length of the upper base of the 
isosceles trapezoid. 


f— - 35 


9 Use the reduced-triangle principle to find each missing side. 





Problem Set B 

13 Mary and Larry left the riding stable at 10 a,m, Mary trotted 
south at 10 kph while Larry galloped east at 16 kph, To the 
nearest kilometer, how far apart were they at 11:30? 

14 Write a coordinate proof to show that the diagonals of a rectangle 
are congruent. 
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17 a 

What is the most descriptive name for 
quadrilateral PQRS? 

i 

Q(-1,4) 

^ y-ax\5 

R {S, 4) 

b 

Find the area of PQRS. 

/ 


“A 

c 

Find PR and QS. 

c / 


A 



' P (- 4, 0) 
' 


5 (11 r G) x-axis 


10 A submarine travels an evasive course, trying to outrun a de¬ 
stroyer. [t travels 2 km north, then 1 km west, then 1 km north, 
then 1km west, and so forth, until it has traveled a total of 41 
km. How many kilometers is the sub from the point at which it 
started? 


Problem Set C 

19 Each of the following is a method for generating sets of whole 
numbers that represent the sides of a right triangle. Prove that 
each rub does indeed generate Pythagorean triples. 

a Rule of Pythagoras c Rule of Euc]id 


(n is any odd number.) 


(m and n arc both odd or both even.) 




b Rule of Plato 
(m is any even number.) 


\Zmn 


d Rule of Maseres 
(m and n are any two integers.) 



fiV 

— - i 

4 



m 2 - n r 


2tm 
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Problem Set C T continued 

20 Show that the only right triangle in which the lengths of the 
sides are consecutive integers is the (3. 4, 5) triangle. 

21 If a 650-cm ladder is placed against a building at a certain angle, 
it just reaches a point on the building that is 520 cm above the 
ground. If the ladder is moved to reach a point SO cm higher up, 
how much closer will the foot of the ladder be to the building? 

22 The lengths of the legs of a right triangle are x and 3x + y. The 
length of the hypotenuse is 4x — y. Find the ratio of x to y. 

23 Six slips of paper, each containing a different one of the numbers 
3, 4, 5i 6 h 3, and 10, are placed in a hat. Then two of the slips are 
drawn at random, 

a What is the probability that the numbers drawn are the 
lengths of two of the sides of a triangle of the (3, 4, 5) family? 

b What is the probability that the numbers drawn are lengths 
of a leg and hypotenuse of a triangle of tire [3, 4, 5) family? 


Problem Set D 

24 Find the length of the hypotenuse of the largest Pythagorean- 
triple triangle in which 16 is the measure of a leg 

25 Find all right triangles in which one side is 20 and other sides 
are integral 
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9.7 


Special Right Triangles 


Objectives 

A/ter studying this section, you iviii he uble to 

■ Identify the ratio of side Lengths in a 30 6 -S0°-90° triangle 

■ Identify the ratio of side lengths in a 45 o -45 D -90° triangle 


Part One; Introduction 

Triangles 

You will find it useful to know the ratio of the sides of a triangle 
with angles of 30°. 60°. and 90°. 


Theorem 72 In a triangle whose angles have the measures 30, 
GO, and 90, the lengths of the sides opposite these 

angles can be represented by x, xV 3, and 2x re¬ 
spectively. (30‘ J -60 o -9Q o - Triangle Theorem) 


Given: A ABC is equilateral. 

CD bisects Z.ACB, 

Prove: AD:DC:AC = x:xV3:2x 


Proof: Since A ABC is equilateral, 21ACD = 30 s , L A = 60°, 
Z.ADC = 90°, and AD = *(AC). 

By the Pythagorean Theorem, in A A DC, 

x 2 + (DC] 2 = (2xf 
x 2 + (DC) 2 = 4x 2 
(DC) 2 = 3x 2 

DC = xV3 

Thus, AD:DC:AC = x:xV3:2x 


C 
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45 & -45°-!Kf Triangles 

The sides of a triangle with angles of 45* 45 c r and 90* are also in an 
easily remembered ratio. 


Theorem 73 Iii a triangle whose angles have the measures 45, 
45, and 90, the lengths of the sides opposite these 
angles can he represented by x t x, and x V2, re¬ 
spectively. (45°-45*-9D*-7Wa/igfe Theorem) 


Given: AACB, with A A = 45* and AB = 45°, 

Prove: AC:CB:AB = x:x:.xV'2 

The proof of this theorem is left to you. 


You will see 30*-6Q fl -90° and 45*-45 <> -90 s triangles frequently in 
this book and in other mathematics courses. Their ratios are worth 
memorizing now. 


Six Common Families of Right Triangles 


air-ecp-so 0 (x, xVi, 2 x) [5.12,13) 

45 0 -45°-QO° <=> [X, X, xV2) (7, 24, 25) 

(3,4,5) (8,15,17) 




Part Two: Sample Problems 

Problems 1 and 2 involve 3O D -6(F-90 D triangles. In each, start by 
placing x on the side opposite (across from) the 30* angle, xV3 on 
the side opposite the 6G g angle, and 2x on the hypotenuse. 


Problem 1 


Solution 


Type: Hypotenuse (2x) known 
Find BC and AC. 



Place x, xVa, and 2x on a copy of the diagram. 


2x = 10 
x = 5 

Hence, BG = 5, and 
AG = 5V3 


A 



kV3 

C 
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Problem 2 Type: Longer leg (xVjj) known 
Find JK and HK. 


Solution Place x, xVi, and 2x on the figure as shown. 

xVH = 6 

6 

* 

e Vi 
Vi Vi 

-¥= 2 ^ 

Hence, JK = 2 Vi, and HK = 2(2 Vi) = 4 Vi. 

Problems 3 and 4 involve 45M5 D -90° triangles. In each, start by 
placing x on each leg and x Vi on the hypotenuse. 



*V3 = 6 


* J 


Problem 3 


Type: Leg (x] known 

MOPR is a square. 
Find MP. 



Solution 


Problem 4 

Solution 


A diagonal divides a square into two 
45M5 5 -90 !I triangles, 

Place x, x, and xV2 as^shown, 

Since x = S, MP = 9 V 2 , 


Type: Hypotenuse (xVi) known 
Find ST ortd TV. 

Place x, x, and xVi as shown. 
xVi = 4 

4 

Vi 

4 Vi 

Vi Vi 
4 Vi 



X = 



= 2 V 2 

2 

Hence. ST = TV = 2 Vi. 



Section 9,7 Special Right TViangles 


407 
















■ Part Three: Problem Sets 
Problem Set A 

1 Find the two missing sides in each 30°-6G D -90 D triangle, TYy to do 
the calculations in your head. 



7 10 ? 173 



2 Find the two missing sides of each triangle. (Hint: These arc a bit 
harder, and you may want to put x, xV5, and 2x on the proper 
sides as shown in the sample problems.) 





3 Solve for the variable in each of these equilateral triangles. 



4 


Solve for the variable in each of these 45M5°-9(F trianglcs. 





5 

§ 


The perimeter of a square is 44, Find the length of a diagonal. 

Find the length of the diagonal of the 
rectangle, 

S m 
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7 Find the altitude of an equilateral triangle if a side is 6 mm long, 


8 Given: AC 1 BC, CD 1 AB,_ A 
Z.B = 30°, BC = aV5 

Find: CD 



C 


B 


S Given: TRWX is a kite (TE s WR and TX = XVVj, 
RY = 5, TW = 10. YX = 12 



Find: a TR 
h WX 


R 


X 


T 


10 a Find the ratio of the longer leg to the hypotenuse in a 

30°-60°-90° triangle. 

h Find the ratio of one of the legs to the hypotenuse in a 
45 o -45*-90° triangle. 

11 Plato is alleged to have said that the 30 D -S0°-90 D triangle was the 
most beautiful right triangle in the world. Grunts Giraffe, a 
sophomore student at Animal High, is alleged to have said that 
the 3O !, -6O o -90 5 triangle didn’t look very pretty to him. Who was 
Plato, and what do you think he meant by beautiful? 


Problem Set B 


12 a Find the coordinates of B. 

<—> 

b Find the slope of OB. 
c Find (In a trigonometry class, this 


ratio is called the tangent of angle 
BOA.) 



A 


13 a Find the coordinates of D, 
b Find the slope of OD, 
c Find the tangent of 45°. 



A 


y-axis 


D 


C 


14 Show that in a SCT'ecP-go 0 triangle the 
altitude to the hypotenuse divides the 
hypotenuse in the ratio 1:3. (Hint: Let 
DB = x. Then CD = xV3, Now solve 
for AD.) 
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Problem Set R, continued 


15 Find the perimeter of the isosceles trape¬ 
zoid EFGH. (Hint: Drop altitudes of the 
trapezoid from E and H.) 



16 Given: PK is an altitude of isosceles trap 
ezoid JMQP, 

PK = 6, PO = a, ZJ = 45° 

Find; The perimeter of JMOP 


0 


A 


W- 


■M 


A 



17 Using the figure, find 
a VS 
b ST 

c VT 

d The ratio of the perimeter of AVSR to 
the perimeter of AVRT 



18 One of the angles of a rhombus has a measure of 120. If the 
perimeter of the rhombus is 24, find the length of each diagonal 


19 Find? to the nearest tenth* the perimeter 
of the trapezoid. 



20 Any regular hexagon can be divided into 
six equilateral triangles by drawing the 
three diagonals shown. Find the span of 
a regular hexagon with sides 12 dm long. 



21 Any regular octagon can be divided into 
rectangles and right triangles. Here, a 
side of the central square is 6 units long. 

a Find the perimeter of the octagon, 
h Find the span of the octagon. 


/ 




; 6 L 

i r 

Span 

\ 


Zi 
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22 Find the altitude to the base of the isos¬ 
celes triangle shown. 


no 


18 


23 If rectangle RECT is rotated about the 
origin until E lies on the positive y-axis, 
what will the new coordinates of E be? 


1 

R (-2j 4) 

^ y-axi 

5 

{2, 4) 





V, 



x-^xis 

T (-2,-4) 
> 

C (2.-4) 
f 


Problem Set C 

24 Find x and y. 




Problem Set D 

Ti Given: Z.ACB is a right angle. 

CD and CE trisect i.ACB. 

AC = 5, BC = 12 

Find: CE (Hint: Draw a perpendicular 
from E to CB.] 


C 
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Problem Set D s continued 


In solving probability problem*, a tree diagram is sometime* helpful. Consider the 
following problem: 

A beg contains seven red marbles, two blue marbles, and a white marble. A woman 
reaches into the bag and draws two marbles. 

a What is the probability that she has drawn two red marbles? 
b What is the probability that she has drawn one or more red marbles? 

Solution: 

a The tree diagram below shows that the probability of drawing a red marble and then 
another red marble is ^ 1 So RR = -jr. 

What are the probabilities of the other eight possible outcomes? 


Firsl marhLfi flO marbfew 
lo choose fromj 

Second marble (9 marbles 
to choose front) 



l 2 i 

3^9 


1 

9 


7 

9 


* 0 
9 


b The probability of drawing one or more red marble* is the sum of the probabilities of 
RFL RB, RW t BR.and WR, or 


28 Use a tree diagram to solve the following problem: 

A bag contains eight right triangles. Five are members of the (3, 

4 S 5) family„ and two are triangles. A puppy fall* over 

the bag, and two triangles fall out on the floor, 

a What is the probability that both ere members of the (3, 4, 5) 
family? 

h What is the probability that at least one of the triangles is a 
member of the [3, 4 h 5) family? 

c What is the probability that one is a member of the (3 ? 5) 

family and the other is a triangle? 
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9.8 


The Pythagorean 
Theorem and 
Space Figures 

Objective 

Ajffer studying this section, you wiii be able to 
■ Apply the Pythagorean Theorem to solid figures 



Part One: introduction 



Rectangular Solid 


P 



Regular Square Pyramid 


Many of the problems in this section will 
shown above. 

In the rectangular solid: 

ABFE is one of the 6 rectangular 
faces 

AB is one of the 12 edges 

HE is one of the 4 diagonals of the_ 

solid, [The others are AG, CK and DR] 


Note 


involve the two figures 

In the regular square pyramid: 
J.KMO is a square, and it is called 
the base 
P is the vertex 

l 3 ^ is the altitude of the pyramid 
and is perpendicular to the base at 
its center. 

PS is called a slant height and is 
perpendicular to a aide of the base. 


A cube is a rectangular solid in which all edges are congruent. 



Part Two: Samp/e Problems 

Problem 1 The dimensions of a reefaregular solid 
are 3, 5. and 7, Find (he diagonal. 
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Solution 


It does not matter which edges ere given the lengths 3, 5, and 7, 
Let AD = 3, AB = 7, and HD = 5, and use the Pythagorean 
Theorem twice, 


In AABD, 

3 2 + 7 2 = (DB) 2 
9 4- 49 = (DB) 2 

Vs8 = DB 


In AHDB, 

5 2 + (Vsa) 2 = (HB) 2 
25 + 58 = (HB) 2 
V83 = HB 


The measure of the diagonal is V83, 


Problem 2 


Solution 


Given; The regular square pyramid shown, 
with altitude PR und slant height PS, 
perimeter of JKMO = 40, PK = 13 

Find; a JK H PS c PR 


a JK = | (40) = 10 

b The slant height of the pyramid is the 1 bis, of MK, so PSK is a 
right A, 

(SK) 2 + (PS) 2 = (PK) 2 
5 2 + (PS) 2 = 13 2 
PS = 12 

c The altitude of a regular pyramid is perpendicular to the base at 
its center. Thus, RS = |(JK) = 5, and PRS is a right A, 

(RS) 2 + (PR) 2 = (PS) 2 
5 2 + (PR) 2 = 12 2 
25 + (PR) 2 = 144 
PR = Vll9 


P 




Part Three: Problem Sets 

Problem Set A 

1 Given; The rectangular solid shown, 
BY = 3. OB - 4, EY = 12 

Find: a YO. a diagonal of t'aue BOXY 
b EO, a diagonal of the solid 


i \. 


vi-l 

/ X I. 


o 


2 Find [he diagonal of a rectangular solid whose dimensions are 3^ 
4, and 5. 
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3 Given: Regular square pyramid ABCDE, 
with slant height AF, altitude AG h 
and base BCDE; 
perimeter of BCDE = 40, 

Z_AFG = 60° 

Find; The altitude and the slant height 


A 



4 Given: The rectangular solid shown, 

GC = B, HG -12, BC - 9 

Find: a HB, a diagonal of the solid 

h AG, another diagonal of the solid 



G 

C 


5 Given: Th e regular square pyramid shown, with altitude 

PY and slant height PR H 
ID = 14, PY - 24 
Find: a AD 
b YR 
t PR 

d The perimeter of base AMID 
e A diagonal of the base (not shown 
in the diagram) 

6 Find the slant height of a regular square pyramid i f (he altitude 
is 12 and one of the sides of the square base is ID. 



7 A line that intersects a circle ei| two 
points is called a secant. Which of the 

four lines in the diagram {EF, PB„ PD, 
and GH.J are secants? 



P 
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Problem Set A, continued 


9 Daffy Difference looked ahead to Chapter 
10 and found that the measure of a 
secant-secant angle (such as ^iBPD) is 
one-half the difference of its two inter¬ 
cepted arcs. Use this information to find 
mZBPO. 


80 * 



10 Given: Diagram as marked 
Find: m^EJF 


1 00 * 



Problem Set B 

11 Given: OP as shown 

Find: a The coordinates of point E 

b The area of sector EPG to the 
nearest tenth 

c The length of GE to the nearest 
tenth 



12 Given: Diagram as marked 
Find: AB (the length of AB) 



13 ABCDEFGH is a rectangular solid. 

a If face diagonal CfT measures 17, edge 
GH measures 8, and edge FG measures 
8, how long is diagonal AG? 
b If diagonal AG measures 50, edge AK 
measures 40, and edge EF measures 3, 
how long is edge FG? 
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T4 PADIM is a regular square pyramid. 
Slant height PR measures 1G, and the 
Wise diagonals measure 12 V 2 . 

a Find ID. 

ti Find the altitude of the pyramid, 
e Find RD, 

d Find PD [length of a lateral edge]. 



A 


15 Find the diagonal of a cube if each edge is 2. 

16 Find the diagonal of a cube if the perimeter of a face is 20. 


17 The perimeter of the base of a regular square pyramid is 24. If 
the slant height is 5, find the altitude. 


Problem Set C 

19 In the cube, find the measure of the di¬ 
agonal in terms of x if 
a AB = x b AC = x 

A 8 

19 Find a formula for the length of a diagonal of a rectangular solid. 
(Use a. b, and c for the three dimensions.] 

20 The dimensions of a octangular solid are in the ratio 3:4:5. If 
the diagonal is 2 GOV 2 , find the three dimensions. 

21 The face diagonals of a rectangular box are 2, 3, and 6. Find the 
diagonal of the box. 

22 A pyramid is formed by assembling four equilateral triangles and 
a square having sides 6 cm long. Find the altitude and the slant 
height. 



Problem Set D 

23 The strongest rectangular beam that can 
he cut from a circular log is one having a 
cross section in which the diagonal join¬ 
ing two vertices is trisected by perpen¬ 
dicular segments dropped from the other 
vertices. 

If AB = BG = h> CB = x F and DE = y, 
show thai 
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9.9 


Introduction to 
Trigonometry 


Objective 

After studying this section, you will be able to 
■ Understand three basic trigonometric relationships 


■ Part One: Introduction 

This section presents the three basic trigonometric ratios sine, co¬ 
sine, and tangent, The concept of similar triangles and the Pythago¬ 
rean Theorem can be used to develop the fr/gonometry of right 
triangles. 

Consider the following 30*-60P-90° triangles. 



Compare the length of the leg opposite the 30° angle with the length 
of the hypotenuse in each triangle. 


In A ABC, § - \ = 0.5. In ADEF, j = f = 0-5- In AHJK, £ = | = 0.5. 


If you think about similar triangles, you will see that in every 
3O o -60 o -90° triangle, 

le g opposite 30* Z. _ 1 
hypotenuse 2 


For each triangle shown, verify that 


leg adjacent to 3(f Z. 
hypotenuse 


Vi 

2 ' 


Fbr each triangle shown, find the ratio 


left opposite 30° A 

leg adjacent to 30" A" 
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these relationships by naming the ratios of sides. You should memo¬ 
rize these three basic ratios. 


Definition Three Trigonometric Ratios 


t , * • , * opposite leg 

sme of ZA - sin ZA - ■ -= 

hypotenuse 

. , , , . adjacent leg 

cosine of ZA = cos ZA = —*- s 

hypotenuse 

tangent of ZA = tan ZA - 0 PP 05 ^ C j c E 

adjacent leg 


B 

a 

ilc 


Part Two: Sample Problems 

Problem 1 Find: a cos ZA 
b tan ZB 


Solution 


Problem 2 
Solution 



By the Pythagorean Theorem, c = 13, 
_ leg adjacent to ZA _ 12 

3 COE z_A — --- — —— 

hypotenuse 13 

. _ leg opposite ZB 12 

leg adjacent to zB 5 


Find the three trigonometric ratios for ZA and ZB, 


sin ZA = - sin ZB = - 


cos ZA - - cos ZB - - 


tan ZA = - tan ZB = r 
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A 


Prnbfom 3 
Solution 

Problem 4 
Solution 


A ABC is cm isosceles triangle as marked. 
Find sin AC. 


We must have a right triangle, so we 
draw the altitude to the base. 

Thus, in AADC, sin AC = ||. 



D 5 


C 





Part Three: Problem Sets 

Problem Set A 

I Find each ratio, 

a sin AA cf sin AB 


b cos AA 
c tan AA 


e cos aB 

f tan aB 



2 Find each ratio, 
a sin 30° 
b cos 30° 
c tan 30° 


d sin 60° 
a cos 6Cf 
I tan 60° 



3 Find each ratio, 
a sin 46° 
b cos 45° 

C tan 45* 


4 Find each ratio, 
a cos AH 
b tan AK 
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S If tan zM = find cos ZM, (Hint: Start by drawing the triangle.) 



7 Find each quantity. 


a BC 



b sin ZA 


3 Given: RECT is a rectangle. 

ET = 26, RT = 24 

Find: a sin ZRET b cos ZRET 


q tan ZB 



Problem Set B 

9 Using the given figures, find 
a cos ZA 
b sin ZE 
c "sin ZDFG 


C 




——— J q 


10 Use the fact that sin 40° ~ 0,6428 to find 
the height of the kite to the nearest 
meter. 



11 a If tan ZA = 1, find mZA, 
b If sin ZP = 0.5, find mZP, 


12 Given: sin ZP = §, PQ 
Find: cos ZP 


13 Using the figure, find 
a tan ZACD 
b sin ZA 
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Problem Set B, continued 

14 Given: RHOM is a rhombus, 

RO - 18, HM = 24 

Find: 3 cos ZBRM b tan ZBHO 



15 Given a trapezoid with sides 5, 10, 17, and 10, find the sine of 
one of the acute angles. 


16 Given A ABC with ZC = 90°, indicate whether each statement is 
true Always (A), Sometimes (S), or Never (N). 

a sin ZA = oos ZB b sin ZA = tan ZA g sin ZA = cos ZA 


17 If AEQU is equilateral and A RAT is a right triangle with 
RA = 2, RT = 1, and ZT = 90°, show that sin ZE = cos ZA. 


*—* e 

13 If the slope of AB is g, find the tangent of 

ZBAC. 



Problem Set C 

IS Use the definitions of the trigonometric ratios la verify the fol¬ 
lowing relationships, given A ABC in which AC = 90*. 

a (sin AA] Z + (cos AA)* = 1 c 5 * n — tan AA 

COS z_ A 


a _ b 
sin ZA sin ZB 


tt sin Z A = oos [90° — zA] 


23 Rhombus PQRS has a perimeter of SO and one diagonal of 15. 
Find the two possible values of sin ZPQS, 


21 


22 


Two sides of the triangle shown, are 
picked at random to form a ratio, What 
is the probability that the ratio is the 
tangent of zA? 


Given: KITE is a kite with sides as 
marked. 

Find: tan ZKEI 


A 
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9.10 


Trigonometric Ratios 


Objective 

After studying this section,, you iviiJ be able to 
■ Use trigonometric ratios to solve right triangles 



Part One: Introduction 

Trigonometry is used to solve triangles other than 30°-60^-90* and 
45*-45 fl -90° triangles. The Table of Trigonometric Ratios on the next 
page shows four-place decimal approximations of the ratios for other 
angles—for instance, sin 23° — 0,3907, and the angle whose tangent 
Is 1.5399 is approximately 57°. 

Unless your teacher directs otherwise, we suggest you use a 
scientific calculator rather than the table to find trigonometric ratios. 


For some applications of trigonometry, you need to know the 
meanings of angle of elevation and angle of depression. 


If an observer at a point P looks upward 
toward an object at A K the angle the line of 

sight PA makes with the horizontal PH is 
called the angle of elevation. 



If an observer at a point P looks down¬ 
ward toward an object at B, the angle the 

line of sight PB makes with the horizontal 
PH is called the angle of depression. 



^ jr 

\ z. of depression 


, i 


~h~ 

_ 


Note Do not forget that an angle of elevation or depression is an 
angle between a line of sight and the horizontal. Do not use the 
vertical. 
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Table af Trigonometric Ratios 


1 

sin ZA 

ms ZA 

tan ZA 

LA \ 

Sin LA 

cos ZA 

tan LA 

1° 

.0175 

.9998 

.0175 

46° 

7193 

.6947 

1-0355 

2* 

.0349 

.9994 

.0349 

47° 

.7314 

.6820 

1,0724 

3° 

.0523 

.9986 

.0524 

48° 

.7431 

,6691 

1,1106 

4 " 

.0638 

.9976 

.0699 

43° 

.7547 

.6561 

1.1504 

y 

.OS 72 

.9962 

.0875 

50° 

.7660 

,6428 

1,1918 

G r " 

.1045 

.9945 

.1051 

51° 

,7771 

,6293 

1.2340 

7* 

.1219 

.9925 

.1223 

52° 

.7880 

.6157' 

1.2799 

8° 

.1392 

.9903 

,1405 

53° 

7986 

,6018 

1,3270 

9“ 

,1564 

.9877 

.1584 

54° 

.8090 

.5878 

1,3764 

Kf 

.1736 

.9848 

,1763 

55° 

.8192 

.5736 

1.4281 

11° 

.1908 

.9816 

,1944 

56° 

.8290 

.5592 

1.4826 

12° 

.2079 

.9781 

.2126 

57’ 

.8387 

.5446 

1.5399 

13° 

.2250 

.9744 

.2309 

58’ 

,8480 

.5299 

1.6003 

14° 

.2419 

.9703 

.2493 

53’ 

.8572 

.5150 

1.6643 

15° 

.2583 

.9659 

.2079 

60° 

,8660 

.5000 

1.7321 

16* 

.2756 

.9613 

.2867 

61° 

.8746 

.4843 

1.8040 

17° 

.2924 

. 9563 

.3057 

62’ 

.8829 

.4695 

1.8807 

IS 0 

.3090 

,9511 

.3249 

63° 

.8910 

.4540 

1.9626 

19° 

.3256 

.0455 

-3443 

64’ 

.8938 

.4384 

2.0503 

2(f 

.3420 

.9397 

.3840 

65° 

.9063 

.4226 

2.1445 

21" 

,3584 

.9336 

,3839 

66° 

.9135 

.4067 

2.2460 

2T 

.3746 

.9272 

.4040 

67° 

,9205 

.3907 

2.3559 

23“ 

.3907 

.9205 

.4245 

66° 

.9272 

.3746 

2,4751 

24° 

.4067 

.9135 

.4452 

6fl° 

,9336 

.3584 

2.6051 

23° 

.4226 

.9063 

.4663 

7ff 

,9397 

,3420 

2.7475 

26° 

.4384 

.8983 

.4877 

71° 

,9455 

.3256 

2,9042 

27° 

.4540 

.8910 

.5005 

72° 

,9511 

.3090 

3,0777 

23° 

.4695 

,8829 

,5317 

73° 

,9563 

.2924 

3.2700 

29° 

.4848 

.8746 

.5543 

74° 

,9613 

.2756 

3.4574 

30° 

.5000 

,8660 

.5774 

75° 

.9659 

,2588 

3-7321 

31° 

5150 

.8572 

,6009 

76° 

.9703 

.2419 

4.0103 

32° 

.5299 

.8480 

.6249 

77° 

.9744 

,2250 

4.3315 

33“ 

.5446 

.8387 

.6494 

76° 

.9781 

.2079 

4.7046 

34’ 

.5592 

,3290 

.6745 

7Sl° 

.9816 

,1908 

5.1446 

35’ 

.5736 

.8192 

7002 

80° 

.9848 

.1736 

5.6713 

36° 

.5373 

.8090 

.7265 

81° 

.9877 

.1564 

6.3138 

37° 

.6018 

.7986 

.7535 

82° 

.9903 

.1392 

7.1154 

38° 

.6157 

7380 

7813 

83° 

.9925 

.1210 

8.1443 

39° 

.6293 

.7771 

.8093 

34° 

.9945 

,1045 

9.5144 

40° 

-6428 

.7660 

.0391 

85° 

,9962 

.0872 

11.4301 

41° 

.6561 

.7547 

.3693 

36° 

.9976 

,0698 

14,3007 

42° 

,6691 

7431 

.9004 

87° 

.9986 

.0523 

19.0811 

43° 

.6820 

.7314 

.9325 

38° 

.9994 

,0349 

28,6363 

44° 

.6947 

.7193 

.9657 

89° 

.9998 

.0175 

57.2900 

45° 

7071 

7071 

1.0000 
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Part Two: Sample Problems 


Problem 1 


Solution 


Given: Right ADEF as shown 
Find: a mAD to the nearest degree 
b e to the nearest tenth 


a 


sin zD = 


sin AD *= 


11.2 

20.1 

0.5572 


The number nearest to 0,5572 in the 
sine column of the table is sin 34*> 
so AD * 34*, 



b We use the .result from part a. 


cos 34 a 


e 

20.1 


0.3290 


e 


20.1 


16.7 * e 


Problem 2 To an observer on a cliff 360 m above sea level, the angle of depres¬ 
sion of a ship is 20°. What is the horizontal distance between the ship 
and the observer? 

Solution Start by drawing a diagram. H 



The horizontal distance is about 677 m. 


Part Three: Problem Sets 
Problem Set A 

1 Find each of the following in the Table of Trigonometric Ratios. 

a sin 21° b tan 52° c cos 5° d tan 45' e sin 60 s 

2 Using the table, find mi A in each case. 

a sin Lk = 0.4067 b tan Z.A = 3.4874 C COS Lk = .7071 


3 Without using the table, find mZ.A in each case, 


a tan Lk = 1 


h sin Lk — - 


c sin LA = 


Vi 


4 In each case, find x to the nearest integer. 

a 



b 

t A 

-;- ^ 7 - 

x y^ 

H 


y 


52 ^'0‘ J 

yh 

70 

0 

_ 


Rectangle 
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Problem Set A, continued 


Find the height of isosceles trapezoid 
A BCD, 



Problem Set B 

6 Solve each equation for x to the nearest integer, 

V 29 

a sin 25° = — b 00S 73° = -^ t sin x° = — 

40 x 3U 

7 A department-store escalator is 80 ft long, if it rises 32 ft vertical¬ 
ly, find the angle it makes with the floor, 

8 Given the regular pentagon shown, with 
center at 0 and EN = 12 cm, 
a Find m 2 _E 
b Find miNOM 

c Find OM to the nearest hundredth 
d Find the area of ANOT to the nearest 
hundredth 

e Explain how you could find the area 
of the pentagon 

8 Find, to the nearest degree, the angles of a (3, 4, 5J triangle. 

18 A sonar operator on a cruiser detects a __l 

submarine at a distance of 500 m and an 
angle of depression of 37*, How deep is 
the sub? 


It The legs of an isosceles triangle are each 18, The base is 14. 
a Find the base angles to the nearest degree. 
b Find the exact length of the altitude to the base. 

12 One diagonal of a rhombus makes an angle of 27° with a side of 
the rhombus. If each side of the rhombus has a length of 6.2 in.. 
Find the length of each diagonal to the nearest tenth of an inch. 

13 Find the perimeter of trapezoid A BCD, In which CD || AB h 
cos ZA = and AD — DC = CB * 2. 

14 Find the length of the apothem of a regular pentagon that has a 
perimeter of 50 cm. 



N 
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15 Two buildings are 1UU dm apart across a 
street. A sunbather at point P Finds the 
angle of elevation of the roof of the taller 
building to be 25° and the angle of de¬ 
pression of its base to be 30 D * Find the 
height of the taller building to the near¬ 
est decimeter. 



Problem Set C 

18 An observer on a cliff 1000 dm above sea level sights two ships 
due east. The angles of depression of the ships are 47“ and 32* 
Find, to the nearest decimeter, the distance between the ships. 


17 Each side of the base of a regular square 
pyramid is 20 and the altitude is 35. 

Find: a PT D BP c ZPTF d ZFBF 


P 



18 Find the height, PB, of a mountain 

whose base and peak are inaccessible. At 
point A the angle of elevation of the 
peak is 30 a , One kilometer closer to the 
mountain, at point C the angle of eleva¬ 
tion is 35°. 


P 



19 a Find the slope of line h. 

b Find mZl to the nearest integer. 



Problem Set D 

20 Prove that c* = a 2 + b 2 — 2a b (cos z_C] is true for any acute 
&ABC, (This formula is called the Law of Cosines,] 


21 Given: Diagram as shown 

a Find <LR to the nearest degree, 
b Find QR to the nearest integer, 
c Show that 


PR 



= _P&_ 
sin Z.Q sin 

d Generalize the result of part c for the sides and angles of any 
acute triangle. (The resulting formula is the Law of Sines.) 
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Concepts and Procedures 

After studying this chapter, you should be able to 

■ Simplify radical expressions and solve quadratic equations (9.1) 

■ Begin solving problems involving circles (9,2) 

■ identify the relationships between the parts of a right triangle 
when an altitude is drawn to the hypotenuse (9,3) 

■ Use the Pythagorean Theorem and its converse (9.4) 

■ Use the distance formula to compute lengths of segments in the 
coordinate plane (9,5) 

■ Recognize groups of whole numbers known as Pythagorean 
triples (9.6) 

■ Apply the Principle of the Reduced TYiangle (9,6) 

* Identify the ratio of side lengths in a triangle (9.7) 

■ Identify the ratio of side lengths in a 45°-45 D -90° triangle (9,7) 

■ Apply the Pythagorean Theorem to solid figures (9,8) 

■ Understand three basic trigonometric relationships (9.9) 

■ Use trigonometric ratios to solve right triangles (9,10) 


Vocabulary 

altitude (9 8) 

angle of depression (9,10) 
angle of elevation (9,10) 
base (9.8) 
cosine (9.9) 
cube (9,8) 
diagonal (9.8) 
distance formula (9.5) 
edge (9,8) 


face (9.3) 

Pythagorean triple (9,6) 
rectangular solid (9,8) 
regular square pyramid (9,3) 
sine (9.9) 
slanl height (9,8) 
tangent (9.9) 

trigonometry of right triangles (9,9) 
vertex (9.8) 
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Review Problems 


Problem Set A 

I a Find GF if HG = 4 and EG = 6. 
b Find EH if GH = 4 and GF = 12. 
c Find HF if EF = 2V5 and GF = 4, 
d Find HF if EH = 2 and EF - 3., 



2 identify the family of each of these special right triangles. 




3 Find the missing lengths. 


7 





2J 


to 



4 If AE = 6 and EE = 8, what is the pe¬ 
rimeter of the rhombus shown? 



e 


5 Find the altitude of the triangle shown. 
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Review Problem Set A, continued 

6 Vail skied 2 km north, 2 km west, 1 km north, and 2 km west. 
How far was she from her starting point? 

7 A 25-ft ladder just reaches a point on a wall 24 ft above the 
ground. How far is the foot of the ladder from the wall? 

8 Find, to the nearest tenth, the altitude to the base of an isosceles 
triangle whose sides have lengths of 8. 6, and 8, 

9 If the altitude of an equilateral triangle is eV3, find the perime¬ 
ter of the triangle. 

IB What is the length of a diagonal of a 2-by-5 rectangle? 

11 In the trapezoid shown, find RS. it R 



12 Given: TVWX is an isosceles trapezoid 
TX = 8 , VW = 12, LM = 30® 
Find: TV and TZ 


T 


V 



13 Find the diagonal of a rectangular solid whose dimensions 
are 4, 3, and 12. 


14 Given: The regular square pyramid 



P 


shown, 

PR = 20, PS = 25 


Find: The perimeter of base JKMQ 


M 


K 


15 in the rectangular solid shown, find AG 
to the nearest tenth if DC = 12, CG = 7, 
and AD = 4, 



A 


B 


H 


G 


16 Given: XC 1 CB, DE || GB, 

AG = 15, AB = 17, DE = 4 


Find: a CB c AE 

b AD d EB 


e DC 
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17 Find the distance from A to B if A - [1, 11) and B = (4, 15). 


18 Given; Diagram as marked 
Find: m^M 


19 Given: 00, mDE = 30, 

mEB = 80, mBF = 60 

Find: a mAF 
h m,Z.C 
c mz.BAD 



28 Given: RECT is a rectangle. 

RE = 6, EC = 8 
Find: a The measure of RTC 
b The length of RTC 

e The area of the shaded region to 
the nearest tenth 



Problem Set B 



23 Two boats leave the harbor at 9:00 a,m. Boat A sails north at 20 
km /hr. Boat B sails west at 15 km/hr. How far apart are the two 
boats at noon? 
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Review Problem Set B, continued 

25 A boy standing on the shore of a lake 1 mi wide wants to reach 
the “Golden Arches” 3 mi down the shore on the opposite side of 
the lake. If he swims at 2 mph and walks at 4 mph, is it quicker 
for him to swim directly across the lake and then walk to the 
Golden Arches or to swim directly to the Golden Arches? 

2@ A boat is tied to a pier by a 25' rope, 

The pier is 15' above the boat, If 6' of 
rope is pulled in, how many feet will the 
boat move forward? 



I— * —I 


21 Find x. 



28 Follow the treasure map of Captain Zig Zag to see how far the 
treasure is from the old stump. 



? A 


From the oV pirate 
tata ye 30 pat« ^ 10 

paces nurth, 4 pates west, 

then anotlur if north. 



of RC. 
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31 Show that quadrilateral QUAD, with Q = [—1, - 4], U = (4,11), 
A = [1, 12], and D = [-4, -3), is a rectangle. 


Problem Set C 

32 Given: Z.C is a right angle, 

E is the midpoint of AC, 
F is the midpoint of EC. 
AF = VTt, BE = 2 V 26 
Find: AB 


33 The altitude to the hypotenuse of a right triangle divides thy 
hypotenuse in the ratio 4: L What is the ratio of the legs of the 
triangle? 

34 A 12-m rope is used to form a triangle the lengths of whose sides 
are integers. If one of the possible triangles is selected at random, 
what is the probability that the triangle is a right triangle? 

35 Find the edge of a cube whose diagonal is 

3G If APQR is a right triangle, what is the probability that tan AR is 
not a trigonometric ratio? 

37 Find the angle formed by 

a A diagonal of a cube and a diagonal of a face of the cube 
b Two face diagonals that intersect at a vertex of a cube 


A 
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Cumulative Review 


CHAPTERS 1-9 


Problem Set A 

1 A pair of consecutive angles of a parallelogram are in the ratio 
5:3, Find the measure of the smaller angle. 

2 Find x, 



3 a Find the sum of the measures of the angles of a nonagon. 

Ii If each angle of a regular polygon is a 168° angle, how many 
sides does the polygon have? 
t How many diagonals does a heptagon have? 

4 a Find x. 

b Is A ABC isosceles? 



■nr (3x + icn g 


A 


5 A boy 180 cm tall casts a 150-crn shadow. A nearby flagpole 
casts a shadow 12 m long, What is the length of the flagpole? 


6 Given: zlABC = 60°, Z.ACB = 70° 
Find: Z.BFC 


C 



7 Find the perimeter of a rhombus whose diagonals are 10 and 24. 
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8 a Find BC, 

A 

b Find AB, 

/'""--JO 

c Is ADEC acute, right, or obtuse? 

/ 


e- f 

9 a Find the mean proportionals between | and 49. 

b Solve s f y = y 1° 10 for y. 


10 Are lines a and b parallel? 

IQQ” 


(* + 40 r 

b 

1 


-30r 


. D 



Problem Set B 

13 Find the angle formed by the hands of a clock at each time, 

a 11:50 h 12:01 

14 The sum of an angle and four times its complement is 20° greater 
than the supplement of the angle. Find the angle’s complement, 

15 The sum of the angles of an equiangular polygon is 3960°, Find 
the measure of each exterior angle. 

16 Find AB, C 



17 Points (1, 3), £-4, 7), and (—29, k) are collinear. Find k. 
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Cumulative Review Problem Set B t continued 


IS Given: LK = I2(f: 

BD and BE trisect Z.ABC 


Find mAD and mZlE, 


19 


and m || n, 

SC intersects BD at F, 
AD 1 n, SC 1 n 

Prove: SC = DB 



29 The shorter diagonal of a regular hexagon is 6. Find the length of 
the longer diagonal. 


21 a Point A is rotated 127° clockwise ; 

^ y-axis 

about the origin to point B. Through 

# A (2^ 2) 

how many degrees must B be rotated 


counterclockwise to be at (0, —4)? . 


b If A is reflected over a line parallel to 

x-axis 

the x-axis and 1 unit below the axis, 


find the coordinates of the point of ' 

f 

reflection, 



ProblemSet 

22 Given: BD and BE trisect /.ABC. A 
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24 Given: A cube as shown, with 
J the midpoint of HF, 
AB = S 

Find: Af 




26 a Find the sum of the measures of an¬ 
gles A, B, C, D, and E, 

b Does your answer depend on knowing 
whether any polygons are equilateral 
or equiangular? 



27 What is the probability that a diagonal chosen at random in a 
regular decagon will be one of the shortest diagonals? 


28 GH ■ Gj, 

l.\ = [3x) D , 
1.2 = x s 

Find: m L) 


G 



J 


29 The consecutive sides of a quadrilateral measure (x - 17), 

(24 - x], (3x - 40), and (x + 1). The perimeter is 42. Js the figure 
a parallelogram? Explain. 


30 Given: VRST is a O, 

V is the midpt. of NT . 
R is the midpt, of PS, 
Prove: NPST is a □, 


N V T 



R S 


31 If one of the four angles of parallelogram 
A BCD is selected at random, what is the 
probability that the angle is congruent to 
ZC? 
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CHAPTER 


10 Circles 


T his microscopic view of a clematis stem reveals 
circle-like structures in its composition- 








10.1 


The Circle 


Objectives 

After studying this section, you will be able to 

■ Identify the characteristics of circles 

■ Recognize chords and diameters of circles 

■ Recognize special relationships between radii and chords 


■ Part One: introduction 

Basic Properties and Definitions 

The following definitions will help you extend and organize what 
you already know about circles. 


Definition 


A circle is the set of all points in a plane that are a 
given distance from a given point in the plane. The 
given point is the center of the circle, and the given 
distance is the radius. A segment that joins the cen¬ 
ter to a point on the circle is also called a radius, 
(The plural of rod ins is radii.) 



The definitions of circle and radius can be used to prove a theorem 
you saw in Chapter 3: Ail radii of a circle ore congruent (Theorem 19),. 

Although all circles have the same shape, their sizes arc deter¬ 
mined by the measures of their radii. 


Definition Two or more coplanar circles with the same center 
are called concentric circles. 

Definition TWo circles are congruent if they have congruent 
radii. 



Definition A point is inside (in the interior of) a circle if its 
distance from the center is less than the radius. 
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Points O and A are in the interior of GO. 


Definition A point is outside (in the exterior of) a circle if its 
distance from the center is greater than the radius. 


Point C is in the exterior of GO. 

Definition A point is oil a circle if its distance from the center 
is equal to the radius. 



Point B is on GO, 


Chords and Diameters 

Points on a circle can be connected by segments called chords. 


Definition A chord of a circle is a segment joining any two 
points on the circle. 

What is the longest chord of a circle? Is there a shortest chord? 



Definition A diometer of a circle is a chord that passes through 
the center of the circle. 


The ideas of circumference and area of a circle are important in 
geometry. We now review two formulas presented in Chapter 3. 


Circumference and Area of a Circle 


The area of a circle can be found with the formula 

A - TFT 2 

and the circumference (perimeter) of a circle can be found 
with the formula 

C — ?rd 

where r is the circle's radius, d is its diameter, and tt x 3.14. 
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Radius-Chord Relationships 

OP is the distance from O to chord AB, 


Definition The distance from the center of a circle to a chord is 
the measure of the perpendicular segment from the 
center to the chord, 


The following three theorems are useful in establishing special rela¬ 
tionships between radii and chords. 


A 



Theorem 74 if a radius is perpendicular to a chord, then it 
bisects the chord. 


Given: GO , 

OD ± AB 

Prove: OD bisects AB. 



Theorem 75 // a radius of a circle bisects a chord that is not a 

dbmeter, then it is perpendicular to that chord. 


Given: 0O; 

OH bisects IsF. 

Prove: DH 1 EF 



Theorem 76 The perpendicular bisector of a chord passes 
through the center of the circle. 

+—* 

Given: PQ is the 1 bisector 

of CD. 

—> 

Prove: PQ passes through O 


P 
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Part Two: Sample Problems 


Problem 1 Given; 0Q, 

PR 1 ST 
Prove: PS = PT 


Proof 



1 

2 

3 

4 


QQ, PR JL ST 
PR bisects ST, 

M 1 bis* ST 
PS = PT 


1 Given 

2 If a radius is _L to a chord, it bisects the 
chord. (QR is part of a radius.) 

3 Combination of steps 1 and 2 

4 If a point is on the 1 bis. of a segment, then 
it is equidistant from the endpoints. 


Problem 2 The radius of circle O is 13 mm. 

The length of chord PQ is 10 mm. 
Find the distance from chord PQ to 
the center, O. 

Solution Draw OR perpendicular to PQ. 

Draw radius OF to complete a 
right A. 

Since a radius perpendicular to a 
chord bisects the chord, 

PR = |(PQ) = | [10) = 5 

By the Pythagorean Theorem, 
x' 1 + 5 1 = 13 2 , so OR = 12. 



Problem 3 Given r A ARC is isosceles (aB = AC), 

® F and Q. 

BC || PQ 

Prove: ©P = 0Q 


Proof 


1 AABG is isosceles (AB a AC). 

1 Given 

2 ® P and Q, BC || PQ 

2 Given 

3 A ABC = AP, AACB a AQ 

3 || lines corr. As = 

4 A ABC = AACB 

4 If ^ then A. 

5 AP e AQ 

5 Transitive Property 

6 AP = AQ 

6 If A, then A. 

7 PB = CQ 

7 Subtraction (1 from 6) 

8 OPs 0Q 

8 © with = radii are =. 
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Part Three: Problem Sets 


Problem Set A 



3 Given: OO: OM is a median. 


4 Given: 0Q S QT 1 RS 
Prove: TQ bisects 4RT$. 



5 Chord AB measures 12 mm and the radi¬ 
us of OP is 10 mm. Find the distance 
from AB to P, 



G Find the length of a chord that is 15 cm from the center of a 
circle with a radius of 17 cm, 

7 Given: PQRS is an isosceles trapezoid, 
with SR J| PQ. 

Conclusion: OP = GQ 


8 Find, to the nearest tenth, the circumference and the area of a 
circle whose diameter is 7,8 cm. 
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Problem Set A, continued 


9 Given: ©A = OB, 

< - > *—¥ 

AD || BG 

Prove: A BCD is a u. 

Problem Set B 

10 Given: OO: 

OR bisects PQ. 
Prove: RO bisects Z.PRQ, 



11 Find the distance from the center of a circle to a chord 30 m long 
if the diameter of the circle is 34 m. 


12 Find the radius of a circle if a 24-cm chord is 9 cm from the 
center. 

13 Given: ©A and B intersect as shown, 

DE || F©_ZADE ss ZFCB, 

DE = FC 
Prove: ©A = OB 


14 Ttoo circles intersect and have a common chord 24 cm long. The 
centers of the circles are 21 cm apart. The radius of one circle is 
13 cm. Find the radius of the other circle. 



15 Given: OP, 

QT||RS 

Conclusion: QR = TS 



15 PQ is a diameter of OO, P = (- 3,17) and Q = (5, 2). Find the 
center and the radius of OO. 


17 OP just touches (is tangent to) the x-axis, P = (15, 13) and 
Q =" (19. 16). 
a Find the radius of OP. 
b Find PQ, 

c Find the length of AB. 
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A 


18 Given: OP: 

Z is the midpt. of WX. 

A WA X is isosceles, with 
base WX. 

Prove: AZ passes through P. 


W 



X 


Problem Set C 

19 Given: Two concentric circles with center P, 
Line m intersects I he circles at 
B> C, and D. 

Conclusion: AB = CD 




21 Given: AB is a diameter of 00- 
AC j| BD 

Conclusion: AC ^ BD 



22 Find the radius of a circle in which a 43-cm chord is 8 cm closer 
to the center than a 4Q-cm chord. 


23 In circle O, FQ = 4, RQ = 10, and PO - 15- 
Find PS [the distance from P to GO]. 



24 An isosceles triangle with each leg measuring 13 is inscribed in 
a circle. If the altitude to the base of the triangle is 5. find the 
radius of the circle. 


25 TWo circles intersect and have a common chord. The radii of the 
circles are 13 and 15. The distance between their centers is 14- 
Find the length of their common chord. 
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10.2 


Congruent Chords 


Objective 

A/fer studying this section, you will be able io 
■ Apply the relationship between congruent chords of a circle 



Part One: Introduction 

If two chords are the same distance from the 
center of a circle, what can we conclude? 



Theorem 77 If two chords of o circle are equidistant from the 
center, then they are congruent. 


Given: 0P, PX _L AB, PY 1 CD, FX = PY 
Prove: AB = CD 





The proof of Theorem 77 is left for you to do, (Use four congruent 
triangles.) The converse of Theorem 77 can also be proved. 



Theorem 7A if two chords of a circle are congruent, then they 

are equidistant from the center of the circle. 


Given: 00, AB = CD, OE 1 AB, OF X CD 
Prove: OE s OF 
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Part Two: Sample Problems 


Problem 1 


Solution 


Given: GO, AB = CD t 

OP = 12x - 5, OQ = 4x + IQ 

Find: OP 

Since AS = CD, OP = OQ, 

12x - 5 = 4x + 19 
x — 3 

Thus, OP - 12(3) - 5 = 31. 



Problem 2 Given: A ABC is isosceles, with base AC, 
OP, PQ 1 M, PR 1 CB 

Prove: APQR i$ isosceles. 


Proof 



1 OPk PQ 1 ABp PR 1 CB 

2 A ABC is isosceles f with base AC, 

3 AB = BC 

4 PQ ^ PR 


5 APQR is isosceles. 

Why do you think it was necessary 
?R 1 CB, even though they did not 
in the proof? 


1 Given 

2 Given 

3 An isosceles A has 
two ^ sides. 

4 If two chords of a circle 
are =, then they 
are equidistant 
from the center. 

5 A A with two = sides 
is isosceles. 

to be given PQ _L AB and 
seem to play an active role 



Part Three: Problem Sets 

Problem Set A 

1 In a circle, chord AB is 325 cm long and chord CD is 3^ in long, 
Which is closer to the center? 

Z Given: OP, PQ s PR, 

AB = Sx + 14, 

CD = 4 - 4x 

Find: AB 
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Problem Set A, continued 


l Given: GP. PRl WX, 

PS _L XY, PR = PS 

Conclusion: AW = AY 



4 Given: Equilateral A ABC is inscribed 
in ©Q, 

Conclusion: AB, EC, and CA are equidis¬ 
tant from the center. 



S Given: OP; 

P is the mi dpoin t of MN. 
MN ± AD. MFI 1 BC 
Conclusion: A BCD is a o. 


6 A fly is sitting at the midpoint of a 
wooden chord of a circular wheel, The 
wheel has a radius of 1U cm, and the 
chord has a length of 12 cm. 
a How far from the hub (center) is the fly? 

It The wheel is spun, What is the path of the fly? 



Problem Set B 

7 To the nearest hundredth, find 
a The area of the circle 
It The circumference of the circle 


8 Given: ©Q, PS 1 RT. 

K15 1 FF, NQ ± FT 

Conclusion: MQ = QN 


9 Given: OF, 

FE 1 BC, FD ± AB: 
BF bisects AABC, 
Prove: BC e BA 
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IB Given: OF, AB_= Ap, _ 

DF 1 AB, EF 1 AC 

Prove: AADE is isosceles. 



11 In circle O, FB = 3x — 17, CD = 1,1 - x, 
and OQ = OP = 3. 
a Find AB. 

b Find the radius of ©O. 



T2 


A regular hexagon with a perimeter of 
24 is inscribed in a circle, How far from 
the center is each side? 


A 16-by-12 rectangle is inscribed in a circle, 
(he circle, 



Problem Set C 

14 Given: GO, FQ a T3 
Prove: RQ s RS 



15 Given; A ABC is isosceles, with 
AB = AC. _ 

OE, AD ± BC, EF JL AC, 
AF = 6, ED = 1 

Find: a The radius of the circle 
b The perimeter of A ABC 



16 Two chords intersect inside a circle. Prove that if a diameter 
drawn through the intersection point bisects (he angle formed by 
the chords, then the chords are congruent. (Hint: Prove that the 
chords are equidistant from the center of the circle.) 
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10.3 


Arcs of a Circle 


Objectives 

After studying this section, you will he able to 

■ Identify the different types of arcs 
m Determine the measure of an arc 

■ Recognize congruent arcs 

* Apply the relationships between congruent arcs* chords, and cen 
tral angles 



Definition An arc consists of two points on a circle and all 

points on the circle needed to connect the points by 
a single path. 


Definition The center of an arc is the center of the circle of 
which the arc is a part 


Definitiun A central tmgh is an angle whose vertex is at the 
center of a circle. 


Radli OA and OB determine central angle AGG. 
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Definition A minor arc is on arc whose points are on or be¬ 
tween the sides of a central angle. 



Central angle APB determines minor arc AB- 

Deflnitiim 


A major arc is an arc whose points are on or outside 
of a central angle. 


Central angle CQD determines major arc CD, 


Definition A semicircle is an are whose endpoints are the end¬ 
points of a diameter. 


Arc EF i$ a semicircle. 

The symbol is used to label arcs. The minor arc joining A 

and B is called AB, The major arc joining A and B is called AXB. 
(The extra point, X, is named to make it clear that we are referring 
to the arc from A to B by way of point X. This helps to avoid 
confusion when a major arc or a semicircle is being discussed,} 


The Measure of an Arc 




Definition 


Definition 


The measure of a minor arc or a semicircle is I he 
same as the measure of the central angle that inter¬ 
cepts the arc. 


The measure of a major arc is 360 minus the mea¬ 
sure of the minor arc with the same endpoints. 
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Example a Given: mAB = 20 
Find: mACB 



mACB = 360 - 20 
= 340 

Congruent Arcs 

Two arcs that have the same measure are 
not necessarily congruent arcs. In the con¬ 
centric circles shown, mAB = 65 and 

mCD = S5, but AB and CD are not congru¬ 
ent, Under what conditions, do you think, 
will two arcs be congruent? 


b Given: mZXQY = 110 
Find: mXDY 



mXY = mZXQY = 110 
Therefore, mXDY = 360 - 110 
= 250 



Definition 


TWo arcs are congruent whenever they have the same 
measure and are parts of the seme circle or congru¬ 
ent circles. 



Relating Congruent Arcs, Chords, and Central Angles 


In the diagram, points A and B determine 
one central angle, one chord, and two arcs 
[one major and one minor). 

Yon can readily prove? the following 
theorems. 


Minor Arc 
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Theorem 79 If two central angles of a circle (or 0 / congruent 
circles} are congruent, then their intercepted arcs 
are congruent. 

Theorem 80 If five arcs of a circle (or of congruent circles ) are 
congruent, then the corresponding central angles 
are congruent. 



Theorem 81 


Theorem 02 


If fH'O contra/ angles of a circle (or 0 / congruent 
circles) are congruent, then the corresponding 
chords are congruent 

If two chords of a circle (or of congruent circles) are 
congruent, then the corresponding central angles 
are congruent 



Theorem 83 If two arcs of a circle (or of congruent circles} 

are congruent, then the corresponding chords are 
congruent. 

Theorem 84 If two chord's of a circle (or of congruent circles) 
ore congruent, then the corresponding ores are 
congruent 



To summarize, in the same circle or in congruent circles, congruent 
chords <=> congruent arcs <=> congruent central angles. 



Part Two: Sample Problems 


Problem 1 


Proof 


Given : OB; 

D is the midpL of AC. 
Conclusion; BD bisects 2. ABC, 


1 OB; D is the midpt. of AQ 

2 AD = DC 

3 21 ABB ^ ZDBC 

4 BD bisects ^LABC. 



1 Given 

2 The midpoint of an arc divides 
the arc into two = arcs. 

3 If two arcs of a circle are =*, 
then the corresponding central 
21s are s, 

4 If a ray divides an 2_ into 

two = As r then the ray bisects 
the 2, 
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Problem 2 
Solution 

Problem 3 

Solution 


If mAB = 102 in 00, find mAA and mAB in AAOB, 

AB = 102°, so AAOB = 102°. 

The sum of the measures of the angles of a triangle is 180, so 

mAAOB + iuaA + mAB = 180 
102 + mAA + mAB = 180 
mzA + mAB = 78 

But DA = DB, so that AA = AB, 

Hence, mAA — 39 and mAB = 39. 

a What fractional part of a circle is an arc of 3B°? Of 200 s ? 

1) Find the measure of an arc that is ^ of its circle, 

a 36 s is or of a 0. b There are 360° in a whole O, 

200° is fgjj, or of a O, ^ of 360 = ^ ^ = 210 



Problem 4 


Proof 


Given: © P and Q,_ 

AP SB AQ, AR = RD 

Prove: AB = CD [Hint: First prove 
that GP = GQ.J 


1 © P and Q 

1 Given 

2 AP ss AQ 

2 Given 

3 RP ■ RD 

3 If Zk, then 

4 AR = RD 

4 Given 

5 aF = DD 

5 Subtraction Property 

6 OPsOQ 

6 © with = radii are =, 

7 AB s CD 

7 if two central As of = © are =, then their 


intercepted arcs are =. 




Part Three: Problem Sets 

Problem Set A 

I Match each item in the left column with the correct term in the 


right column. 



a QRS 

1 

Radius 

b QS^ 

l 

Diameter 

c RQS 

3 

Chord 

i RS 

4 

Minor arc 

e RS 

S 

Major arc 

f ARPQ 

6 

Semicircle 

PS 

7 

Central angle 
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2 Given: Two concentric circles with center O; 

ZBOC is acute. 

a Names major arc of the smaller 
circle, 

b Name a minor arc of the larger circle, 
c What is mBC + mPtJ? 
d Which is greater, mBC or mPQ? 
e Is BC congruent to QR? 

3 in circle E, find each of the following. 

a mBC c mACD e mADC 

b mA3 A mRAD 


A 




4 Given: QQ, ZA = 25° 
Find: mAB 


6 Given: OP, 

WY = XZ 

Conclusion: WX = YZ 


G Given: OD, ZB = ZC 
Conclusion: AB a AC 



? Given: AB = CD 
Conclusion; AC = BD 
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Problem Set A, continued 


9 What fractional part of a circle is an arc that measures 
a a c 144 

b 240 d 315 

ID Find the measure of an arc that is 

e c 

a ^ of its circle h | of its circle c 70% of its circle 


Problem Set B 

11 Given: AD is a diameter of ©E. 

C is the midpoint of 6S. 
inAB = 9x + 30, 
mCD — 54 “ x 
Find: m^AEC 

12 Find the length of a chord that cuts off an arc measuring 60 in a 
circle with a radius of 1.2, 

13 Find the length of each arc described. (The length is a fractional 
part of the circumferenced 

a An "arc that is | of the circumference of a circle with radius 12 

I An arc that has a measure of 270 and is part of a circle with 
radius 12 

14 AB is a chord of circle E n and C is the midpoint of AB. Prove 

^ _ 

that EC is the perpendicular bisector of chord AB, 

i 5 Given: 0Q: 

B is the midpt. 

Conclusion: Z.A = LG 


16 Given: OB = OD, 

AE = CE 

Prove: ABCD is a o. 
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17 Given: 00, 

SF 1 AC 5Q J 
OP s OQ 

Conclusion: AB = CD 



18 A polygon is inscribed 1 in a G if ail ils 
vertices He on the 0, Find the measure 
of the arc cut off by a side of each of the 
following inscribed polygons, 

a A regular hexagon 
b A regular pentagon 
c A regular octagon 



19 Point P is located at (-5, 5], 
a Find the radius of 00, 
b Find the measure of PQ, 



28 Given: 0P ■ 0Q, 

BC a CD 

Conclusion: Z.A = Z.E 



Problem Set C 



22 From point Q on circle P, an arc is 
drawn that contains poinl P* Find the 
measure of the arc AQB that is cut off. 
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Problem Set C, continued 


23 If n points are selected on a given circle, 

find a formula 

a For the number of chords that can be 
drawn between pairs of these paints 

b For the number of arcs formed— 
including major and minor arcs and 
semicircles [Hint: Draw circles and 
count arcs for n = 1, 2 7 3. . r . until 
you see a number pattern.) 

c For the measure of an arc formed by a 
side of a regular n-gon inscribed in 
the circle 




25 Prove that if an equilateral polygon is inscribed in a circle, then 
it is equiangular. 


26 Find, to the nearest tenth, the coordi¬ 
nates of point F on the circle with center 
O and radius 10, given that mFQ = 40, 
[Hint: Use trigonometry,) 


J 

^ y-aKis 



-r- r , 

X'\ 

< 0 

N 

^ Q 
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1Q.4 


Secants and Tangents 


Objectives 

After studying this section, you will be able to 

* Identify secant and tangent lines 

■ Identify secant and tangent segments 

■ Distinguish between two types of tangent circles 

* Recognize common internal and common external tangents 


■ Part One: introduction 

Secant and Tangent Lines 

Some lines and circles have special relationships. 


Definition 


Definition 


A secant is a line that intersects a circle at 
exactly two points. (Every secant contains 
a chord of the circle.) 



A tangent is a line that intersects a circle at exactly 
one point. This point is called the point of tangency 
or point of contact . 



The diagrams above suggest the following postulates about tangents. 


Postulate A tangent line is perpendicular to the radius drawn 
to the point of contact . 

Postulate // a line is perpendicular to a radius at its outer 
endpoint, fieri if is fangenf to the circle. 
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Secant and Tangent Segments 

Some segments are related to circles in similar ways. 


Definition 


A tangent segment Is the part of a tangent line be¬ 
tween the point of contact and a point outside the 
circle. 



Definition 


A secern! segment is the part of a secant line 
that joins a point outside the circle to the 
farther intersection point of the secant 
and the circle. 


P 



Sfcarit segment 


External part 


Definition The external part of a secant segment is the part of 
a secant line that joins the outside point to the 
nearer intersection point. 


Theorem 85 If two tangent segments arc drawn to a circle from 

an external point ; then those segments are congru¬ 
ent [Two-Tangent Theorem) 


Given: 0O: 

FX and PY are tangent segments. 
Prove; PX = PY 

The Two-Tangent Theorem is easily 
proved with congruent triangles. 

More theorems relating to secant segments 
and tangent segments are presented 
in Section 10-8. 



Tangent Circles 

Definition Tangent circles are circles that intersect each other 
at exactly one point. 




Definition Two circles are externally tangent if each of the 
tangent circles lies outside the other. {See the left- 
hand figure above.) 
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Definition Two circles are internally tangent if one of the tan¬ 
gent circles lies inside the other, [See the right-hand 
figure on the preceding page.) 

Notice that in each case the tangent circles have one common tan¬ 
gent at their point of contact. Also, the point of contact lies on the 

■'ft- y 

tine of centers, PQ. 

Common Tangents 

PQ is the line of centers, 

* —y 

XY is a common interna! tangent. 

< —> 

AB is a common external tangent. 


Definition A common tangent is a line tangent to two circles 

(not necessarily at the same point]. Such a tangent is 
a common internal tangent if it lies between the 
circles (intersects the segment joining the centers) or 
a common externa/ fondant if it is not between the 
circles (docs not intersect the segment joining the 
centers). 

in practice, we will frequently refer to a segment as a common 
tangent if it lies on a common tangent and its endpoints are the 
tangent’s points of contact, (n the preceding diagram, for example, 
XY can be called a common internal tangent and AB can be called a 
common external tangent, 




Part Two: Sample Problems 

Problem t Given: XY is a common internal tan¬ 
gent to © P and Q at X and Y. 
XS is tangent to OP at S. 

YT is tangent to 0Q at T, 

Conclusion,* XS — YT 

Proof _ 


i XS is tangent to OP. 

1 Given 

YT is tangent to OQ. 


2 XY is tangent to © P 

2 Given 

and Q, 


3 XS a XY 

3 Ttoo-Tangent Theorem 

4 XY = YT 

4 Same as 3 

5 X5 = YT 

5 Transitive Property 


5 
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Problem 2 


4G2 


Solution 


TP is tangent to circle O at T. 

The radius of circle O is B mm. 
Tangent segment TP is 6 mm iong. 
Find the length of OP. 

Draw radius OT to form right trian¬ 
gle OTP. 

(TP ) 2 + (TO ) 2 - (OP ) 2 

6 2 + 8 2 = (OP ) 2 

± 10 = OP (Reject - 10.) 
Thus, OP = 10 mm, 



Problem 3 

A circle with a radius 0 / 8 cm is ex¬ 
ternally tangent to a circle with 0 ra¬ 
dius 0 /I 8 cm. Find the length of a 
common external tangent f 

A 

/ is/ 

A 

Sell! lion 

There is a standard procedure for 
solving a problem involving a 
common tangent [either internal 
or external). 

Q 

A p J 


Co m man -Tangent Procedure 


1 Draw the segment joining the centers. 

2 Draw the radii to the points of contact. 

3 Through the center of the smaller circle, draw a line 
parallel to the common tangent. 

4 Observe that this line will intersect the radius of the 
larger circle (extended if necessary) to form a rectangle 
and a right triangle. 

5 Use the Pythagorean Theorem and properties of a 
rectangle. 


In ARPQ, 

(QR ) 2 + (RP ) 2 = (PQ) 
10 2 + (RP ) 2 = 26 2 
RP = ± 24 
Thus, AB = 24 cm. 
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Problem 4 A frvdk<iround problem; 

Given; Each skis of quadrilateral 

A BCD is tangent to the circle 
AB = 10 ? BC = 15, AD = 18 
Find: CD 


Solution Let BE = x and 'walk around" the 
figure, using the given information 
and the Two-Tangent Theorem. 

CD = 15 - x + 18 - £10 - x) 

= 15 — x -f IS — 10 + x 
= 23 

See problems 10, 21, 22, and 29 for other types of 
walk-around problems. 


10 



Part Three: Problem Sets 


Problem Set A 

1 The radius of 0A is 8 cm. 

Tangent segment BC is IS cm long. 
Find the length of AC. 



Z Concentric circles with radii 8 and 10 
have center F, 

XY is a tangent to the inner circle and is 
a chord of the outer circle. 

Find XY, (Hint: Draw FX and PY.) 


3 Given; PR and PQ are tangents to 00 at 
R and Q, 

Prove; PO bisects Z.RPQ, [Hint; Draw RO 
and OQ.) 



4 Given; AC is a diameter of 0B, 

Lines s and m are tangents to the 
G at A and C. 

Conclusion; s II m 



JC 

(10 K) 

4 
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Problem Set A, continued 

5 GP and OR are internally tangent at O. 
P is at (B, O) and R is at (19, 0), 

a Find the coordinates of Q and S, 
h Find the length of QR. 



6 AB and AC are tangents to ©O, 
and OC = 5x, Find OC, 



19-6x 


7 Given: CE is a common internal tangent 
to circles A and B at C and E, 

Prove: a ZA = 13 

. AD _ CD 
" BD ” BE 



8 Given: QR and are tangent to OP at 
points R and S. 

Prove: PQ 1 RS (Hint: This can be 
proved in just a few steps.) 



9 


Given: FW and FZ arc common tangents 
to © A and B at W, X, Y, and Z. 
Prove: WX — YZ (Hint: No auxiliary 
lines are needed.) 

Note This is part of the proof of a useful 
property: The common external tangent 
segments of two circles arc congruent, 


W 



Problem Set B 

19 GP is tangent to each side of ABCD, 
AB = 20, BC = 11, and DC = 14. Let 
AQ = x and find AD. 
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11 a Find the radius of OP. 

b Find the slope of the tangent to OP at 
point Q, 



12 T\vo concentric circles have radii 3 and 7, Find, to the nearest 
hundredth, the length of a chord of the larger circle that is 
tangent to the smaller circle, [See problem 2 for a diagram.) 

13 The centers of two circles of radii 10 cm and 5 cm are 13 cm 
apart. 

a Find the length of a common external tangent. (Hint: Use the 
common-tangent procedure,) 
b Do the circles intersect? 

14 The centers of two circles with radii 3 and 5 are 10 units apart. 

Find the length of a common internal tangent, (Hint: Use the 
common-tangent procedure,] 

15 Given: "PT is tangent to ® O and R at T 



1 & Given: Tangent © A, B, and C, 


17 The radius of GO is IQ. 

The secant segment PX measures 21 and 
is 3 units from the center of the G, 

a Find the external part (PY) of the se- 


Find: The radii of the three © (Hint: 
This is a walk-around problem.) 


cant segment, 
b Find OP, 


AB = 8, BC = 13, AC = 11 



P 
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Problem Set B, continued 


18 Given: A ABC is isosceles, with base BC. 
Conclusion: BK = RC 



18 If two of the seven circles are chosen at 
random, what is the probability that the 
chosen pair are 

a Internally tangent? 
b Externally tangent? 
c Not tangent? 



20 find, to the nearest tenth, the distance between two circles if 
their radii are 1 and 4 and the length of a common external 
tangent is 


Problem Set C 

21 Given: Quadrilateral WXYZ Is circum¬ 
scribed about GO (that is. its sides 
- are tangent to the 0). 

Prove: XY + WZ = WX + YZ 



22 find the perimeter of right triangle WXY 
if the radius of the circle Is 4 and 
WY = 20. 



23 B is 34 mm from the center of circle Q, 
which has radius 16 mm. BP and BR are 
tangent segments. AC is tangent to 0O at 
point Q, Find the perimeter of AABC, 
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24 Find the coordinates of the center of a drcJe that is tangent 
to the y-axis and intersects the x-axis at (B, 0) and (18, 0). 


25 Given: Two concentric circles with center E, 
AB = 40, CD = 24, CD 1 AE; 

AB is tangent at C, 

Find: AF 



26 EC is tangent_to ©A at B, and BD = BA. 
Explain why BD bisects AC 



27 Given; © E and F, with SC tangent at B 
and C, DE = 10, FB - 4 

Find: AB 


28 Circles P and Q are tangent to each other 
and to the axes as shown, PQ = 26 and 
AB = 24. Find the coordinates of P and Q. 



26 Given: Three tangent ©, A, B, and C, 
BC = a, AC = b, AB = c 

Find: The radius of OA in terms of a , 
and c 
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10.5 


Angles Related 
to a Circle 


Objectives 

After studying this section, you will be able to 

■ Determine the measures of central angles 

■ Determine the measures of inscribed and tangent-chord angles 

■ Determine the measures of chord-chord angles 

* Determine the measures of secant-secant, secant-tangent, and 
tangent-tangent angles 


■ Part One: Introduction 

Angles with Vertices at the Center of a Circle 

The measure of an angle whose sides intersect a circle is determined 
by the measure of its intercepted arcs. The location of the vertex of 
each angle is the key to remembering how to compute the measure 
of the angJe. 

An angle with Us vertex at the center of a circle is a central 
angle, already defined to be equal in measure to its intercepted am 
[Section 10.3). 



Angles with Vertices on a Circle 

Two important types of angles whose vertices are on a circle are 
shown below. 



zlHKM is an inscribed angle * 



ZPQR is a tangent-chord angle . 
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Definition An inscribed angle is an angle whose vertex is on 0 
circle and whose sides are determined by two 
chords. 


Definition A tangent-chord angle is an angle whose vertex is on 
a circle and whose sides are determined by a tangent 
and a chord that intersect at the tangent's point of 
contact. 


Theorem 86 The measure of an inscribed angle or a tangent- 

chord angle {vertex on a circle) is one-half the mea¬ 
sure of its intercepted arc , 


The proof of Theorem 86 for inscribed angles is unusual because 
three cases must bo considered. Shown below are some key steps for 

each case in the proof that mZBAC = |(mBC). 



Cose 3: 

The center lies on a 
side of the angle. 

1 niilBOC = mBC 

2 ZlBOC = ZEAC + ^ABtX 
SO m^BOC = 2[mzLBAC] 


Case 2: 

The center lies inside 
the angle, 

1 Use case 1 twice. 

2 Add /-& and arcs. 


Example 1 


Given: mAC = 112 
Find: mZB 

mZB - |(mAC) 

= 56 



Cose 3: 

The center lies outside 
the angle. 

1 Use case 1 twice, 

2 Subtract Ls and 
arcs. 


Example 2 Given: FEjs tangent at E. 

mDE = 80 
Find: niilDEF 

m^DEF = |[mDE) 



= 40 
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Angles with Vertices Inside, but Not at the 
Center of t a Circle 

One type of angle other than a central angle has a vertex inside a 
circle. 


Definition A diord-chorcf angle is an angle formed by two 
chords that intersect inside a circle but not at the 
center. 


ZXPD is one of four chord-chord angles 
formed by chords CF and DE in circle O. 



Theorem ti7 The measure of a chord-chord angle is one-half the 
sum of the measures of the ares intercepted by the 
chord-chord angle and its vertical angle. 


Notice that one-half the sum of the arc measures is the same as the 
average of the arc measures. 


Given: £3 \s a chord-chord angle. 
Prove: mZ3 = ^(mAB + mC3) 


Here are two key steps in a proof of Theorem 07. 

1 mZ3 = mAl H- mZ2 

2 mZ.3 = |(mCEi) + J(mA§) 



Angles with Vertices Outside a Circle 

There are three types of angles having a vertex outside a circle and 
both sides intersecting the circle. 


Y 



A\ 7 is a 

secant-secant angle. 



secant-tangent angle, tangent-tangent angle. 
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Definition A seca/if-^ecant angle is an angle whose vertex is 
outside a circle and whose sides are determined by 
two secants. 


Definition A secant-tangent angle is an angle whose vertex is 
outside a circle and whose sides are determined by a 
secant and a tangent. 


Definition A tangent-tangent angle is an angle whose vertex is 
outside a circle and whose sides are determined by 
two tangents. 

Theorem 88 The measure of a secant-secant angle, a secant- 
tangent angle, or a tangent-tangent angle (vertex 
outside a circle) is one-half the difference of the 
measures of the intercepted arcs. 


Key steps in a proof of Theorem 38 for secant-secant angles follow. 


Prove: niZE = ^(mSC — mAB) 

1 mils = mZ.E + m.Z.2; solve for mZE. 

2 mzl2 = |(mAB): mZ.3 = |(mSC) 

3 Substitute and simplify. 



Example 1 Find mZA. 

mZ.A = |(mCD — mBE) 
= |[100 - 20 ] 

= 40 

Example 2 Find mZ-F. 

mJK = 360 - 100 - 60 
= 200 

m£F = jfmJK - mHK] 
= |{200 - 60] 

= 70 




Example 3 Find mZ-Q. 

mMAP - 360 “ 100 = 260 
mZQ = |[mMAP - mMP] 
= |(260 - 100) 

= 80 
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Angle-Arc Summary 

Central Angle 


Chord-Chord Angle 




mZ.KOj = mJK 


mZ.DEC = |(mAB + mCD) 


Vertex at center =£> equal Vertex inside half the sum 
Inscribed Angle Tangent-Chord Angle 

/" 




mZQ — ^(mPR) 


mZT = ^(mST) 


Vertex on circle ==> half the arc 
Secant-Secant Angle Tangent-Tangent Angle 



Secant-Tangent Angle 




Part Two: Sample Probferns 

Problem 1 Given. 1 AB is a diameter o/GP. 

BD = 20°, DE = 104° 

Find: mZ.C 

Solution First find mEA, 

mAEB = ISO, so m®A = 180 - (104 + 20) = 56, 
Thus, mzC = |(mEA - mfil) = |[56 - 20) = 18. 



A 


Problem 2 
Solution 


Find y. 

Find mzBEC first. 
mZBEC = ^(29 -I- 47) = 38 
Thus, y — 180 - m^BEC = 142, 
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c Find z r 


Problem 3 


Solution 


a Find x. 



= 57 l 


b Find y. 



= 13 =53 


Problem 4 


Solution a |(2l + y) = 72 

21 + y = 144 
y = 123 



a Find y. 



b |(125 - z) = 32 
125 - z = 64 
z = 61 


c Find ci. 



a = 130 


Problem 5 
Solution 


Find rnAB and mCD, 

Let mAB = x and mCD = y. 

Then |(x + y] = 65 and |(x - y) = 
So x + y = 130 and x. ~ y = 4ft, 

x + y = 130 

x - y = 48 

2x — 178 Add the equations. 
x = 89 
89 + y = 130 
y = 41 

Thus, = 89 and mCD = 41, 




Part Three: Problem Sets 


Problem Set A 

T Vertex at center: 
Given: AB = 62° 
Find: mZ.O 
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Problem Set A, continued 


c 


2 Vertex inside; 

Given: CD = 100°, FG = 30° 
Find; thZCED 





AM = 36° 
Find: mZK 




SU = 60 ° 
Find: mZT 


Given: W and R are points of 
contact, 
wft = 140° 

Find; mZX 


5 Find the measure of each angle or arc that is labeled with a letter. 
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9 Given; jLAEB - 30°! 
AB = 50° 

Find: CD 




11 If Z.Y = 22’, WZ^= 125°, and YZ is tan¬ 
gent at Z, find XZ, 


Z 
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Problem Set A, continued 



14 Given: WY is a diameter of 0E- 
WX = 50 a , ZXPY = 120“ 

Find: WZ 



15 A circle is divided into three arcs in the ratio of 3:4:5. A 

tangent-chord angle intercepts the largest of the three arcs. Find 
the measure of the tangent-chord angle. 

IS An inscribed angle intercepts an arc that is ^ of the circle. Find 
the measure of the inscribed angle. 


17 If a point is chosen at random on 0M h 
what is the probability that it lies on 
a I AN h AN c ID d IE 


Problem Set R 

^—> 

18 Given; VQ is tangent to 0O at Q. 

QS is a diameter of 0O, 

PQ = 115*; 4RPS = 36° 

Find: a 4R e 4QPR i PRQ 

b 4S f 4QPS j RSP 

c SS g 4QTP k Z.VQS 

d QR h 4PQV f ZQOP 




19 Given mZ.P = 60 and mPSR = 126, find 
m4Q, m4R, and m4S, 



28 The major arc cut off by two tangents to a circle from an outside 
point is five thirds of the minor arc. Find the angle formed by 
the tangents. 


4 


Chapter 10 Circles 







21 Find the measure of each arc or angle labeled with a letter. 



22 Given circles concentric at 0. AE tangent 
to the inner circle, andJJfi = 84?, find 
the measures of Z.A, DE, and DF, 




23 Given: AE = 92°, 

Z.AEB = 82° 

Find: AD 


24 Given: Z.AFE = 89 s , 
AC = 15° 
Find: AE and BD 


25 Given: SY = 112*, 
DC = 87* 
Find: AB 


A 



26 If DC = (5x + 6)°, AJ 
21AEB = 94°, find AB, 



n -ji 

27 A secant-secant angle intercepts arcs that are ^ and | of the 
circle. If a chord-chord angle and its vertical angle intercept the 
same arcs, what is the measure of the chord-chord angle? 

28 AABC is inscribed in a circle [alludes are chords), AB = 12, 
AC = 6. and BC = 6V3. Find mBC. 
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Problem Set B t continued 

29 o An angle is inscribed in a circle end intercepts an arc of 140°- 

Find the measure of the angle. 

b An angle is inscribed in a 140° arc (the vertex is on the arc 
and the sides contain the endpoints of the arc)- Find the 
measure of the angle, 

30 a Find the area and the circumference of GQ to the nearest 

tenth, 

b Find the area of the shaded region to the nearest tenth, 
c Find the length of?R to the nearest tenth, 



Problem Set C 

^_y 

31 Given: AB || CD; 

DC is tangent to GO at T, 
Conclusion: AT’s BT 



32 A quadrilateral ABCD isjmscribed in a circle, Its diagonals inter- 
sect at X. if AB = 100°, BC = 50°, and AD a ED, find mi DXC. 



34 A secant and a tangent to a circle intersect to form an angle of 
38°, If the measures of the arcs intercepted by this angle are in a 
ratio of 2:1, find the measure of the third arc. 


35 


36 


Given: © F and Q are internally tangent at T, 

Diameter N S of QQ is tangent to GP at A. 
mMR = 42; TM passes through A, 

Find: mNM 



The two circles shown intersect at A and 
B. If Z.AXB = 70°, CD = 20°, and EF = 
160°, find thejiifference between the 
measures of AB of the smaller circle and 
AB of the larger circle. 


E 
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10.6 



More Angle-Arc 
Theorems 


Objectives 

After studying this section, you will be able fo 

■ Recognize congruent inscribed and tangent-chord angles 

■ Determine the measure of an angle inscribed in a semicircle 

■ Apply the relationship between the measures of a tangent-tangent 
angle and its minor arc 


Part One: Introduction 

Congruent Inscribed and Tangent-Chord Angles 

Our knowledge of the relationships between angles and their inter¬ 
cepted arcs leads easily to the next two theoreim. 


Theorem 89 If two inscribed or tangent-chord angles intercept 
the same arc, then they are congruent 


Given: X and V are inscribed angles inter¬ 
cepting arc AB, 

Conclusion: ZX = ZY 



Theorem 90 // two inscribed or tangenhehord angles intercept 

congruent arcs, then they are congruent 


If ED is the tangent at D and AB = CD n we 
may conclude that ZF = ZCDE, 



Angles Inscribed in Semicircles 

All angles inscribed in semicircles have the same measure. What do 
you think that measure might be? 
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Theorem 91 An angle inscribed in a semicircle is a right angle. 


1SES THE N 
'-r COMIS'lQ UP/ 


Given: AB is a diameter of GO, 
Prove: ZC is a right angle. 



A Special Theorem About Tangent-Tangent Angles 

A tangent-tangent angle has a special relationship with its minor arc. 


Theorem 92 The sum of the measures of a tangent-tangent angle 

and its minor arc is WO, 



Given: PT and PS are tangent to circle O, 
Prove: mZP + mTS = 180 



Proof: Since the sum of the measures of the angles in quadrilateral 
SOTP is 360 and since ZT and ZS are right angles, 
mZP + mZO = 180, Therefore, mZP + rn'fS = 180. 



Example PT and PS are tangents at T and S. Find mZP. 

mZP + mTS = 180 
mZP -I- 130 = 180 
mZP = 50 


Part Two: Samp/e Problems 



Problem 1 


Proof 


Given: OO 

Conclusion: ALVE - ANSE, 

EV * EM = EL * SE 


v 



i GO 

1 Given 

2 ZV a AS 

2 If two inscribed Z_s intercept the same 


arc, they are =. 

3 ZL a ZN 

3 Same as 2 

4 ALVE ~ ANSE 

4 AA |2 f 3) 

5 EV = Ik 

3 SE EN 

5 Ratios of corresponding sides of ~ A 


are =. 

6 EV ■ EN = EL ■ SE 

6 Means-Extremes Products Theorem 
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Problem 2 


Jn circle O, BC is o diameter and the radius 
of the circle is 20.5 mm. 

Chord AC has o length of 40 mm. Find AB. 


Solution Since ZA is inscribed in a semicircle, it is a right angle. By the 
Pythagorean Theorem, 

(AB) 2 + (AC) 2 = (BC) 2 
(AB) 2 + 40 2 = 41 2 

AB = 9 mm 

Problem 3 Given: GO with AB tangent at B, AB || CD 
Prove: /.Cs ZBDC 


Proof 


*— -f- 


1 AB is tangent to GO, 

■ > £ \ 

1 Given 

< J * > 

2 AB [| CD 

2 Given 

3 AABD s ZBDC 

3 || lines alt. int. Zs = 

4 ZC s ZABD 

4 If an inscribed Z and a tangent-chord 


Z intercept the same arc, they are =. 

5 ZC ^ ZBDC 

5 Transitive Property 




■ Part Three: Problem Sets 

Problem Set A 

t Given: X is the midpt. of WY. 
Prove: ZX bisects zWZY. 



2 Given: OE with diameter AC, BC = CD 
Conclusion: A ABC ^ A ADC 


3 in 0P, BC is a diameter, AC = 12 mm, 
and BA = 16 mm. Find the radius of the 
circle. 
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Problem Set A, continued 




a AB = AC 
h AC s BC 

c AB and AC are equidistant from the 
center of the circle. 


tf AB 3< AC 

6 ABAC ia a right angle, 
f AABC is a right angle. 
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10 [f AB is a diameter of OP, CB = 1.5 m 
and CA = 2 m, find the radius of 0P. 



B 


11 The radius of 0Z is 6 cm and 


WX = n<r. 
Find: a AX 


W 


b The perimeter of A WAX 


12 M is the midpoint of AB, Find mCD. 


<3x —3ir 



D 


Problem Set B 

13 A rectangle with dimensions 18 by 24 is inscribed in a circle. 


Find (he radius of the circle, 

14 A square is inscribed in a circle with a radius of 10. Find the 
length of a side of the square, 

t5 Quadrilateral A BCD Is inscribed in circle CK AB = 12, BC = 16, 
CD = 10, and ^ABC is a right angle. Find the measure of AD in 
simplified radical form. 

16 Circles O and P are tangent at F. AC and 


CE are tangent to GF at B and D. If 
DFB = 223°, find A§. 



C 


17 Given: AS = SS^QT - 104°, ST = 94°, 
tangent PQ 

Find: a AP 
b ASTQ 



S 


Q 


18 Given: BC = CD 

Conclusion: AABC ~ AAED 
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Problem Set B, continued 

*—> 

19 Given: AC is tangent at A, Z A PR and 

ZAQR are right Zs. R is the mid¬ 
point of ABr 

Conclusion: PR = RQ (Hint: Draw AR.) 


ZD Given: AW XZ is isosceles, with WX = WZ. 
WZ is a diameter of OO. 

Prove: Y is the midpoint of XZ. 

(Hint: Draw W7.) 



21 Given: AC is tangent to OO at A, 
Conclusion: A ADC - ABDA 



Problem Set C 


22 Given: OO, with chords AC and ED in¬ 
tersecting at E 

Prove: a mAB + mCD = 2(mZCED) 

I) AE - EC = BE * ED 


23 Given: AB is a diameter of OP, 

QR = 6, AB - 13, QR 1 AB 
Find: RB. 


D 



24 RHOM is a rhombus, RH and RM are 
tangents. Find mfiM, 



ZD Given: AABC ismscribed in OP, 

AE and CD are chords such that AE ± BC and CD ± AB, 

Prove: BD s BE 
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26 Two circles are internally tangent, and the center of the larger 
circle is on the smaller circle. Prove that any chord that has one 
endpoint at the point of tangency is bisected by the smaller 
circle. 


27 Given: OA is tangent to OB at R. 

FT is a common external 
at P and T. 

ZQ = 43° 

Find: ZS 


28 Given: IT is tangent to the circle. 
TS bisects ZATM. 

Prove: ASIT is isosceles, 
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Inscribed and 
Circumscribed Polygons 


Objectives 

A/ter studying this section, you will be able to 

■ Recognize inscribed and circumscribed polygons 

■ Apply the relationship between opposite angles of an inscribed 
quadrilateral 

■ Identify the characteristics of an inscribed parallelogram 


Part One: Introduction 

Inscribed and Circumscribed Polygons 

Triangle ABC is inscribed in circle O. 

Definitkui A polygon is inscribed in a circle if 
all of its vertices lie on the circle. 



Polygon PQRST is circumscribed about circle F. 


Definition A polygon is circumscribed about a circle 

if each of its sides is tangent to the circle. 



We can also speak of a circle being circumscribed about a polygon 
or inscribed in a polygon. 


The diagram shows that the statements 
"quadrilateral ABCD is inscribed in 0CT 
and L| GG is circumscribed about quadrilat¬ 
eral ABC FT f have the same meaning. 


B 



Definition The center of a circle circumscribed about a polygon 
is the circumcenfer of the polygon. 
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in the preceding diagram. O is the 
circumcenter of ABCD. Hexagon l J QRSTU is 
circumscribed about circle F, Circle F is in¬ 
scribed in hexagon PQRSTU, 


Q 



Definition The center of a circle inscribed in a polygon is the 
incenter of the polygon, 


F is the incenter of hexagon PQRSTU, 

A Theorem About Inscribed Quadrilaterals 

The following theorem can easily be proved by using the relation 
ship between an inscribed angle and its intercepted arc, 


Theorem 93 If a quadrilateral is inscribed in a circle, its oppo¬ 

site angles are supplementary. 


Given: Quadrilateral ABCD is inscribed in circle O, B 

Prove: ZA supp. ZC, ZB supp, ZD 

Proof: ZA, ZB, ZC, and ZD are inscribed angles, so ^ 
mAA = j(mBCD) and mZC = |[mBAD). 
mZA + mAC = |(mBCD) + |(mBAD] 

= |(mBCD + mBAD) 

= |[360) (BCD U BAD = whole O) 

= 180 

Thus, ZA is supplementary to ZC, Similarly, ZB is supple¬ 
mentary to ZD. 



The Story of the Plain Old Parallelogram 

Once there was a plain old parallelogram named Rex 
Tangle. Rex was always trying to fit in—into a circle, 
that is. One day when he awoke, he found that he had 
straightened out and was finally able to inscribe him¬ 
self. What had the plain old parallelogram turned 
into? 

The following theorem shows the moral of our 
story. 
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Theorem 94 If a parallelogram is inscribed in a circle* it musf 
he a rectangle. 


Here are some of the conclusions that follow from Theorem 94, 


If ABGD is an inscribed parallelogram, then 

1 BD and AC are diameters 

2 O i s the center of the circle 

3 QA, OB, OC, and OD are radii 

4 [AB) 2 + [BC) 2 = [AC] 2 , and so forth 



Part Two: Sample Problems 

Problem 1 


Proof 


Given: Quadrilateral A BCD is inscribed in GO, 
Prove; ZB = Z ADE 

B 



C\_ ,/D E 

1 ABCD is inscribed in OO, 

1 Given 

2 Z B supp, A A DC 

2 If a quadrilateral is inscribed in 


a 0 h its opposite Zs are supp. 

3 ZADC supp, ZADE 

3 Two Zs forming a straight Z are 


supp. 

4 ZB as ZADE 

4 Two Zs supp, to the same Z 


are =. 


Problem 2 


Solution 


Parallelogram A BCD is inscribed in a circle, and its diagonals inter¬ 
sect at E. 

a Draw the figure, e What is BD? 

b What is true about OABCD? d If AB = 5 and BC = 6, find AC. 



I) AO inscribed in a G must be a rectangle, so A BCD is a rectangle. 
g ZBCD is an inscribed right Z, so |(mBAD) = 9U, making 
BAD = ISO*, a semicircle. Thus, BD is a diameter. 
d Since AABC is a right A, [AB] 2 + (BC) 2 = (AC) 2 

5 2 + si = (AC) 2 
VBl = AC 
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Part Three: Problem Sets 


Problem Set A 


1 Given: A A -= 104°, AB = 67* 
Find: AD and AC 


2 Given: PS = 110°, PQ = 100° 
Find: mZR and mZF 




4 Given: 00 
Prove: AQ 


ZPST 



S Can a parallelogram with a 100° angle be inscribed in a circle? 


6 Given: PQRST is a regular pentagon. 

ABCDEF is a regular hexagon. 

Find: a mPQ <f mBD 

b mRT e mDEA 

c mA§ 



7 a If a rhombus is inscribed in a circle, what must be true about 

the rhombus? 

b if a trapezoid is inscribed in a circle, what must be true about 
the trapezoid? 

8 Prove: The bisector of an angle of an inscribed triangle also 
bisects the arc cut off by the opposite side. 
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Problem Set B 

9 Given; Z.B = 115°, AD = 60°, BC || EF 

Find: a ZADC t ZC 

b ZCDF d ZA 



10 PQ = 15, QR = 20, RS = 7, and ZQ is a 
right angle. Find FS, 



11 Trapeaoid WXYZ is circumscribed about 
circle 0, ZX and ZY are right Zb, 

XW = 16, and YZ = 7. Find the perime¬ 
ter of WXYZ. 



12 A circle is inscribed in a square with vertices [—8, -3), 

[-1, -3), (-8,4), and (-1, 4}. 

a Find the coordinates of the center of the circle, 
b Find the area of the circle. 

c Find the radius of a circle circumscribed about the square, 

13 Pro% r c: A trapezoid inscribed in a circle is isosceles, 

14 Parallelogram RECT is inscribed in circle O. If RE = 6 and 
EG = 8, find the perimeter of AECO, 

15 Given the figure shown, find mZQ. 


(loo 

J 


E 



16 Given; 00; EFGH is a o. 

HG = 120 s , O] = 6 

Find; The perimeter of EFGH 
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17 A quadrilateral can be inscribed in a circle only if a pair of 
opposite angles are supplementary. Which of the following quad¬ 
rilaterals can be inscribed in a circle? 



18 Prove: Any isosceles trapezoid can be inscribed in a circle, 
(Hint: Sec problem 17,) 


18 


Equilateral triangle PQR is inscribed in one circle and circum¬ 
scribed about another circle. The circles are concentric. 


a If the radius of the smaller circle is 10, 
find the radius of the larger circle, 

b In general for an equilateral triangle, 
what is the ratio of the radius of the 
inscribed circle to the radius of the 
circumscribed circle? 


ABCD is a kite, with AB = BC, 

AD = CD. and mZB = 120, The radius 
of the circle is 3. Find the perimeter of 
ABCD. 



Problem Set C 

21 Discuss the location of the center of a circle circumscribed about 
each of the following types of triangles, 

a Right h Acute e Obtuse 

22 A set of points are concydic if they all lie on the same circle. 

Prove that the vertices of any triangle are concydic, 

23 Are the vertices of each figure concydic Always, Sometimes, or 
Never? 

a A rectangle d A nonisoscel.es trapezoid 

b A parallelogram a An equilateral polygon 

c A rhombus f An equiangular polygon 

24 A right triangle has legs measuring 5 and 12. Find the ratio of 
the area of the inscribed circle to the area of the circumscribed 
circle. 
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Problem Set C, continued 


25 Given: 0P is inscribed in trapezoid WXY2, 

Z.W and /LX are right 
The radius of OP is 5. 

YZ - 14 

Find; The perimeter of WXYZ 

26 A circle is inscribed in a triangle with sides 8, 10, and 12, The 
point of tangency of the B-unit side divides that side in the ratio 
x: y, where x < y. Find that ratio, 

27 Determine the conditions under which an equiangular polygon 
inscribed in a circle will be equilateral. Prove your conjecture. 




Tangent, Slope, and Loops 

Tiie geometry of coasting upside down 


of Clatho, one of the three Fates from ©reek 
mythology. Clot ho was the spinner of the thread 
of human life, A elothoid loop would result from 
trying to draw a circle whose radius was con¬ 
stantly decreasing, up to a point Because the 
radius near the top of the elothoid loop is rela¬ 
tively small, our roller coaster spends less time 
traveling through that part of the loop and 
leaves the loop before gravity can take over. 

The cars speed up coming out of the loopn This 
is si mi Ear to the J 'slingshot" effect observed 
when a comet approaches the sun, speeds up* 
and seems to shoot out on the other side. 


You are on a roller coaster going 70 miles per 
hour. Suddenly you find yourself doing a com¬ 
plete loop. For an instant T you are upside down. 
Why doesn't the car fall downwards from the 
track? 

The path of a roller coaster is a series of arcs 
of constantly varying radii. The speed of the car 
at any instant is related to the slope of the 
tangent to the arc at that point. 

A roller coaster somersault Is made possible 
through what is called a elothoid loop, first ex- 
plained by the eighteenth-century mathematic 
cian Leonhard Euler* its name comes from that 
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The Power Theorems 


Objective 

After studying this section, you will be able to 
■ Apply the power theorems 


Part One: Introduction 

The fallowing theorems involve products of the measures of 
segments 


Theorem 95 // fwo chords of a circle intersect inside the circle, 

then the product of the measures of the segments of 
one chord is equal to the product of the measures of 
the segments of the other chord , {Chord-Chord Pow¬ 
er Theorem ) 


Given: Chords VN and LS intersect at point E inside circle O. 

Prove: EV ■ EN — EL * SE 

Theorem 95 was proved in Section 10,6, sample problem 1 + 

Theorem 96 1/ a tangent segment and a secern# segment are 

drawn from an external paint to a circle, then 
square of the measure of the tangent segment is 
equal to the product of the measures of the entire 
secant segment and its external part, [Tangent- 
Secant Power Theorem) 



Given: PR is a secant segment- 
PT is a tangent segment. 

Prove; [TP) 2 = (PR)(PQ) 



Proof; Similar triangles are formed by drawing TQ and TK, 
APTQ s Z.K (why?) and LP = ZIP, so APTR - APQT. 

Thus, ^ and (TP) 2 = (PQ)(PR). 
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Theorem 97 If two secant segments arc drawn from on external 
point to a circle, then the product of the measures of 
one secant segment and its externa! part is equal to 
the product of the measures of the other secant 
segment and its external part. [Secant-Secant Power 
Theorem) 


Given: Secant segments 
PBand PD 

Prove: PE * PA = PD * PC 




Part Two: Sample Problems 

Problem 1 Find x, y, and z. 



Solution a By the Chord-Chord 
Power Theorem, 

6 ■ 2 = 3 ■ x 
4 = X 



h By the Tangent- 
Secant Power 
Theorem, 

y 1 = 2 * 18 
y — ±6 (Reject — 6.) 

y = 6 



c By the Secant-Secant 
Power Theorem, 

4 ■ (8 + 4) = 3 ■ z 
4 ■ 12 = 3z 
16 = z 


Problem 2 
Solution 


Tangent segment PT measures 8 cm. The radius of the circle is 6 cm. 
Find the distance /ram P to the circle. 

Draw a secant segment from P through the center R. PT = 8 and 
QR = RS = 6. Let x = PQ, the distance from P to the O. 


By the Tangent-Secant Power Theorem, 

(PQKPS) = (PT ) 1 
x(x + 12) = s* 
x 2 + I2x = 64 
x 2 + l2x -64-0 
(x - 4)(x + 16) = 0 

x~4 = 0orx + 16 = 0 
x = 4 or x = —16 

We reject the negative value, so PQ = 4 cm. 


P 
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Part Three: Problem Sets 
Problem Set A 

I Solve for x. y, and z. 




2 T is the midpoint of QS, PT = & and 
QS = 40, 

a Find TR, 

b Find the diameter of GO, 


P 




3 a If TR = 10 and QR = 5, find PR. 
b If TR = 10 and QR = 4, find PQ. 
c If TR = 10 and PR = 50, find PQ. 



4 a If AE = 6,4, AB = 8.9, and CE = 1,6, 
find ED. 

b If AE = 8, AB - 14, and ED = 16, 
find DC. 

c If CE = 2, ED = 18, and AE = EB, 
find AB, 



B 



6 Given: AP = 3, PQ = 5, QB = 7, CP = 2, 
QD = 14 
Find: PD and EQ 


A 
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Problem Set A, continued 
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Find: XT [Hint: Find SZJ 



Problem Set B 

8 a Find y. 

b Is the triangle acute, right, or obtuse? 



Find: AE 


Find: PQ 


11 Solve for x. 


\2 Find PQ. 
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13 AB is a diameter of OO. 

CD is tangent at D, CD = G, and BC = 4. 

Find the radius of the circle. 



14 An arch supports a pipeline across a riv¬ 
er 20 m wide, Midway h the suspending 
cable is 5 m long. Find the radius of the 
arch. 



15 The diameter of the earth is approxi¬ 
mately 8G0U mi. Heavenly Helen, in a 
spaceship 100 mi above the earth, sights 
Earthy Ernest coming over the horizon. 
Approximately how far apart are Helen 
and Ernest? 




Problem Set C 

17 Given concentric circles as shown, find 

DE and DC. 


IB The radius of each circle is 3. Triangle 
WXY is equilateral. 

a Find WY. 

b Find the ratio of the perimeters of 
AABC. APQR. and A WXY. 
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Problem Set C, continued 


!9 a Find x, 

h What restrictions must be placed on y 
in this problem? 



20 Tangent AT measures 12, AB = 8, and 
AT i A®. 

a Find the diameter of the circle, 
b How far is the circle from point A? 


CAREER P R O F t L E 



From Asteroids to Dust 

Mathematics in space research 


How does someone choose a life's profes¬ 
sion? For physicist A.A. Jackson, It was a paint 
jug ott the cover of a magazine “it was 16 
years before the first mono landing/' ho recalls 
"Collier's magazine published a fantastic futur¬ 
istic painting, the artist's conception of a lunar 
landing. It com billed scientific precision with the 
romance and drama of space travel, From that 
moment l knew exactly what I wanted to do/ 1 
Pursuing his goal, Jackson majored in mathe¬ 
matics at North Texas State University, received 
a master’s degree in physics from the same 
school, then went on to the University of Texas 
at Austivi P where he earned his doctorate rit rela¬ 
tivistic physics. Today he principal scientist In 
the solar-system exploration division of Lock¬ 
heed Engineering In Houston, 

Explaining the relevance of geometry to his 
work, Jackson refers to conic sections, the 
curves that result when a plane intersects a 
cone. “Planets move in ellipses around the son. 
Satellites orbit the earth in ellipses. Some com¬ 
ets move in parabolic orbits. In my current re¬ 
search, Tm studying the motion of dust parti¬ 
cles as they come off comets and asteroids. 
They move along conic sections.” 

Jackson's field is evolving constantly In unex¬ 
pected directions. For exampla t recent studies 



of the way three bodies interact in a plane have 
turned up connections with the geometry of 
fractals. “Every time you look at something 
old/" says Jackson, “you see something new/' 
One of the things that Jackson discovered as 
a teenager was science fiction. He reads it avid¬ 
ly to this day. The best science fiction, he says, 
brings together provocative ideas and “super 
science’’ in a landscape that fools not fantastic, 
but real—“lived inn" He recommends the works 
of Robert Hein lei n especially Starman Jones. 
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Circumference and Arc 
Length 


Objectives 

A/ter studying this section, you will be able to 

■ Determine the circumference of a circle 

■ Determine the length of an arc 



Part One: introduction 

Circumference 

You should already know the meaning of circumference, 


Definition The circumference of a circle is its perimeter. 


The formula for the circumference C of a circle of diameter d is 
based on the fact that, regardless of a circle’s size, the ratio of its 
circumference to its diameter always has the same value, This value 
is given the special symbol ir [the Greek letter pi), its approximate 
value is 3.14159265. 


Postulate C — Jid 


Example Find, to the nearest hundredth, the circumference of a circle whose 
redius is 5,37, 

The diameter is twice the radius, so d = 2(5,37) = 10.74. 

C = ird 

= wflD.74] = 10-7417 * 33,74 

When you are asked to find a circumference, leave the answer in 
terms of ir unless you are asked to approximate the answer, To find 
an approximation, use a calculator. 

Length of an Are 

Arc length is a linear measurement similar to the length of a line 
segment, Arc lengths are therefore expressed in terms of such units 
as feet, meters, and centimeters. The length of an arc depends both 
on the arc’s measure and on the circumference of its circle. 
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Example Find the length of a 40° arc of a circle with an 18-cm radius. 

The circumference is 36ir, and the 40° arc is or of the circle. 
Length of AB = ^[circumference) 

= |[36ir) 

= 4lT 


Theorem 98 The length of an arc is equal to the circumference 
of its circle times the fractional part of the circle 
determined by the arc. 

Length of P$ = 

where d is the diameter and PQ is measured in 
degrees. 




Part Two: Samp/e Problems 

Problem 1 Find the radius of a circle whose circumference is 50 it. 

Solution C = ud 

50it = wd 
50 = d 
25 = r 


Problem 2 

Solution 

Problem 3 

Solution 


Find the length of eacii arc of a circle with a 12-cm radius, 
a A 30® arc It A 105° arc 

a Length of arc = J^(24ff) It Length of arc = ^§§(24 n) 

= 2ir cm = 7v cm 


The diameter of a bicycle wheel (including the tire) is 70 cm. 
a How far will the bicycle travel if the wheel rotates 1000 times? 

[Approximate the answer in meters.) 
b How many revolutions will the wheel make if the bicycle travels 
15 rti? (Approximate to the nearest tenth of a revolution.) 

The distance covered during one revolution is equal to the circum¬ 
ference of the wheel. Thus, the bicycle travels 7 Qtt, or about 220, 
centimeters per revolution, 
a Distance = (number of rev,)(distance per rev.) 

** 1000 ( 220 ) 

- 220,000 

The bicycle will travel about 220,000 cm, or 2200 m. 
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b The bicycle travels approximately 2.2 m per revolution. Let x be 
the number of revolutions. 

Distance = (number of rev,)(distance per rev.J 
15 * x[2.2) 

6.8 » x 

The wheel will revolve approximately 6,8 times. 


Part Three: Problem Sets 

Problem Set A 


f Find the circumference of the circle. Then approximate the cir¬ 
cumference to the nearest hundredth, 

a A circle whose diameter is 21 mm 
b A circle whose radius is 6 mm 

2 Find, to the nearest hundredth, the radius of a circle whose 
circumference is 

a 56*r b 314 c 17ir d 38 

3 Find the length of each arc of a circle with a radius of 10. 

a A 72 a arc b A 90° arc c A 60° arc d A semicircle 

4 A bicycle has wheels 30 cm in diameter. Find, to the nearest 
tenth of a centimeter the distance that the bicycle moves for¬ 
ward during 

a I revolution b 10 revolutions g IGOO revolutions 

5 Find the complete perimeter of each figure. Leave your answers 
in terms of w and whole numbers. 



S a Find the length of AB. 

b Find the perimeter of sector AOB, [The 
shaded region is a sector.) 



A 
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Problem Set A, continued 


7 Find, to the nearest meter, the length of 
fencing needed to surround the 
racetrack. 


9 The radiusof 0Q is 10 mm and the 
length of AB is 4*r mm. 
a Find the circumference of GO, 
i> Find mAB. 



Problem Set B 

9 Given arcs mounted on equilateral triangles as shown, find the 
length of each arc, In each case OA is a radius of AB, 

a A h 

0 




10 There are 100 turns of thread on a spool 
with a diameter of 4 cm. Find the length 
of the thread to the nearest centimeter, 



1! Awful Kanaufil plans to ride his cycle on 
a single-loop track, There is 100 m of 
straight track before the loop and 20 m 
after. The loop has a radius of 15 m. To 
the nearest meter, what is the total 
length of the track he must ride? 



12 Find the outer perimeter of the figure, 
which is composed of semicircles mount¬ 
ed on the sides of a rectangle. 
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13 Sandy stated on the rink shown. To the nearest tenth of a meter, 
how far did she travel going once around in the outside 
lane? In the inside lane? 



14 A belt wrapped tightly around circle O 
forms a right angle at P h a point outside 
the circle- Find the length of the belt if 
circle O has a radius of 6- 




15 Find the distance traveled in one 
and-forth swing by the weight of 
pendulum that swings through a 
angle. 


Problem Set C 

IB A circular garbage can is wedged into a 
rectangular corner. The can has a diame¬ 
ter of 48 cm. 

a Find the distance from the corner 
point to the can (PA). 

b Find the distance from the comer 
point to the point of contact of the can 
with the wall (FB), 



17 Two pulleys are connected by a belt. The 
radii of the pulleys are 3 cm and 15 cm, 
and the distance between their centers is 
24 cm. Find the total length of belt need¬ 
ed to connect the pulleys. 
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Chapter Summary 


Concepts and Procedures 

After studying this chapter, you should be able to 

■ Identify the characteristics of circles, chords, and diameters (10-1) 

■ Recognize special relationships between radii and chords (10,1] 

■ Apply the relationship between congruent chords of a circle [10.2) 

■ Identify different types of arcs, determine the measure of an arc, 
and recognize congruent arcs (10,3] 

■ Relate congruent arcs, chords, and central angles (10.3] 

■ Identify secant and tangent lines and segments {10-4) 

■ Distinguish between two types of tangent circles (10.4) 

■ Recognize corn in on internal and common external tangents (10,4) 

■ Determine the measures of central, inscribed, tangent-chord, 
chord-chord, secant-secant, secant-tangent, and tangent-tangent 
angles [10.5) 

■ Recognize congruent inscribed and tangent-chord angles (10.6) 

■ Determine the measure of an angle inscribed in a semici rcle [10 6) 

■ Apply the relationship between the measures of a tangent-tangent 
angle and its minor arc (10,6) 

■ Recognize inscribed and circumscribed polygons (10.7) 

■ Apply the relationship between opposite angles of an inscribed 
quadrilateral (10.7) 

■ Identify the characteristics of an inscribed parallelogram (10.7] 

■ Apply the three power theorems [10,8) 

■ Determine circle circumference and arc length (10,9) 


Vocabulary 


arc (10.3J 
center (10.1) 
central angle (10.3) 
chord (10,1) 

chord-chord angle (10.5] 
circle (10.1) 
circumcenter (10.7) 
circumference (10.9) 
circumscribed polygon (1.0.7) 
common external tangent (10.4) 
common internal tangent (10.4) 
common tangent (10.4) 
concentric (10.1] 


diameter (10.1) 
exterior (10.1) 
externally tangent (10.4] 
external part (10.4) 
incenter (10.7] 
inscribed angle (10.5) 
inscribed polygon (107) 
interior (10.1] 
internally tangent (10,4) 
line of centers (10.4) 
major arc (10,3) 
minor arc (10 3) 
point of contact (10.4) 


point of tangenev (10.4) 
radius (10,1) 
secant (10 4} 

secant-secant angle (10.5) 
secant segment (10-4) 
secant-tangent angle (10.5) 
semicircle [10.3) 
tangent [10.4] 
tangent-chord angle (10.5) 
tangent circles (10.4] 
tangent segment (10.4) 
tangent-tangent angle (10.5) 
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Review Problems 


Problem Set A 

1 Find x in each case. 

a 

'f86° 


86 


' 86 ’ 


2 If AB - 98° and CD = find x and y. 


3 a Find BD, 



4 Find the radius of each circle, 

a ^— 24- —s>) 




12—7 R 



5 The circles shown are concentric at O, 

P2 and FY are tangent to the inner circle 
at W an^JC If ff, = uff 1 , find the mea¬ 
sure of WX. 
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Review Problem Set A, continued 

6 Given: A ABC is isosceles, with base AB, 
ADAC = 70°, BC = 1SU° 

Find: AB and AD 



7 XOY is a sector of 00, 

Radius OY - 6 cm and central L XOY = 45°. 

Find; a The length of JT? 

b The perimeter of sector XOY 



8 Circles A, B, and C are tangent as shown. 
AB = 7, BC = 10, and CA - 11. 
a Find the radius of 0A, 
b Which circle is the largest? 



9 Given: OO, OM 1 AB 
Prove: OM bisects AAOB, 



10 Given: 0O, OF 1 WX, OQ 1 YZ; _ 

AOPQ is isosceles, with base PQ, 

Conclusion: WX = YZ 


11 Given: ZX and ZY are tangent at X and Y, 
Prove: WZ bisects XY. 



12 A parallelogram with sides 4 and 7.5 is inscribed in a circle. 
Find the radius of the circle, 


13 Given: TP = 8, PQ = 6 
Find: RQ 



P 
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14 Given: © O and P are externally tangent. 
OA = 8, PB = 2 

Find: The length of common external 
tangent AB 



Problem Set B 

15 If a point is chosen at random on OP, 
what is the probability that it lies on 

a BA b TUB 



18 Jim knows that 0O is inscribed in isos¬ 
celes A ABC. He forgets which sides of 
AABC are congruent but remembers that 
AB = 14 and the perimeter is 36. 

a Find XC 

b What are the three possible lengths 
of BX? 


A 



17 A .quadrilateral is inscribed in a circle. Its vertices divide the 
circle into four arcs in the ratio 1:2:5:4. Find the angles of the 
quadrilateral. 


18 Given: AB = 30°, BC = 40°, CD = 50* 

Find: a ZX 
fa ZY 

c ZZ 



19 TP is a tangent segment, TP = 15, and 
PQ = 5, Find the radius of GO, 
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Review Problem Set B, continued 


21 Given: OF, EG_1 AB, 

EC = ED 

Prove: AD and 5T are equidistant 
from F. 



22 WXYZ is a parallelogram, 

WZ and YZ are tangent segments* 

a Show that WXYZ is a rhombus, 
h Find mZ.Z, 

c If WY = 15, find the perimeter of 
WXYZ, 

it If WY = 15, find XZ. 




24 Find the area of a circle whose diameter joins the points (10, - 7} 
and (-2, 10j. 

25 Find, to the nearest centimeter, the circumference of a circle in 
which an 80-cm chord is 9 cm from the center. 


Problem Set C 

26 Each circle below is inscribed in a regular polygon and is cir¬ 
cumscribed about another regular polygon. 



a If the length of a side of each outer polygon is 12, find the 
length of a side of each inner polygon, 
b In each case, find the ratio of the sides of the smaller polygon 
tc the sides of the larger polygon, 
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27 Given: WZ is a diameter of the 0, 
, „ mWX + 

Show: m^P =-=- 


W 



28 Given: © P and Q are internally tangent 
at T. 

Prove: AC:CT = BD:DT 



29 Given: AQ — RB; PR divides major and 
minqr^arcs AB in raUos jjf 
AQ:QB = 4:3 and AR:RB = 7:5, 

Find: Z.APQ: Z.BPQ 


B 

30 Three of the segments PA, PB, PC, PD, and PE are secant seg¬ 
ments to circle O; the remaining two are tangent segments to 
circle Q. If two of the segments are selected at random, what is 
the probability that a secant-tangent angle is formed? 

31 A flatbed truck is hauling a cylindrical container with a diame¬ 
ter of 6 ft, Find, to the nearest hundredth, the length of cable 
needed to hold down the container, 
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CHAPTER 



11 Area 


T his painting by Sonia Delaunay 

incorporates the areas of geometric shapes. 






11.1 


Understanding Area 


Objectives 

A/ter siadying this section, you will be cblfi to 

■ Understand the concept of area 

■ Find the areas of rectangles and squares 

■ Use the basic properties of area 



Part One: Introduction 

The Concept of Area 

When we measure lengths of line segments, we use such standard 
units as meters, yards, miles, centimeters, and kilometers. These are 
often called linear units because they are measures of length. 

The standard units of area are square units 
such as square meters, square yards, and 
square miles. A square meter, for example, 
is the space enclosed by a square whose 
sides are each one meter in length. 
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Definition The area of a closed region is the number of square 
units of space within the boundary of the region. 


We can estimate the area of a region by determining the approxi¬ 
mate number of square units it would take to fill the region. 



Esti mated Area 
= 10 sq units 



Estimated Area 
= 18 sq units 



Estimated Area 
= 19 sq units 


Counting squares, however, is neither the easiest nor the best way to 
find the area of a region. We will develop formulas for computing 
the areas of regions bounded by the common geometrical figures. 
Such regions arc usually named by their boundaries, as when we 
speak of "the area of a rectangle. ” 
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The Areas of Rectangles and Squares 

In the figures to the right, there are two ways to find the areas: 

1 The numbers of square units can be counted individually. 

2 The areas can be computed by multiplying the number of col¬ 
umns (the measure of the base) by the number of rows [the 
height). 

The second method suggests the following formula, which may be 
used to compute areas even when the lengths are fractions or irra¬ 
tional numbers. 


Postulate The area of a rectangle is equal to the product of 
the base and the height for that base, 

where h is the length of the base and h is the height 


2or\ 

Serif 
Area = 10 sq cm 



Area=16sqcrn y 


In a square, the base and the height are equal, so the following 
formula is used. 


Theorem 99 The area of a square is equal to the square of a side, 



where s is the length of a side. 

Basic Properties of Area 


We make three basic assumptions about area: 


Postulate Every closed region has an area , 


Postulate If two closed //gores are congruent then their areas 
are equal 

If AECDEP = PQRSTU, then the area of region I = the area of re¬ 
gion JL 

Postulate // two closed regions intersect only along a common 
boundary, then the area of their union is equal to 
the sum of their individual areas * 




512 


Chapter 11 Area 




































Part Two: Sample Probfems 

Problem 1 Find the area of the rectangle. 

Sohition A ract - bh 

We need to find base BZ. 

ABZY is a right A of the (5, 12, 13) 
family, so BZ = 12. 

A mct = 12(5) = 60 sq cm 



Problem 2 Given that the area of a rectangle is 20 sq dm 
and the altitude is 5 dm, find the base. 

Solution Let x be the number of decimeters 

in the base, 

Anxit = bh 
20 = x(5j 
4 = x 

Base = 4 dm 



Problem 3 
Solution 


Find the area of the shaded region. 

There are two methods of finding 
the area. One uses subtraction, and 
the other uses addition. 

Method One: Method Two CDivide and Conquer 3 *): 



T 

s 

1 


Area of large rectangle = 12 ■ 8 = 96 
Area of square = 2 2 = 4 
Area of small rectangle = 2 ■ 5 = 10 
Shaded area = 96 — 4 - 10 = 82 



A = 



i 


i. 

r 


2*6 + 5- 


8 ■+ 2 * 3 + 3 * 8 


Shaded area = B2 


Part Three: Problem Sets 


Problem Set A 

1 Find the area of each figure helow, (Assume right angles,) 

a b 8 
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i 

5) 

\ y-axis 
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Problem Set A, continued 


2 Find the area of a rectangle whose length and width are 12.5 cm 
and 6 cm respectively. 

3 Find the area of each rectangle. 


4 The area of a rectangle is 48 sq mm r and the altitude is 6 mm. 
a Find the length of the base. 

h Find the length of a diagonal of the rectangle, 

5 a Find the area of a square whose side is 12. 

b Find the area of a square whose diagonal is 10, 
c Find the side of a square whose area is 49. 

4 Find the perimeter of a square whose area is 31. 
e Find the area of a square whose perimeter is 36. 



The perimeter is 40 
One side is 6 


G Find the area of each shaded region. (Assume right angles.) 

a 7 b c 


U 



7 The diagonal of a rectangle is V29, and the rectangle’s base is 2. 
a Find the area of the rectangle, 
b Find its semi perimeter. 


Problem Set R 

8 Each rectangular garden below has an 
area of 100. 



a Find the missing dimension of each, 
b What length of fencing is needed to surround each? 
c Which figure has the shortest perimeter? 

d What do you think must be true about a rectangle that encloses 
the maximum possible area with the shortest possible perimeter? 
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9 A cross section of a steel [-beam is 
shown. Assume right angles and symme¬ 
try from appearances. Find the area of 
the cross section. 


20cm 


4cm 


2Gtm 


6cm 

Z] 


10 A rectangular picture measures 12 cm by 
30 cm. It is mounted in a frame 2 cm 
wide, Find the area of the frame. 



11 The sides of a rectangle are in a ratio 3:5, and the rectangle’s 
area is 135 sq m, Find the dimensions of the rectangle, 


12 


13 


The area of square ABCD is 64 square 
units, MNOP is formed by joining the 
midpoints of the sides of ABCD, Find the 
area and the perimeter of MNOP, 


If the area of rectangle RCTN is six 
times the area of rectangle AECT, find 
the coordinates of A, 



14 The dimensions of a rectangle of area 72 are whole numbers. 
List the dimensions of all such rectangles. If two of these rectan¬ 
gles are chosen at random, what is the probability that each has 
a perimeter greater than 40? 


15 The area of the rectangle is between Sx + 4 

84 sq mm and 124 sq mm. What restric¬ 
tions does this place on x? s 


Problem Set C 

16 A rectangle is formed by two diagonals 
of a regular hexagon as shown, Each sidle 
of the hexagon is 12. Find the area of the 
rectangle to the nearest tenth, 



17 A flag has dimensions 05 by 39, Each 
short stripe has a length of 39, Whet 
fractional part of the flag is red? 


i 
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11.2 


Areas of Parallelograms 
and Triangles 


Objectives 

A/ter studying this section, you vviJJ he able to 

■ Find the areas of parallelograms 

■ Find the areas of triangles- 


■ Part One: Introduction 

The Area of a Parallelogram 

■ Many areas can be found by a "cut and paste™ method. For example, 
to find the area of a parallelogram with base b and altitude h, we 
may do this: 



■s-Git 


and / 


Paste 



Thus, the area of 


/ jh / = the area of 

/ J / 


\ - b -1 | 

b 


T 

h 

1 


Theorem 100 The area of a parallelogram i$ equal to the product 
of the hone and the height, 

A = bh 

where b is the length of the base and h is the height. 


Formal area proofs are often based on the cut-and-paste method, 
Fbr instance, the key steps in a proof of Theorem 100 could be those 
below. 


Given: PACT is a o, 

RT is an altitude to PA, 
Prove: A PaCT = [PA] (RT) 



516 


Chapter 11 Area 



































Key Steps; 

1 Extend PA and draw altitude CE to PA; RECT is a rectangle. 

2 Ap*r = A A3i£; because APRT a AAEC by HL. 

3 Ar^t = A RECT h since A cart + A PRT = A cart + A abc , 

4 A rbct = (TC)(RT) [Why?) 

5 A pact = [PA)(RT) n because PA = TC. 


Thf* Area of a Triangle 

The area of any triangle can be shown to be one half uf the area of a 
parallelogram with the same base and height. 


Area of 



Theorem 101 The area of a triangle is equal to one-half the prod¬ 
uct of a base and the height (or altitude) for that 

base. 

A b = |h/i 

where h is the length of the base and h is the 
altitude. 


Part Two: Samp/e Problems 


Problem 1 

FW the onea o/eoch (nongie. 



a 

b 


i\ 

X'' / | 8 mm 


*tan\\ 

h7 J 

Solution 

a A fi = |bh 

b A a = |bh 


= |[15)[10) 

- hnm 


= 75 sq cm 

- 28 sq mm 


Note The bast of a triangle is not 
always on the bottom. The 10-cm 
altitude is the altitude associated 
with the 15-cm base. 

Note The altitude of a triangle is 
not always inside the triangle. 


Section It.2 Areas of Parallelograms and Triangles 
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Problem 2 
Solution 


Problem 3 


Solution 


Problem 4 


Solution 


Find the base of a triangle with altitude 15 and area 60. 



Find the area of a parallelogram whose sides 
are!4and6 and whose acaie angle is 60°. 



T4 


We can use 14 as the base, but we must first find the height for that 
base. When altitude BE is drawn h a 30*-6O°-9G e triangle is formed, so 

h = 3V5 ' • -14 - 


A a = bh 


= u{sVs) = 42V3 



Find the area of a trapezoid WXY2- 



Gopy the diagram. Use the divide-and-conquer method. By drawing 
another altitude, XB, you can divide the trapezoid into two right 
triangles and a rectangle. 


Find the areas of these Figures and add them. 


x 





ia 


is 


y 



z 


The sides of AWBX form a Pythagorean triple, so WB = 5. Similarly, 
in AYAZ, AZ = 9. 


— f i hh 

^rset 

■^AYAZ - ibh 

= §(5)(12] 

H 

CC r-1 
t— CN] 

II El 


= 30 


= 54 


The sum of the three areas, 300, is the area of the trapezoid. 


518 


Chapter 11 Area 




















Part Three: Problem Sets 

Problem Set A 

l Find the area of each triangle. 





2 Find the area of the triangle. 



3 Find the total area of each figure, (In each figure the triangle is 
mounted on a rectangle.) 




4 Find the altitude of a triangle if its base is 7 and its area is 21. 


5 Find the area of an isosceles triangle with sides iQ r I0 n and 16, 

6 Find the area of a parallelogram of base 17 and height 11. 

1 Find the base of a parallelogram of height 3 and area 42, 

8 Find the area of a b 


each obtuse triangle. 

! NV re 

r \ 

i \ n 


i,u 


h__N ■ 

H 

7 —I 

1—10 — H-9H' 

9 Find the area of 3 

12/W 

□ 

b 

X\ t A 

each triangle. 


A? 

^2 / N \ 


Section 11.2 Areas of Parallelograms and TO angles 
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Problem Set A, continued 


10 Find the area of each 
parallelogram lo the 
near eat tenth. 




Tv 


15 


11 Find the area of each 
trapezoid by dividing it 
into a rectangle and 
triangle(s). 


12 Find the area of AAOC, 




Problem Set B 

13 A triangle has the same area as a 6-by-8 rectangle, The base of 
the triangle is 8, Find the altitude of the triangle. 


14 Lines CF and AB are parallel and 10 mm apart, Several triangles 

with base AB and a vertex on CF have been drawn below, 

Which triangle has the largest area? Explain. 



15 Find the area of the shaded region. 



15 in a triangle, a base and its altitude are in a ratio of 3:2, The 
triangle’s area is 48. Find the base and the altitude, 
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17 Find the area of the 
shaded triangular region* 



18 Given: QT = 12. PR = 15, 
PS = 10 

Find; a The area of APQR 

b RQ 



Q 


IS a Find the area of a triangle whose sides are 25, 25, and 14. 
b Find the area of a right triangle whose legs are 9 and 40. 
c Find the area of an isosceles triangle with hypotenuse 18. 


20 Find the area of an equilateral triangle with a perimeter of 45 rn. 

21 Find the area of each parallelogram to I he nearest lenth- 



14 


22 Find the area of each trapezoid by dividing it into other figures 
(rectangles and triangles or parallelograms and triangles). 



a 


23 Find the area of A ABC with vertices A = (1. 3), B — (7, 3 }, and 
C = (4.-l). 


24 The hypotenuse of a right triangle is 50, and one leg is 14. 
a Find the area of the triangle, 
b Find the altitude to the hypotenuse. 



Section 11.2 Areas of Parallelograms and Triangles 
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Problem Set C 

26 If the diagonals of a rhombus are 10 and 24, find the area and 


the perimeter of the rhombus, 

27 a The area of an equilateral triangle is 9 V 3 . hind the length of 
one side. 


h Find a formula for the area of an equilateral triangle with 
sides $ units long. 




29 Find the area of the parallelogram. 



30 What is the name of the parallelogram having the greatest area 
for a given perimeter? 

31 The diagonals of a kite are 10 and 24. Find the kite's area. 

32 The perimeter of the parallelogram is 
154. Find the parallelogram's area. 



33 Let P be any point in the interior of rectangle ABCD, Four 
triangles are formed by joining P to each vertex, 

a Demonstrate that -l- A^bpc — A^pg + A^p CD . 

h Is this equation valid if ABCD is a parallelogram? 
c Is the equation valid if A BCD is a trapezoid? 
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11.3 



The Area of a Trapezoid 


Objectives 

After studying this section, you will be? able to 
■ Find the areas of trapezoids 

» Use the measure of a trapezoid's median to find its area 


Part One: Introduction 

The Area of a Trapezoid 

You have seen that the area of a trapezoid 
can be found by dividing the trapezoid into 
simpler shapes, such as triangles, rectangles, 
and parallelograms (“divide and conquer”), 
There is, however, a formula that can be 
used to find the area of a trapezoid, 



Theorem 102 The area of a trapezoid equals one-half the product 
of the height and the sum o/ fhe bases, 

A,rap = jMb, + h 2 ) 

where h, is file length of one base, b z is the length 
of the other base, and h is the height, 

The Median of a Trapezoid 

We can use the Midline Theorem to find out what happens when 
the midpoints of the nonparallel sides of a trapezoid are joined. 


Definition The line segment joining tire midpoints of the nom 
parallel sides of a trapezoid is called the median of 
the trapezoid. 


In trapezoid WXYZ, P, Q, and R are 
midpoints of sides of AWXZ and AXYZ, P, 

Q, and R are collinear, because PQ and QR 
share Q, and each segment is parallel to WX 
and ZY, PR is the median of trapezoid WXYZ, 

By the Midline Theorem, PQ = ||WX) and QR = 
PR = PQ + QR = |(WX] + j(YZ) = |(WX + YZ). 



|(YZ). Thus, 


Sec Lion 11.3 The Area of a Trapezoid 
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Theorem 103 The measure of the median of a trapezoid equals 
the average of the measures of the bases, 

m = \{b, + b 2 ) 

where h } is the length of one base and h > is the 
length of the other base * 


You can now easily prove a shorter form of Theorem 102. 


Theorem 104 The area of a trapezoid is the product of the medi¬ 
an and the height . 

A tnp = Mit 

u frere M is the length of the median and h is the 
height 



Part Two: Sample Problems 

Problem 1 Given; Trapezoid WXYZ, with height 7, 
lower base 18, and upper base 12 

Find: The area of WXYZ 
Solution A tiap = |h(b T + Jb*) 

= |(7)(l8 + 12) =105 



Problem 2 Find the shorter base of a trapezoid if 
the trapezoid's area is 52, its altitude 
is 8, and its longer base is 10, 

Solution Let x be the length of the shorter 

base, 

52 = |(8)[10 + X) 

52 = 4(10 + x) 

3 - x 



Problem 3 


Solution 


The height of a trapezoid is 12. 
The bases are 6 and 14. 
a Find the median, 

a M = l[b, + b 2 ] 

= | [14 + Q) 

= 10 


b Find the area, 

h A^p = Mh 
= 10 ( 12 ) 
= 120 


14 
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Part Three: Problem Sets 


Problem Set A 

1 A trapezoid lift $ bases 15 and 11 and height H, 
a Find the area, 
b Find the median. 




3 Given a trapezoid with bases 6 and 15 and height 7, find the 
median and the area. 


4 The bases of a trapezoid are 3 and 22 t 
and the trapezoid’s area is 135. Find the 
height. 



5 The height of a trapezoid is 10, and the trapezoid’s area is 130. If 
one base is 15* find the other base. 


6 A straight wire stretches between the tops of two poles whose 
heights are 30 ft and 14 ft. Find the height of a pole that is to be 
placed halfway between 
the original poles to sup¬ 
port the wire, xAssume 
that the pdes are per¬ 
pendicular to the 
ground, (Hint: Do yon 
see a trapezoid and Its 
median?) 



Section 11,3 The Area of a Trapezoid 
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Problem Set B 

7 Find the total area, of each figure. 



8 Find the total area of each figure. 





9 Find the lower base of a trapezoid whose upper base is 10 and 
whose median is 17, 


10 The area of triangle PQS is 25- 

The median of trapezoid FQRS is 14. 
Base RS measures 18. 

Find: a The length of base PQ 

b The height to base PQ of APQS 
c The height of trapezoid FQRS 
d The area of trapezoid PQRS 



11 Find the area of the figure shown, which 
was formed by cutting two identical isos¬ 
celes trapezoids out of a square. 



f 2 The perimeter of a trapezoid is 35. The nonparallel sides are 7 
and 8. Find the trapezoid's area if its height is 5, 

13 The consecutive sides of an isosceles trapezoid are in the ratio 
2:5^ 10:5, and the trapezoid's perimeter is 44. Find the area of 
the trapezoid. 
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Problem Set C 

14 The figure shown is composed of four 
regions of equal height. The triangle and 
the trapezoid are isosceles, and each side 
of the trapezoid is parallel to a side of 
the triangle. Find the total area of the 
figure, 

15 When an isosceles triangle is folded so that its vertex is on the 
midpoint of the base, a trapezoid with an area of 12 square units 
is formed. Find the area of the original triangle- 

16 The sides of a trapezoid are in the ratio 2:5:8:5. The trapezoid’s 
area is 245. Find the height and the perimeter of the trapezoid. 




18 In trapezoid ABCD, X and Y are mid¬ 
points of sides, and P and Q are mid¬ 
points of diagonals. Develop a formula 
that can be used to find PQ. (Hint: See 
the proof of Theorem 1030 



19 Prove that the area of a trapezoid is jh[b t + bj by each of the 
following methods. 

a Draw a diagonal and use the two triangles formed. 

It Draw altitudes and use the rectangle and the triangles formed. 


20 Write a coordinate proof that the median 
of a trapezoid is parallel to the bases and 
is equal to one-half their sum. 



Section 11.3 The Area of a TYapezoid 
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11.4 


Areas of Kites and 
Related Figures 


Objective 

After studying this section, you iviJJ be able to 
■ Find the areas of kites 


■ Part One; Introduction 

Remember that in a kite the diagonals are perpendicular. 

Also a kite can be divided into two isosceles triangles 
with a common base, so its area will equal the sum of the areas 
of these triangles. 

— ^£A5U mjr ^ADBC 

= |(BD)(AE) + |(BD)(EC) 

= §(BD)(AE + EC) 

= |[BD)[AC) 

Notice that BD and AC are the diagonals of the kite. We have just 
proved the following formula. 




Theorem 105 


lYtc area of a fcife equals half the product of its 
diagonals. 

whore d j is the length of one diagonal and d z is the 
length of the other diagonal. 


T 



This formula can be applied to any kite, including 
the special cases of a rhombus and a square. 



Part Two: Sample Problems 

Problem J. Find the area of n kite with diagonals 
9 and 14. 

Solution A Wlt — |d 1 d B 

= | (14) [9) - 63 


AC 

BD 



D 
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Problem 2 
Solution 


Find the area of a rhombus whose perimeter is 20 and whose longer 
diagonal is 8, 

A rhombus is a □, so its diagonals 
bisect each other. It is also a kite, so 
its diagonals are 1 to each other, 

Thus, XZ = 8 and XP = 4. 

The perimeter is 20, so XB = 5. (Why?) 

ABPX is a right triangle, Thus, 

BP = 3 and BY = S. 

^kite — 

= |[6)18) = 24 


B 5 X 
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Problem Set B, continued 


1 Find the area of the kite shown, 



8 Find the area of a rhombus with a perimeter of 40 and one angle 
of 60°. 


9 a Find the areas of region I, region 11, 1 

^ y-a*is 


and region IE, E 

(0,7) D(a,7] ri 

fa Find the area of AOBD. 

"x\ 

■- '■ 1 - ■ ' r 



6 ( 12,35 




0 

( 0 , 5) t- 

\ x-aKi* 


t (,i 

, 0 } 


Problem Set C 

10 Given a rhombus with diagonals 18 and 24, find the height. 


11 The formula for the area of a kite applies 
to any quadrilateral whose diagonals are 
perpendicular. 

Prove that the area of any quadrilat¬ 
eral with perpendicular diagonals equals 
half the product of the diagonals, [Hint: 
Use w r x r y, and z as marked to show 
that A = j[w + x][y + z].) 



C 


12 


Observe the figure at the right- It resem¬ 
bles a kite., but it is not convex [it is 
"'dented in”). Does the kite formula still 
hold? [That is, can it be shown that 


A = | xy?) 



T3 In rectangle A BCD, X and Y are mid¬ 
points of AB and CD, and PD = QC, 

a Compare the area of quadrilateral 
XQYP with the area of A BCD. 

b Prove your conjecture. 
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11.5 



Areas of Regular 
Polygons 


Objectives 

After studying this section, you will be able to 

■ Find the areas of equilateral triangles 

■ Find the areas of other regular polygons 


Part One: Introduction 

The Area of an Equilateral Triangle 

Equilateral triangles are encountered so frequently that a special 
formula for their areas will be useful. 

Remember that the altitude of an equi- w 

lateral I ri angle divides it Into two 30 D -60 D -90 Q 
right triangles. 

Thus; if WY - s, then ZY = | 
and WZ = §VI, 

Therefore, A WXY = |bh 


- Hl V3 ) - y* 



Theorem 1(H) 


The area of an equilateral triangle equals the prod¬ 
uct of one-fourth the square of a side and the square 
root of 3. 

= ?VS 

where $ is the length of a side . 

The Area of a Regular Polygon 

Recall that in a regular polygon all interior angles are congruent and 
all sides are congruent. 

In regular polygon PENTA h 

■ O i s the center 

■ QA a rod/tis 

■ GM is an apothem 



Section 11.5 Areas of Regular Polygons 
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Definition A radius of a regular 
polygon is a segment 
joining the center to any 
vertex. 



Definition 


An apothem of a regular 
polygon is a segment join¬ 
ing the center to the mid¬ 
point of any side. 



Here are some important observations about apothems and radii: 

■ All apothems of a regular polygon are congruent. 

■ Only regular polygons have apothems. 

■ An apothem is a radius of a circle inscribed in the polygon. 

■ An apothem is the perpendicular bisector of a side. 

■ A radius of a regular polygon is a radius of a circle circumscribed 
about the polygon. 

■ A radius of a regular polygon bisects an angle of the polygon. 

If all of the radii of a regular polygon are 
drawn, the polygon is divided into congruent 
isosceles triangles. [What is an attitude of 
each triangle?) If you write an expression for 
the sum of the areas of those isosceles trian¬ 
gles, you can derive the following formula. 

Theorem W7 The area of a regular polygon equals one-half the 
product of the apothem and the perimeter * 

reg- poly, = z a P 

where a is the length of an apothem and p is the 
perimeter . 




Part Two: Sample Problems 

Problem I A regular polygon has a perimeter of 40 and an apothem of 5. Find 
the polygon’s area, 

Solution A rafi = |ap 

= |(5)(40) = 100 

Problem 2 An equilateral triangle hus a side 10 cm long, Find the triangle’s area. 
Solution A^ A = ^V3 

-fvS 

= 25 V 3 sq cm 

10 
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Problem 3 
Solution 


A circle iviih a radius of 6 is inscribed in an equilateral triangle. Find 
the area of the triangle, 

Notice that DP is an apothem 6 
units long and that AOP is a 30°-60°- 
90° triangle. Thus, OA = 12, 

AP = 6V3, and the perimeter of 

A ABC Is 36Vi, An equilateral tri¬ 
angle is a regular polygon, so 

A = Jap 

= J(6)(36Vi) = 108V3 



Problem 4 
Solution 


Find the area 0 / a regular hexagon with sides 18 units long. 
AF = 18, so AP = 0, 


Observe that GPA is a 30 0 -60 <> -90 o tri¬ 
angle, so that apothem OP = 9Vi, 

Perimeter = 6(18) = 108 
A = |op 

= J(9 V 3 ) [108] = 486Vi 



Part Three: Problem Sets 

Problem Set A 

1 The perimeter of a regular polygon is 24 and the apothem is 3, 

Find the polygon's area. 

2 Find the areas of equilateral triangles with the following sides, 

a G b 7 C 8 (I 2V3 

3 Find the areas of equilateral triangles with the following apothems. 

a 6 b 4 c 3 d 2V3 


4 Find, to the nearest tenth, the area of a regular hexagon whose 
a Side is 6 c Apothem is 6 

b Side is B tf Apothem is 8 


5 The radius of a regular hexagon is 12. 
Find: a The length of one side 
b The apothem 
c The area 
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Problem Set A, continued 


G Find the area of a square whose 

a Apothem is 5 e Side is 7 e Radius is 6 

b Apothem is 12 tl Diagonal is 10 I Perimeter is 12 

7 Find the apothem of a square whose area is 36 sq mm. 

8 Find the side of an equilateral triangle whose area is 9V3 sq km, 

9 Find the area of a square if the radius of 
its inscribed circle is 9. 


10 Find the area of an equilateral triangle if 
the radius of its inscribed circle is 3. 


11 Find the area of a regular hexagon if the radius of its inscribed 
circle is 12. 



Problem Set B 

12 Find lhe area of 

a An equilateral triangle whose aide is 9 
k A'square whose apothem is 
c A regular hexagon whose side is 7 

13 Find the length of one side and of the apothem of 
a A square whose area is 121 

b An equilateral triangle whose area is 36Vi sq m 
e A regular hexagon whose perimeter is 24 cm 


14 Find the perimeter of a regular polygon whose area is 64 and 
whose apothem is 4. 


15 A circle of radius 12 is circumscribed about each regular polygon 
below. Find the area of each polygon. 



16 A circle is inscribed in one regular hexagon and circumscribed 
about another, If the circle has a radius of 6, find the ratio of the 
area of the smaller hexagon to the area of the larger hexagon. 
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17 Find the area of the shaded region in each polygon. ( Assume 
regular polygons.) 



10 Suppose yon are given a scalene triangle, an equilateral triangle, 
a kite, a square, a regular octagon, and a regular hexagon. If you 
choose two of the six figures at random, what is the probability 
that both have apothcms? 


Problem Set C 

19 a The span s of a regular hexagon is 30. 
Find the hexagon's area. 
b Find the span of a regular hexagon 
with an area of 32 VI. 

c Find a formula for the area of a regu¬ 
lar hexagon with a given span s. 



20 a Find the apothcm of the regular 
octagon, 

b Find the area of the octagon. 


\_/ 


10 


21 A square is formed by joining the mid¬ 
points of alternate sides of a regular octa 
gon. A side of the octagon is ID. 

n Find the area of the square, 
b Find the area of the shaded region. 



22 Given a set of four concentric regular 
hexagons, each with a radius 1 unit longer 
than that of the next smaller hexagon, 
find the total area of the shaded regions. 



23 A square is inscribed in an equilateral 
triangle as shown. Find the area of the 
shaded region. 
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Problem Set C, confirmed 

24 A square and a regular hexagon are inscribed in the same circle, 
a Find the ratio of a side of the square to a side of the hexagon, 

b Find the ratio of the area of the square to the area of the 
hexagon. 

25 a Express the area of A BCD as the sum 

of the areas of the three triangles, 

b Express the area of ABCD as the area 
of a trapezoid with bases AB and CD, 

e Equate your answers to parts a and b 
and simplify. Are you surprised? So 
was President James A. Garfield, who 
is said to have discovered this proof. 



26 Find the area of AABC, 



MATHEMATICAL 


R $ t 


Tiling and Area 

Mathematics sheds tight on chemistry problem 


Finding the approximate area of a region by 
covering it with unit squares is one example of 
tiling. Tiling using squares is easy to imagine for 
anyone who has over seen a checkerboard. 
Square tiling is an example of periodic fifing 
because the pattern repeats predictably 
throughout the region. 

In the lS70 s r Roger Penrose, a mathemati¬ 
cal physicist at Oxford University in England, 
discovered tilings that could never be periodic. 
One such tiling consisted of kites and darts. 
Another consisted of fat 
diamonds and thin diamonds. 




Thin Fat 

Kite Dart diamond diamond 


Penrose described specific rules governing 
which sides could come into contact with each 
other. These shapes, and portions of tilings us¬ 
ing them, are shown here, 

Penrose's tilings not only represented a 
mathematical breakthrough, they also have 
helped scientists better understand how mole 
cules in certain complex crystal patterns 
“know" how to arrange themselves in such 
highly complicated ways. 


VAJ / ' 






WrJM "KH 




ff there were no restrictions 
regarding which s/des couW 
come into contact, how might 
the kites and darts be fifed 
periodically? 
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11.6 


Areas of Circles, Sectors, 
and Segments 

Objectives 

After studying this section, you will be able to 
* Find the areas of circles 

■ Find the areas of sectors 

■ Find the areas of segments 

■ Part One: Introduction 

The Area of a Circle 

You may already know the formula for the area of a circle, 

Postulate The area of a circle is equal to the product of it and 

(he square of the radius, 

A G = it r- 

where r is the radius. 


The Area of a Sector 

The region bounded by a circle may be divided into sectors . 


Definition A sector of a circle is a 
region bounded by two 
radii and an arc of the 
circle. 



Sector HOP 


Just as the length of an arc is a fractional part of the circumference 
of a circle, the area of a sector is a fractional part of the area of the 
circle. 


Theorem l(HJ The area of a sector of a circle is equal to the area 
of the circle times the fractional part of the circle 
determined by the sector's arc * 

A HOP 

where r is the radius and HP is measured in 
degrees. 
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The Area of a Segment 

Another way of dividing the interior of a circle produces a segment 


Definition. A segment of a circle is a 
region bounded by a chord 
of the circle and its corre¬ 
sponding arc. 



By studying the diagram above, you may be able to sec what to do to 
find the area of a segment. Sample problem 4 will 0 lust rate the 
procedure in detail. 



Part Two: Sample Problems 

Problem 1 Find the area of a circle whose diameter is 20. 

Solution The radius of the circle is 5 (half the diameter). 

A 0 = wr 2 

= ir(s 2 ) = 257T $q units 



Problem 2 
Solution 

Problem 3 
Solution 

Problem 4 

Solution 


Find the circumference of a circle whose area is 49 tj sq units . 

First find the radius, then use it to calculate the circumference. 

= C = 2irr 

^ 24?) = 14-zr 


A 0 - *nr 

4 Qtt — irr~ 


7 = r 


Find the area of a sector with a radius of 12 and a 45° arc. 




m arc \ 2 

360 J^ r 

= j^tH/ 12 2 ) = 28-7rsq units 


The measure of the arc 0 /the segment 
(AB) is 90, The radius of the circle 
is 10. Find the area of the segment. 

Draw radii to the endpoints of AB, 
forming sector AOB. 



)ttt 2 - ^bh 


_ / mAB \ 

{ 360 J 

= ^irilO 2 ) ~ |[ 10 )( 10 ) 



360 

= 257T - 50 
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Part Three: Problem Sets 

Problem Set A 

1 Find the areas and circumferences of circles with the following 
radii, 

a 1 b 8 c 15 

2 Find the radii of circles with the following areas. 

a 16 it b 169 it 

3 Find the circumference of a circle whose area is lOQir sq cm. 

4 Find the area of a circle whose circumference is Wtt dm. 

5 Find the area of each shaded sector. 





B 


The diagram shows a rectangular lawn 
and the circular regions watered by i\m 
sprinklers. Each circular region is 3 m in 
radius. Find, to the nearest square meter, 

a The total area that is watered 
b The area of the whole lawn 
t The area of lawn not watered (shaded) 



Find the total area of the 
region shown. 



Problem Set B 

8 Find, to the nearest tenth, the radii of circles with the following 
areas. 

fl 24fr 'b 36 
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Problem Set B, continued 


9 Fi rid the area of each sector. 





10 If the a tea of a circle is 60 tt and the a ace of a sector of the circle 
is 2477, what is the measure of the sector's arc? 


11 


Find the area of each segment. 




12 a Find the area of the shaded figure if 
the inner radius is 3 and the outer 
radius is 5. (Such a figure is called an 

ftiimrifu#-} 

b If the inner circle has a radius r and 
the outer circle has a radius fi, derive 
the formula for the area of any 
annulus, 



13 a What is the area of the shaded region 
if x = 6? [f x = 10? If x = 7? 

b What observation can you make about 
the shaded region's area? 



14 


Find the area of the shaded part of each figure. (Assnme regular 
polygons.) 




b 
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15 Find the area of the shaded region. 



16 On the target, the radius of the buIFs-eye 
is 5 cm, and each band is 5 cm wide, 

a Find the total shaded area to the near¬ 
est square centimeter. 
b Find the area of the unshaded bands 
to the nearest square centimeter. 

t What is the probability that if you hit 
the target, you will get a hairs-eye? 
(Assume that no skill is involved.) 



17 In the square grid, each square is 2 cm 
wide. Find the area of the region bounded 
by the circular arcs. 



J 



A 



3 




r 


L 

J. 



Problem Set C 

18 Find the area of each shaded region, 



A rotor of a Wankel automotive engine 
has the geometric shape shown. The cen¬ 
ter of each arc is the opposite vertex of 
the equilateral triangle, 

a Find the figure's area, 
b Find the figure's perimeter. 




2D Find the area of each shaded region. 
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Problem Set C t continued 


21 Three arcs are drawn, centered at the 
midpoints of the sides of a triangle and 
meeting at the vertices, as shown. 

a Find the total area of the shaded re¬ 
gions (which are called the lunes of 
Hippocrates). 

b Find the area of the triangle. 



22 A circle is inscribed in a rhombus. Find 
the area of the shaded region if the 
diagonals of the rhombus are 30 and 40. 


23 If GO and ©P are tangent to the x-axis 
at Q and a point is selected at random in 
the interior of ©P, what is the probability 
that lhe point is in the shaded region? 



CAREER PROFILE 


Geometry in Visual Communication 

WiJiiam FieJd uses geometry to achieve simplicity and darity 


In a geometry textbook., lines and curves axe 
the elements of more complex figures, such as 
angles, polygons, and circles. In ftie hands of a 
graphic designer, they are used to Create imag¬ 
es. The company logos shown on this page were 




created by William Field, an award-winning 
graphic designer headquartered in Santa Fe, 
New Mexico. AVI bear Field's own trademarks; 


cleanness of line and simplicity. 

In an age whan desktop publishing and com¬ 
puterized design have become commonplace, 
says Fieidt ++ l use a pen and a piece of paper." 
To achieve simplicity and clarify. Field uses a 
traditional grid system. He begins fry dividing his 
page into, say, sixteen squares. 

A Santa Fe native. Field earned a de¬ 
gree in anthropology from Harvard Univer¬ 
sity. For ten years he served as the direc¬ 
tor of design for a camera company. Field 
has been presented with many of graphic 


□ 


design's most prestigious awards. Today he op¬ 
erates his own graphic design business in 
Santa Fe. 

For each of the logos shown above, explain 
how geometry works in the image. 
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11.7 


Ratios of Areas 


Objectives 

After studying this section p you will be able to 

■ Find ratios of areas by calculating and comparing the areas 

■ Find ratios of areas by applying properties of similar figures 



Part One: Introduction 


Computing the Areas 

One way of determining the ratio of the areas of two figures is to 
calculate the quotient of the two areas. 


Example I 


Example 2 


Find the ratio of the area of I he pai- 
cdfeiogmm to the area of the triangle. 


Aq = bA _ 9 * 10 

Ai |b s h 2 |-l2-0 


90 

4e 


15 

—, or 15:8 
3 


In the diagram, AB = 5 and BC = 2 , 

Find the ratio of the area of AABD to 
that of ACBD, 

Notice that the height of AABD is 
the same as the height of ACBD and 
is labeled by the letter h. 

A^ABD _ 2^1^ _ _ 5 

A^cbo |b 2 ft 2 c 



Similar Figures 

As you know, if two triangles are similar, the ratio of any pair of 
their corresponding altitudes, medians, or angle bisectors equals the 
ratio of their corresponding sides. Application of this concept leads 
to an interesting formula. 
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Example 1 


Given that APQR — AWXY h find the ratio of theft areas, 

Q 



Notice that the ratio of the corresponding sides is |. 
The ratio of the areas is 


a a pqr _ J _ ^1 

^AWXY |b 2 h 2 ^2 


b, 3 

But r = ~ and t— 
b 2 2 h 2 


^APOR 


3 3 _ /3\ 2 = 9 
2 ' 2 \2 4 ' 


The preceding example shows the key steps that can be used to 
prove a theorem about the areas of similar triangles. Because convex 
polygons can be divided into tri angles, you may suspect that the 
areas of similar polygons have the same relationship. They do. 


Theorem 109 If two figures are similar , then the ratio of their 
areas equals the square of the rath of correspond¬ 
ing segments, ( Similar-Figures Theorem ) 



whei-e A t and A 2 ai-e areas and and s 2 are 
measures of corresponding segments , 


Corresponding segments can be any segments associated with the 
figures* such as sides, altitudes, medians, diagonals, or radii. 


Example 2 


Given the similar pentagons shown, 
find the ratio of Jheir orem. 

By the Similar-Figures Theorem r 





^1 = 12 = 4 
s 2 9 3 



-] = or 16:9, 


544 


Chapter 11 Area 













Part Two: Sample Problems 

Problem 1 If A ABC — ADEF (note the corre¬ 
spondences) h find the ratio of the 
areas of the two triangles. 


Solution 


Use the Similar-Figures Theorem, 


A _ M 

w 




Problem 2 If the ratio of the areas of hvo similar 
parallelograms is 49:121, find the ra¬ 
tio of their bases. 

Solution The Similar-Figures Theorem cam be 
used- 

_ /^iV 

A± vW 

49 = /b,\ a 

121 \b 2 J 

7_ = N 
11 h 2 

Note that yy is the square root of y^y* 




Problem 3 
Solution 


AM is a median of A ABC. Find the 
ratio A AA3BM :A AACM . 

In this case, the Similar-Figures 
Theorem does not apply. Start by 
comparing the altitudes from A. 
They are the same! Call this com¬ 
mon altitude x. 

Now compare the bases. BM = MC, 
because AM is a median. Let y rej> 
resent BM and MC. 

Aaaesm %kjhi xy 

--= z -= = 1, or 1:1 

a aacm |b 2 hv X Y 

Since the triangles have equal bases 
and equal heights, their areas are 
equal. 


A 
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The result of sample problem 3 may be stated as a theorem. 


Theorem 110 A median of a triangle divides the triangle into two 
triangles with equal areas . 



■ Part Three: Problem Sets 
Problem Set A 

1 By computing the areas, find the ratio of the areas of each pair of 
figures shown. 



2 By using the Similar-Figures Theorem, find the ratio of the areas 
of each pair of similar figures. 
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3 Given: PM is a median, 
Find: a : A ip . RM 

h A iU )Q M :A A pQ R 

c QR: MR 


P 



4 A pair of corresponding sides of two similar triangles are 4 and 
9, Find the ratio of the triangles' areas. 

5 If the ratio of the areas of two similar polygons is 9:16, find the 
ratio of a pair of corresponding altitudes. 

6 Gladys Gardenia has a square garden, 3 m on a side. She wishes 
to make it exactly twice as large. Gladys decides to double the 
length and double the width, Does shg succeed? 


7 Find the ratio of the areas of the regular 
hexagons, 




B Find the ratio of the areas of the 
triangles, 




Problem Set B 

9 For each pair of figures. And the ratio of area I to retf JT. 
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Problem Set B P continued 


10 Find the ratio of the area of the shaded triangle to that of the 
whole triangle. 





11 Find the ratio of the 
areas of the two triangles. 


a 

12 The ratio of the areas of two similar pentagons is 8:18. 
a Find the ratio of their corresponding sides. 

h Find the ratio of their perimeters. 

13 The ratio of corresponding medians of two similar triangles is 
5:2. Find the area of the larger triangle if the smaller triangle has 
an area of 40. 

14 One triangle has sides 13 h 13, and 10. A second triangle has sides 
12, 20, and 16. Find the ratio of their areas. 

15 Find the ratio of the areas of two circles if their radii are 4 and 9. 

16 Find the ratio of the 
8 and 8, 

17 Find 


areas of two equilateral triangles with sides 
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Problem Set C 

IB Given trapezoid WXYZ, find the ratio of 
the areas of each pair of triangles. 


a AWYZ and AXYZ 
b AWXZ and AWXY 
t AWP2 and AXPY 
d AWPX and AZPY 
a AWPX and AXPY' 



19 Given A ABC is a right A, 

E and F are midpoints, 

D, H, and G divide AC into 
four = segments.. 


A 



Find: a The ratio of the areas of A ABC and AEBF 
b The ratio of the areas of A ABC and AGFG 
c The ratio of the areas of AADE and AGFC 
d The ratio of the areas of oDEFG and A ABC 
0 The perimeter of oDEFG if AC = 20 


20 If the midpoints of the sides of a quadrilateral are joined in 
order, another quadrilateral is formed, Find the ratio of the area 
of the larger quadrilateral to that of the smaller quadrilateral. 


21 Given: Trapezoid ABCD 

Find: The ratio of areas 1 and II 



22 PQRS is a parallelogram. 

a if T is a midpoint and the area of 
PQRS is 60, find the areas of regions 1, 
II, HI, and IV, 

b If T divides such that find 

the ratio of the area of region I to that 
of OPQRS, 
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11.8 


Hero’s and Brahmagupta’s 
Formulas 


Objective 

After studying this section you will be uble to 
■ Find the areas of figures by using Hero’s formula and 
Brahmagupta’s formula 



Part One: Introduction 

A useful formula for finding the area of a triangle was developed 
nearly 2000 years ago by the mathematician Hero of Alexandria. 


Theorem 111 A a = Vs(s - a)(s - b)(s - ck 

where a, b, and c are the lengths 
of the sides of the triangle and 
$ = semiperimeter = - + | ♦ 

(Hero's formula) 



In about a.q. 628, a Hindu mathematician, Brahmagupta, recorded a 
formula for the area of an inscribed quadrilateral. This formula 
applies only to quadrilaterals that can be inscribed in circles [known as 

cyclic quadrilaterals). 


Theorem 112 ^ = V(s - aXs - h)(s - c)(s - d), 

where a, b, c T and d are the sides of the quadri¬ 
lateral and $ = semiperimetcr = —- | 
{Brahmagupta’s formula) 



Part Two: Sample Problems 

Problem 1 Find the area of a triangle with sides 3, 6, and 7, 
Solution First find the somiperimeter, 

a + b + c 3 + 6 + 7 _ . 


Then use Hero's formula, 

A a = Vs(s - a)(s - b)(s -~c) 

= V8[3 - 3)(8 - 6) [8 - 7) 

= Ve[5)[2)(l) = Vl6(5) = 4V5 
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Problem 2 
Solution 


Find the area of the inscribed quadrilateral with sides 2, 7, 6, and B. 

First find the semiperinieter, 

a + b + c + d 2+7+e+9 

s “ 2 " 2 “ 12 

Then use Brahmagupta’s formula. 

A cycUcqu*l = ~ b)(s ~ c}(s - rf) _ 

= V (12 - 2 ) (12 - 7)(12 - 61(12 - 9 ) 

= Vl0(5)(6)(3) = V900 = 30 



Part Three: Problem Sets 

Problem Set A 

1 Use Hero's formula to find the areas of triangles with sides of the 
following lengths, 

a 3, 4, and 5 c 5, 6, and 9 e 8, I5 r and 17 

It 3, 3, and 4 i 3, 7 and 8 f 13, 14, and 15 

2 Use Hero's formula to And the area of an equilateral triangle 
with a side 8 units long, 

3 Use Brahmagupta's formula to find the areas of inscribed quadri¬ 
laterals with sides of the following lengths. 

a 5, 7, 4, and 10 c 3, 5 h 9, and 5 

b 2, 4 h 5. and 9 d 1, 5 , 9, and 11 


Problem Set B 

4 a Use Hero's formula to find the area of a [2, 5 K 7) triangle, 
b Use Hero's formula to find the area of a (4, 6, 12) triangle. 

c What explanation can you give for the results in parts a 
and b? 
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7 Verify that the area of the quadrilateral 
shown is 12 V 2 T + 54, 


8 Find the measures of the three altitudes 
of the triangle at the right, [Hint: Use 
Hero's formula to find the area, and then 
use A = |bh to find each altitude.) 

9 Find the area of the quadrilateral sir 




10 Find the area of the triangle. 


Problem Set C 

11 a As PQ gets smaller and smaller, what 

happens to quadrilateral PQRS? 

b What happens to Brahmagupta's for¬ 
mula if P and Q become the same 
point? 

12 Find the area of the pentagon to the 
nearest tenth. 





13 Given: OCX with C = [% 9] and D = (9, 8), 
mCD = 60 

Find: d The coordinates of 0 

fa The circumference of 00 to 
the nearest tenth 
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Chapter Summary 


Concepts and Procedures 

After studying this chapter, you should be able to 

■ Understand the concept of area (11.1) 

m Find the areas of rectangles and squares (11.1) 

■ Use the basic properties of area (11.1) 
m Find the areas of parallelograms (11.2) 

■ Find the areas of triangles (11.2) 

■ Find the areas of trapezoids [11,3) 

■ Use the measure of a trapezoid's median to find its area (11.3) 

■ Find the areas of kites [11,4) 

■ Find the areas of equilateral triangles (11.5} 

■ Find the areas of other regular polygons (11.5) 
m Find the areas of circles [11.6) 

■ Find lhe areas of sectors (11.6) 

■ Find the areas of segments (11-6) 

■ Find ratios of areas by calculating and comparing the areas (11.7) 

■ Find ratios of areas by applying properties of similar figures (11.7) 

■ Find the areas of figures by using Hero's formula and 
Brahmagupta's formula (11.0) 


Vocabulary 

annulus [11.6} 
apothem (11.5} 
area (11.1) 

Brahmagupta’s formula [11.8) 
cyclic quadrilateral (11,8) 
Hero’s formula [11.8) 


square unit (11,1) 


median (11,3) 
radius (11.5) 
sector [11,6) 
segment [11.6) 


linear unit (11.1) 
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Review Problems 



Problem Set A 

1 Find the areas of the following polygons, 
a A rectangle with base 12 and height 7 
1) A triangle with base 12 and height 7 
c A parallelogram with base 15 and height 5 
d A trapezoid with bases 3 and 10 and height 8 
e A kite with diagonals 5 and 8 
f A trapezoid with median 4 and height 2 


2 Find the areas of rhombuses with the following dimensions 
o A base of 9 and a height of 7 
b Diagonals of 6 and 11 



4 A rectangular driveway is to be paved. The driveway is 20 m long 
and 4 m wide. The cost will be $15 per square meter. What is 
the total cost of paving the driveway. 


5 Find the area of a parallelogram with 
sides 12 and 8 and included angle 6(F. 



6 Find the area of an isosceles trapezoid 
with sides 8 H 20, 40 h and 20. 


7 Find the area of the triangle shown at 
the right. 
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8 John has two sticks, 90 cm and 50 cm 
long, to use in making a paper kite. 
What will the cost of the kite be if the 
sticks and glue arc gifts and the paper 
costs 3 cents per square decimeter? 


3 The apothem of a regular polygon is 7, and the polygon's perime¬ 
ter is 5%. Find the polygon's area, 

10 Find the area of a circle if its circumference is Ifijn 

11 Find the area of a square whose semiperimeter is 18 m, 

12 Find, to the nearest tent hi the area of a semicircle whose diame¬ 
ter is 14 mm, 

13 Find the area of each shaded region. 

a 





14 Find the area of each sector, 
a -—^ b 



iz/\ 

MO" j 


-10 


12 


10 Find the ratio of the areas of each pair of figures, 

b 




16 Find the coordinates of B so that A ABO 
will have the same area as AACD, 
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Problem Set B 

17 Find the area of a triangle with sides 41, 41, and 18. 


18 Find the area of a parallelogram with sides 6 and 7 and included 
angle 45 a . 

Ifl Find the area of a rhombus whose perimeter is 52 and longer 
diagonal is 24. 

20 Find the area of an equilateral triangle with perimeter 21. 

21 Find the area and the perimeter of an isosceles trapezoid with 
lower base 13. upper base 4, and upper base angle 120°. 

22 Find, to the nearest tenth, A s 

a The circumference of the circle 

ti The area of the circle 



23 a The diagonal of a square is 26. Find the squared area, 
b Find the diagonal of a square whose area is 18. 



24 Find the area of a regular hexagon 
whose span is 36. 


25 Find the area of the shaded region in each figure. 



€ 


a 


2b For each figure, find the ratio of the area of the whole figure to 
that of the shaded region. 
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27 Find the area of each shaded segment. 



h 



60 : 


28 For each figure, find the ratio of the area of region I to that of 
region II. 



29 Which has a greater area, a circle with a circumference of ICO or 
a square with a perimeter of 100? 


30 BRAT is a trapezoid, with M the mid¬ 
point of one of the legs. Show that the 
area of A CAT h equal to the area of 
BRAT. 

31 TR AP is an isosceles trapezoid, 
a .Find the coordinates of R. 

h Find the area of TRAP. 


A ft 




Problem Set C 


32 In each figure, find the ratio of the area of region I to that of 
region IF. 




33 Given an isosceles trapezoid with a smaller base of 2. a perimeter 
of 70 h and acute base angles of 60* ? find the trapezoid s area. 
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Review Problem Set C, continued 


34 The legs of one isosceles triangle are congruent to those of 
another isosceles triangle, and the triangles’ vortex angles are 
supplementary. Prove that the triangles’ areas are equal, (Write a 
paragraph proof.) 


35 Five circles are tangent as shown. If each 
small circle has a radius of 3, find the 
shaded area. 



36 Find the shaded areas. 




37 Find the area of a trapezoid whose diagonals are each 3D and 
whose height is 18, 


38 Given: ABrBC = 1:1 and FE:ED = 1:5 

a Find the ratio of the area of region 1 to 
the area of oACDF, 

b What is the probability that a gnat 
landing in oACHF would land in re¬ 
gion II? 



39 AT is tangent to 0P at T, and AB = 12, 
Find the shaded area. 



40 Archiboid left his horse, Gremilda, tied 
to the corner of a barn by a 12-m rope, 
The bam measures 8 m by 10 m, Find 
the total grazing area for Gremilda. 



41 Find the area of the shaded region. 
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42 All 12 sides of the cross are congruent, 
each having a length of 4. All the angles 
are right angles. Find the area of the 
shaded region. 



43i Find the area of a trapezoid with sides 12, 17. 4U, and 25 if the 
bases are the sides measuring 12 and 40. 




44 Buster Bee lives on a honeycomb. What percentage of the honey 
comb is made of wax? 






V If 

im 


45 If mAB = 90 n find, to the nearest tenth, 
the area of the circle containing AB. 
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12 Surface Area and Volume 



T he iibstrad concepts of surface area and volume 
become tangible in this solidscape by Pete Turner. 



12,1 


Surface Areas of Prisms 


Objective 

After sfudying this section, you will he able to 
■ Find the surface areas of prisms 


Part One: Introduction 

Solids with flat faces are called palyhedra [meaning h 'many faces'"}. 
The faces are polygons, and the lines where they intersect are called 
edges. 



One familiar type of polyhedron is the prism. Here are three 
examples: 



Triangle 


Triangular Prism 


Rectangle 


Rectangular Prism 



Pentagonal Prism 


Every prism has two congruent parallel faces 
(shaded in the examples) and a set of paral¬ 
lel edges that connect corresponding vertices 
of the two parallel faces. 

The two parallel and congruent faces arc 
called ba$t?& The parallel edges joining the 
vertices of the bases are called lateral 
edges. The faces of the prism that are not 
bases are called lateral faces. The lateral 
faces of all prisms are paralblograms. 
Therefore, we name prisms by their 
bases—a prism with hexagonal bases, for 
example, is called a hexagonal prism. 


Base 
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Definition The lateral surface area of a prism is the sum of the 
areas of the lateral faces, 


Definition The total surface area of a prism is the sum of the 
prism’s lateral area and the areas of the two bases. 


If the lateral edges are perpendicular to the bases, then the 
lateral faces will be rectangles, (Why?) In such a case, we put the 
word right in front of the name of the prism. In this book, the word 
box will often be used to refer to a right prism. 



Right Triangular Prism Right Pentagonal Prism 

Note The base of a right triangular prism is not necessarily a right 
I triangle. 



Part Two: Sample Problem 

Problem Given; The right triangular prism 
shown 

Find; a Its lateral area (L,A,) 
b Its total area [T.A,) 



Solution The right triangular prism can be divided into two triangles (the 

parallel bases) and three rectangles (the lateral faces), 



Thus. L,A. = 260 + 230 + 300 = 340. 


b T.A, = L.A, + 



1 4 


Base 


+ 



14 

Base 


Since the area of each base is |[12)(14), or 84, 
T.A. = 840 + 84 + 84 = 1008, 
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Part Three: Problem Sets 

Problem Set A 

1 Find the total surface area of a right 
rectangular prism with the given 
dimensions, 

a € = 15 cm, w = 5 cm, h = 10 cm 
h f - 12 mm h tv = 7 mm, h = 3 mm 
c € = 18 in., w - 9 in M h = 9 in. 



2 Find the lateral area of a right triangular 
prism with the given dimensions. 

a £ = 10, a - 3, b — 5, c = 7 
h € = 14, a = 2, b = 3. c = 4 



3 A right triangular prism has bases that 
are isosceles triangles. What is 

a The prism's lateral area? 
b The area of one base? 
c The prism's total area? 

4 Find the total surface area of a right 
equilateral triangular prism with the giv¬ 
en dimensions. 

a s = 6, ( = 5 
h s - 12 r ( = 10 



5 A cube is a rectangular prism in which 
each face is a square. What is the total 
surface area of a cube in which each 
edge has a measure of 

a 5? 


| 

7 

1 

.J-- 

Z _ 

7 


b 7? 


Problem Set B 

6 Find the total area of the pieces of cardboard needed to con¬ 
struct each open box shown. 
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Problem Set B, continued 

7 Find the lateral area and the total area of each prism. 

a Right Square Prism c Right isosceles Triangular Prism 



8 Find the total area of the right prism 
shown. 



Problem Set C 

9 Find the lateral area and the total area of 
the right prism shown, 



10 The perimeter of the scalene base of a pentagonal right prism is 
17, and a lateral edge of the prism measures 10. Find the prism's 
lateral area. 


11 


A 6-inch cube is painted on the outside and cut into 27 smaller 
cubes. 


a How many of the small cubes have six 
faces painted? Five faces painted? Fbur 
faces painted? Three faces painted? 
Two faces painted? One face |>ainted? 
No face painted? 

& If one of the small cubes is selected at 
random, what is the probability that it 
has at least two painted faces? 
c What is the total area of the unpainted 
surfaces? 
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12.2 


Surface Areas of Pyramids 


Objective 

After studying this section, you will be able to 
■ Find the surface areas of pyramids 



Triangular Pyramid Rectangular Pyramrd Pentagonal Pyramid 


A pyramid has only one base. Its lateral edges are not para)tel but 
meet at a single point called the vertex. The base may be any type of 
polygon, but the lateral faces will always be triangles. The diagrams 
above show three types of pyramids. Notice that each pyramid is 
named by its base, 

A regular pyramid has a regular polygon as 
its base and also has congruent lateral edges. 

Thus, the lateral faces of a regular pyramid 
are congruent isosceles triangles. 



Recall from Section 9.3 that the altitude of a regular pyramid is a 
perpendicular segment from the vertex to the base. (The foot of the 
altitude is the center of the base.) Also recall that a regular pyra¬ 
mid's slant height is the height of a lateral face. 


Slant 

Height 




Altitude 

Lateral 
Edge 


The altitude and a slant height The altitude and a lateral edge 

determine a right triangle. determine a right triangle. 
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Part Two: Sample Problems 

Problem 1 Given: The regute r pyramid shown at 
the right 

Find: a Its lateral area (LA.] 


b Its tola! area (T.A.) 



Solution 


The lateral area is the sum of the areas of four congruent isosceles 
triangles. 

The Pythagorean Theorem shows the 
slant height to be 8, The area of each 
lateral face is |(12)(8), or 4a, so 
LA- = 4(48] = 192, 



b The total area is equal to the lateral area plus the area of the base. 
The area of the square base is 12 2 , or 144, so 
T.A, = 192 + 144 = 326. 


Problem 2 


Solution 


The base of rectangular pyramid 
ABCDE is 10 by 18. The altitude is 
12, The lateral edges are congruent, 
a Why is ABCDE not a regular 
pyramid? 

b Find the pyramid's total surface 
area, 

a The base is not regular, so 
ABCDE is not regular, 

h AH and AG are the heights of the 
lateral faces. Applying the Pytha¬ 
gorean Theorem to AAFH and 
AAHG, wc find that AH = 13 and 
AG = 15. There are five faces: 


A 



Front 




T.A. = |(lfl)(13) + |(18)(13) + |(10)(15) + | [10) [15) + (18)(1Q) 
+ 117 + 75 4- 75 + 180 


= 564 


56Q 


Chapter 12 Surface Area and Volume 




























Part Three: Problem Sets 

Problem Set A 

1 The pyramid shown is regular end has a 
square base. 

a Find the area of each lateral face, 
b Find the pyramid's lateral area, 
c Find the pyramid's total area. 


2 The pyramid shown is regular and has a 
triangular base. What is 
a The area of each lateral face? 
b The area of the base? 
c The total area? 




3 The pyramid shown has a rectangular 
base, and its lateral edges are congruent . 

a Why is this pyramid not regular? 
b What is its lateral area? 
c What is its total area? 



4 The diagram shows a solid that is a com¬ 
bination of a prism and a regular 
pyramid. 

a Is ABCD a face of the solid? 
b How many faces does this solid have? 
t Find the total area. 


5 PRXYZ is a regular pyramid. The mid¬ 
points of its lateral edges are joined to 
form a square* ABCD. PR = 10 and 
RX = 12. 

a Find the lateral area of PRXYZ. 
b Find the lateral area of pyramid 
PA BCD, 

c What is the area of square ABCD? 
d What is the area of square RXYZ? 
a Find the ratio of the area of ABCD to 
the area of RXYZ. 

f What is the area of trapezoid ABXR? 
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Problem Set B 

6 A regular pyramid has a slant height of a. The area of its square 
base is 25. Find its total area. 


7 A regular pyramid has a slant height of 
12 and a lateral edge of 15, What is 

a The perimeter of the base? 
i> The pyra mid’s lateral area? 
c The area of the base? 
d The pyramid’s total area? 



8 PABCD is a regular square pyramid, 
a If each side of the base has a length of 
14 and the altitude (PQ) is 24. find the 
pyramid's lateral area and total area. 

b If each slant height is 17 and the alti¬ 
tude is 15, find the pyramid’s lateral 
area and total area. 


9 Suppose that the pyramid in problem 8 wore not regular but had 
a rectangular base and congruent lateral edges. 

a Given that PQ = 8, CD = 12, and BC = 30, find PR (the slant 
height of face PCD), PS [the slant height of face PBC), and the 
lateral area and the total area of the pyramid, 
b if each lateral edge were 25 and the base were 24 by 30. what 
would the altitude (PQ) of the pyramid be? 



Problem Set C 

10 Each lateral edge of a regular square pyramid is 3 S and the 
height of the pyramid is i. What is 

& The measure of a diagonal of the base? 
b The pyramid’s slant height? 
c The area of the base? 
d The pyramid’s lateral area? 

11 A regular tetrahedron [“four faces' 1 } is a pyramid with four equi¬ 
lateral triangular faces. If a regular tetrahedron has an edge of 6, 
what is 

a Its total surface area? 
b It& height? 
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12 A regular octahedron is a solid with 
eight faces, each of which is an equilat¬ 
eral triangle. If each edge of the regular 
octahedron shown is 6 mm long, what is 

a The solid's total surface area? 
b The distance from C to E? 
c The distance from A to B? 
d The shape of quadrilateral ACBE7 


A 



13 A regular hexahedron is a solid that does not have triangular 
faces. What is the common name for a regular hexahedron? 


CAREER PROFILE 


Packaging Ideas 

Joiene Randby engineers design 


Each year American workers produce mere 
than $1 trillion worth el manufactured products. 
Nearly all must be packaged In some kind of 
box* carton, bag, or can. Besides basic size con¬ 
siderations, economic, environmental, hearth, 
and safety factors also affect the design of a 
package. The task of harmonizing all these fac¬ 
tors falls to packaging engineers, employed by 
all major manufacturers. 

LL Hty job is to write the specifications arid 
packaging standards 
and to design the 
packages for a\\ of 
the industrial tapes 
that we produce/’ 
explains Joiene 
Randby, a packaging 
engineer with the 
3M Corporation in 
St. Paul. Minnesota, 

"Our tapes are man¬ 
ufactured in rolls 
varying from 60 yards to 1006 yards in length. 
When a new container is needed P I use basic 
geometric formulas to find the roll dimensions 
and then calculate the size of the primary con¬ 
tainer and the shipping container.” Formulas for 
volume and surface area of rectangular prisms 
and cylinders are commonly used by packaging 


engineers. Randby also calculates the size of 
the pallet, the small platform on which shipping 
containers are stacked for storage and transpor¬ 
tation. 

Joiene Randby attended high school in her 
hometown of St. Paul. At the University of Wis¬ 
consin at Stout, where she earned her bache¬ 
lor's degree, she majored in industrial technolo¬ 
gy, with a concentration in packaging 
engineering. 

High on the list of bene¬ 
fits of her job is the 
necessary travel. 11 We have 
twelve converting plants 
where our packages are 
assembled,” she explains. 
Lfc $ visit them all to oversee 
production.” She also 
works closely with the mar¬ 
keting and purchasing de¬ 
partments at 3IW. 

Tape measuring 2 in- in 
width is manufactured In 250-feet rolls, each 
measuring 3§ in. in diameter. A shipping con¬ 
tainer contains four stacks of tape arranged In a 
square array, with six rolls in each stack. Row 
many shipping containers can fit in one layer on 
a pallet measuring 42 in. by 48 in.? The walls of 
each container are \ in. thick. 
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12.3 


Surface Areas of 
Circular Solids 
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Objective 

After studying this section, you ivill be able to 
■ Find the surface areas of circular solids 


Part One: Introduction 

Consider the following three solids that arc based on the circle. 




A cylinder resembles a prism in having two 
congruent parallel bases. The bases of a cyl¬ 
inder, however, are circles. In this text cyl¬ 
inder will mean a right circular cylinder— 
that is, one in which the line containing the 
centers of the bases is perpendicular to each 
base. 



Cylinder Prism 


The lateral area of a cylinder can be visualized by thinking of a 
cylinder as a can, and the lateral area as the label on the can. If we 
cut the label and spread St out, we see that it is a rectangle. The 
height of the rectangle is the same as the height of the can. The base 
of the rectangle is the circumference of the can. 


Circumference 






> 

=> 

Circumference 

h 


=> 

h 


h 


■"l 


r 1 " 


J 
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Theorem 113 The lateral area of a cylinder is equal to the prod¬ 
uct of the height and the circumference of the base, 
LrAr Cy{ = Ch = 2tt rh 

where C is the circumference of the base, h is the 
height of the cylinder, and r is the radius of the 
base . 

Definition The total area of a cylinder is the sum of the cylin¬ 
der's lateral area and the areas of the two bases. 
T.A. C yi — L.A. + 


A cone resembles a pyramid, but its 
base is a circle. In a pyramid the slant 
height and the lateral edge are different; in 
cone they are the same. 


a 


Cone Pyramid 




In this book, the word cone will mean a right circular cone— 
one in which the altitude passes through the center of the circular 
hase. 


Theorem 114 The lateral area of a cone is equal to one-half the 

product of the slant height and the circumference of 
the base r 

L r A. r€oric = r,Ci = 77ri- 

where C is the circumference of the base, £ is the 
slant height , and r is the radius of the base r 

Definition The total area of a cone is the sum of the lateral area 
and the area of the base, 

^■^■ooiue — h-^- "h -^basB 

A sphere is a special figure with a spe¬ 
cial surface-area formula. (A sphere has no 
lateral edges and no lateral area,) The proof 
of the formula requires the concept of limits 
and will not be given here. 

Postulate T,A lspiora = 4m- 2 

where r is the sphere 's radius. 
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Part Two: Sample Problem 

Problem Find the total area of each .figure. 




Solution 


a r.A.^yL L.A. + 2A| iase b 1 
— 2nrh + 2?rr 2 
= 2^(5) (6) 4- 2ir(5 2 ) 

= 110*r 


LA, + g 4^r ^ 

itt€ + irr 2 = 4tt[-5 ”) 

7r[5)(6} + tt{5 2 } = 1007 r 

5 5 7i 


■ Part Three: Problem Sets 

Problem Set A 

1 What is the total area of a sphere having 

a A radius of 7? c A diameter of 6? 

h A radius of 3? d A diameter of 5? 


2 Find the lateral area and the total area of each solid. 



3 Find the radius of a sphere whose surface area is 144 -tt. 


4 Find the total area of each solid. (Hint’ Be sure that you include 
only outside surfaces and that you do not miss any.] 




This is a hemisphere ("half sphere'} 5 The 
T.A. includes the area of the circular base. 
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5 ABCD is a parallelogram, with A = (3, 6), B - £13, 6J> 

C = (7. -2), and D = (-3, -2). 

9 Find the slopes of the diagonals, AC and BO. 

I Use your answers to part a to identify oABCD by its most 
specific name. 


Problem Set B 

6 Find the total (including the rectangular 
face) surface area of a£ half cylinder with 
a radius of 5 and a height of 2. 

7 Find the total area of each solid. 




8 The total height of the tower shown is 
10 m. If one liter of paint will cover an 
area of 10 sq m, how many 1-L cans of 
paint are needed to paint the entire tow¬ 
er? (Hint: First find the total area to be 
painted, using 3.1.4 for *r.) 


T 

1 



3 What size label (length and width) will just fit on a can 3 cm in 
diameter and 14 cm high? 
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Problem Set C 

12 Find the tola! surface area of the solid 
shown, including the surface inside the 
hole. 


13 The solid at the right is called a /rustuni 
of a cone„ Find its total area if the radii 
of the top and bottom bases are 4 and 8 
respectively, and the slant height is 5, 




14 A sur/ooe of rotation is generated by revolving a shape about a 
fixed line, called the axis of rotation. For example, revolving a 
half circle about the line containing its endpoints produces a 
sphere™ 



Identify the surface of rotation generated in each diagram below 
and compute the total area of each of these surfaces. 

a b i c 

CD 





^ 2 * 


AXIS 





i 

AXIS 
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12.4 



Volumes of Prisms 
and Cylinders 


Objectives 

After studying this section, you mil be able to 
* Find the volumes of right rectangular prisms 
» Find the volumes of other prisms 

■ Find the volumes of cylinders 

■ Use the area of a prism's or a cylinder's cross section to find the 
solid's volume 


Part One: Introduction 

Volume of a Right Rectangular Prism 

The measure of the space enclosed by a solid is called the solid's 
volume, [n a way, volume is to solids what area is to plane figures. 


Definition 


The volume of a solid is the number of cubic units 
of space contained by the solid. 


A cubic unit is the volume of a cube with edges one unit long. 

A cube is a right rectangular prism with congruent edges, so all its 
faces are squares. In Section 12.1 we used the word box for a right 
prism. Thus, a right rectangular prism can also be called a rectangu¬ 
lar box. 


One linear unit 



One Cubic Unit 


Each layer has 4 rg** 
of G cubit umti each 



Rectangular Box 


The .rectangular box above contains 4B cubic units. The formula that 
follows is not only a way of counting cubic units rapidly but also 
works with fractional dimensions. 
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Postulate 


576 


The volume 0 / a right rectangular prism is equal to 
the product of its length, its width, and its height 

^ &CV “ twh 

where ( is the length r tv is the width . and h is the 
height 


Another way to think of the volume of a 
rectangular prism is to imagine the prism to 




be a stack of congruent rectangular sheets of 
paper. The area of each sheet i& f - tv, and 
the height of the stack is h. Since the base of 
the prism is one of the congruent sheets, 
there is a second formula for the volume of 


£ 



V = twh 
= (tw)h 


a rectangular box. 


— [area of sheet) - fi 


Theorem 115 The volume of a right rectangular prism is equal to 
the product of the height and the area of the base . 

^ rehrj. iwx — ' } 'h 

where is the area of the base and h is the height 


Volumes of Other Prisms 

The formula in Theorem 115 can be used to compute the volume of 
any prism, since any prism can be viewed as a stack of sheets the 
same shape and size as the base. 





Theorem 116 


The volume of any prism is equal to the product of 
the height and the area of the hose. 




where % is the area of the base and h is the height 


Notice that the height of a right prism is equivalent to the 
measure of a lateral edge. 
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Volume of a Cylinder 

The stacking property applies to a cylinder as well as to a prism H so 
the formula for a prism's volume can also bo used to find a cylin¬ 
der's. Furthermore, since the base of a cylinder is a circle, there is a 
second, more popular formula, 




Theorem 117 The volume of a cylinder is equal to the product of 
the height and the area of the hose. 

V cy ; = = nr g h 

where 93 is the area of the base t h is the height r and 
r is the radius of the hose. 


Cross Section of a Prism or a Cylinder 

When we visualize a prism or a cylinder as 
a stack of sheets, all the sheets are congru¬ 
ent, so the area of any one of them can be 
substituted For Each of the sheets be¬ 
tween the bases is an example of a cross 
section. 



Definition A cross section is the intersection of a solid with a 
plane. 


In this book, unless otherwise noted, ail references to cross 
sections will he to cross sections pure del to the base. We can now 
combine Theorems ITS and 117, using the symbol 0 to represent the 
area of a cross section parallel to the base. 


Theorem lia The volume of a prism or a cylinder is equal to the 
product of the figure's cross-sectional area and its 
height 

^prismwtjl = ^ 

where $ is the area of a cross section and h is the 
height 
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Part Two: Sample Problems 


Problem 1 


Solution 


Find the volume of the rectangular prism. 


V = fwh or V = ®h 



Y 

i 

■ 

■ 

i 

i 

i 

'A 

20 



= 20{5}(15] — (5 ■ 20){15) (Ufiiflg a 5 x 20 fac& els basa) 

= 1500 = 1500 


Problem 2 


Solution 


Find the volume 0 / the triangular 
prism. 


Notice that the base of the prism 
the triangle at the right, 

A b = §(12)(8) = 48 



V = ®h 


= 48(15) 
= 720 


Problem 3 
Solution 


Find the wJume of a cylinder with a 
radius of 3 and a height of 12, 

V - irr 2 h 
= w{3 S )( 12) 

= 17 ( 91 ( 12 ) 

= 108tt 



Problem 4 


Solution 


Find the volume of the right prism 
shown. (Take the left face as a repre¬ 
sentative cross section.) 


Use either of two methods, 
a Divide and Conquer; 



V topbm = 2(5J(10) - 100 

=280 

V MHd = 280 + 100 = 380 



I) Cross Section Times Height: 



2 

r 

> 

H 

A = 2 S 


T 


0 = 10 + 28 = 38 

V = 0h 
= ,38(10) 

= 380 
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Fruhlem 5 


Solution 


A box (rectangular prism) is sitting in 
a. corner of a room ns shown, 
a Find the volume of the prism, 

b If the coordinates of point A in a 
three-dimensional coordinate sys¬ 
tem are (4. 5, 6f what are the coor¬ 
dinates of B? 

a V = mh 
= (4 5)6 
= 120 

b Point C = (0, 0, 0) is the comer. 

To get from C to B, you would 
travel 0 units in the x direction, 5 
units in the y direction, and 0 
units in the z direction. So the 
coordinates of B are (0, 5 h 0), 


1 

^ z-axis 




A 


M C. ( 






C 


B 


^ y-ajds 


fef 5 


x-axis 



Part Three: Problem Sets 

Problem Set A 

1 Find the volume of each solid. 


a 12 




2 Find the volume of cement needed to 
form the concrete pedestal shown. (Leave 
your answer in tt form.) 



3 The area of the shaded face of the right 
pentagonal prism is 51. Find the prism’s 
volume. 


4 Find the volume and the total surface 
area of the rectangular box shown. 
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Problem Set A, continued 


5 a Find the volume of a cube with am edge of 7, 
b Find the volume of a cube with an edge of e. 
c Find the edge of a cube with a volume of 1.25 



7 

7 


G Find the length of a lateral edge of e^ right prism with a volume 
of 266 and a base area of IS. 


Problem Set B 

7 Traci's queen-size water bed is 7 ft Jong n 

5 ft wide, and 8 in. thick,. 

a Find the bed's volume to the nearest 
cubic foot, 

b If 1 cu ft of water weighs 62-4 Ib f what 
is the weight of the water in TtacFs 
bed to the nearest pound? 



8 If point A’s coordinates in the three- 
dimensional coordinate system are [2 r 5, 8), 
what arc the coordinates of B? 


9 Find the volume and the total area of the 
prism. 






10 Find the volume and I he total area of each right cylindrical solid 
shown. 



11 When Hilda computed the volume and the surface area of a 
cube, both answers had the same numerical value. Find the 
length of one side of the cube. 
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12 Find the volume and the surface area of 


the regular hexagonal right prism. 




10 






_i 



13 Find the volume of a cube in which a face diagonal is 10- 


14 A rectangular cake pan has a base 10 cm by 12 cm and a height 
of 8 cm. If 810 cu cm of hatter is poured into the pan, how far up 
the side will the batter come? 


15 A rectangular container is to bo formed 
by folding the cardboard along the dot¬ 
ted lines. Find the volume of this 
container. 


16 The cylindrical glass is full of water, 
which is poured into the rectangular 
pan. Will the pan overflow? 


17 ) im f s lunch box is in the shape of a half 
cylinder on a rectangular box. To the 
nearest whole unit, what is 

a The total volume it contains? 
b The total area of the sheet metal 
needed to manufacture it? 


7 




■ 

1 

Tj 

10 

i 

- -— 



9 



IB A cistern is to be built of cement. The 
walls and bottom will be 1 ft thick. The 
outer height will be 20 ft. The inner di¬ 
ameter will be 10 ft. To the nearest cubic 
foot, how much cement will bo needed 
for the job? 
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Top view 


Problem Set C 


19 A wedge of cheese is cut from a cylindri¬ 
cal block. Find the volume and the total 
surface area of this wedge. 




20 An ice-cube manufacturer makes ice 
cubes with holes in them. Each cube 
is 4 cm on a side and the hole is 2 cm 
in diameter. 



a To the nearest tenth, what is the volume of ice in each cube? 

b To the nearest tenth, what will be the volume of the water left 
when ten cubes melt? (Water's volume decreases by 11% when 
it changes from a solid to a liquid.) 

c To the nearest tenth, what is the total surface area [including 
the inside of the hole) of a single cube? 

if The manufacturer claims that these cubes cool a drink twice 
as fast as regular cubes of the same size. Verify whether this 
claim is true by a comparison of surface areas. (Hint; The ratio 
of areas is equal to the ratio of cooling speeds,} 


21 Find the volume of the solid at the right. 
(A representative cross section is shown,) 



22 A cylinder is cut on a slant as shown. 
Find the sol id's volume. 
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12.5 


Volumes of Pyramids 
and Cones 


Objectives 

After studying this section, you iviJJf be able to 
» Find the volumes of pyramids 

■ Find the volumes of cones 

■ Solve problems involving cross sections of pyramids and cones 


■ Part One; Introduction 

Volume of a Pyramid 

The volume of a pyramid is related to the 
i volume of a prism having the same base and 
height, At first glance, many i>eople would 
guess that the volume of the pyramid is half 
that of the prism. 

Such a guess would be wrong, though. 

The volume of a pyramid is actually one third of 
the volume of a prism with the same base 
and height. 

Theorem 119 The volume of Q pyramid is equal to one third of 
the product of the height and the area of the base , 

V = |®h 

whore 06 is the area of the base and h is the height 



The proof of this formula is complex and will nol be shown 
here. 


Volume of a Cone 

Because a cone is a close relative of a pyra¬ 
mid, although its base is circular rather than 
polygonal, the formula for its volume is sim¬ 
ilar to the formula for a pyramid's volume. 
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Theorem 1211 The volume of a cone is equal to one third of the 
product of the height and the area of the hose, 

V conc = 3 ®* = T^h 

where Eft is the area of the hose, h is the height r and 
r is the radius of the base r 


Cross Section of a Pyramid or a Cone 

Unlike a cross section of a prism or a cylinder H a cross section of a 
pyramid or a cone is not congruent to the figure's base. Observe that 
the cross section parallel to the base is similar to the base in each 
solid shown below. 


Cross Section of a Cone 



Cross Section of a Pyramid 


The Similar-Figures Theorem {p, 544) suggests that in these solids 
the area of a cross section is related to the square of its distance 
from the vertex. 



Theorem 121 


In a pyramid or a cone, the rath of the (urea of a 
cross section to the area of the hose equals the 
square of the ratio of the figures' respective 
distances from the vertex . 

ff _ (kV 

& ■ [hj 

where $ is the area of the cross section, & is the 
area of the base, k is the distance from the vertex 
to the cross section, and h is the height of the 
pyramid or cone. 



A proof of Theorem 121 is asked for in problem 15. 



Part Two; Sample Problems 

Problem 1 If the height of a pyramid is 21 and 
the pyramid's base is an ecjuifateraJ 
triangle with sides measuring 8. what 
is the pyramid’s volume? 

Solution Vpj.j = ^9ih 

Since the base is an equilateral triangle, 98 = -Vi = isVi, 
So V = f(l6V3.)(2l) = 112Vs. 
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Problem 2 


Solution 


Find ihe volume of a cone wilh a 
base radius of fi and a slant height 
of 10, 

Using the right triangle shown, we 
find that the heigh I of the cone is 8- 

= h 

= |nKe 2 )(8) = 96 tt 



Prablem 3 


Solution 


A pyramid has a hose area of 24 $q 
cm and a height of 12 cm, A cross 
section is cut 3 cm from the base. 

a Find the volume of the upper pyra¬ 
mid ((he solid above the cross sec¬ 
tion). 

b Find the volume of the frustum 
(the solid below the cross section). 



Since the cross section is 3 cm from the base, il$ distance h k, from 
the peak is 9 cm, 

\i 


V, 


upper pyramid 


= \£k 


1 27 „ 

= — j — - 9 
3 2 

= 40,5 cu cm 


® W 

£_ = / 9' 

24 \12 ; 

0=- 

To find the volume of the frustum, we subtract the volume of the 
upper pyramid from the volume of the whole pyramid, 

^frustum — ^ whole pyramid ^upper pyramid 

- |( 24 ){ 12 ) - 40.5 

= 96 - 40,5 
= 55.5 cu cm 


Part Three: Problem Sets 

Problem Set A 

1 Find the volume of a pyramid whose 
base is an equilateral triangle with sides 
measuring 14 and whose height is 30- 

2 Find, to two decimal places, the volume 
of a cone with a slant height of 13 and a 
base radius of 5, 
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Problem Set A, continued 


3 The pyramid shown has a square base 
and a height of 12. 

a Find its volume, 
b Find its total area. 



4 

5 

6 


The volume of a pyramid is 42, If Ms base has an area of 14, what 
is the pyramid's height? 


Given: The right circular cone shown 
Find: a Its volume 

b Its lateral area 
c Its total area 


A tower has a total height of 24 m, The 
height of the wall is 20 m. The base is a 
rectangle with an area of 25 sq m. Find 
the total volume of the tower to the near¬ 
est cubic meter. 


A well has a cylindrical wall 50 m deep 
and a diameter of 6 m. The tapered bot¬ 
tom forms a cone with a slant height of 
5 m, Find* to the nearest cubic foot, the 
volume of water the well could hold. 



Problem Set B 

3 Find, to the nearest tenth, the volume of 
a cone with a GO 0 vertex angle and a 
slant height of 12. 



9 A pyramid has a square base with a di¬ 
agonal of 10. Each lateral edge measures 
13. Find the volume of the pyramid. 
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iQ PA BCD is a regular square pyramid, 
a Find the coordinates of C. 
h Find the volume of the pyramid. 



11 Find the volume remaining If the smaller 
cone is removed from the larger. 


12 A rocket has the dimensions shown. If 
60% of the space in the rocket is needed 
for fuel what is the volume, to the near¬ 
est whole unit, of the portion of the 
rocket that is available for nonfuel items? 



13 A gazebo (garden house) has a pentago¬ 
nal base with an area of 60 sq m. The 
total height to the peak is 16 m. The 
height of the pyramidal roof is 6 m. Find 
the gazebo’s total volume. 



14 Use the diagram at the right to find 

0 X 

It The radii of the circles 
c The volume of the smaller cone 
(f The volume of the larger cone 
e The volume of the frustum 



15 Set up and complete a proof of Theorem 121. (Hint: First prove 
that the ratio of corresponding segments of a cross section and a 
base equals the ratio of h to kj 
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Problem Set B, continued 

16 Find the volume of a cube whose total surface area is 150 sq in. 


Problem Set C 

17 A regular tetrahedron is shown. (Each of 
the four faces is an equilateral triangle.) 
Find the tetrahedron's total volume if 
each edge measures 

a 6 b s 



18 A regular octahedron (eight equilateral 
faces] has an edge of 6. Find the octahe¬ 
dron's volume. 


16 Find the volume of the pyramid shown. 



20 Find the volume of the frustum shown. 
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12.6 


Volumes of Spheres 


Objective 

After studying this section, you wiU be able to 
* Find the volumes of spheres 


Part One: Introduction 

The following theorem can be proved with the help of Cavalieri* s 
prmcjfpjfe (discussed in Problem Set D of this section), but we shall 
present it ivithout proof. 

Theorem 122 The volume of a sphere is equal to f(mr thirds of the 
product of n and the cube of the radius, 

t^spAene — 3^®" 

where r is the radius of the sphere. 

Some of the problems in this section require you to find both 
the volumes and the surface areas of spheres. Recall from Section 
12,3 that the total surface area of a sphere is equal to 47rr 2 . 


Part Two: Sample Problem 

Problem Find the volume of a hemisphere with a rodius of &. 

Solution First we find the volume of a sphere with a radius of 6, 

w _ 

* sphere — 3 731 

= fflfe) 3 = 288 V 

The hemisphere's volume is half that of the sphere. Thus, 
Vj»n.l*h m = or =452.39. 


Part Three: Problem Sets 

Problem Set A 

1 Find the volume of a sphere with 

a A radius of 3 b A diameter of 18 e A radius of 5 
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Problem Set A, continued 


5M 


2 Find the volume and the surface area of 
a sphere with a radius of 6, 


3 Find the volume of the grain silo to the 
nearest cubic meter. 



4 A plastic bowl is in the shape of a cylinder with a 
hemisphere cut out. The dimensions are shown. 

a What is the volume of the cylinder? 

b What is the volume of the hemisphere? 

c What is the volume of plastic used to make the bowl? 



5 What volume of gas, to the nearest cubic foot, is needed to 
inflate a spherical balloon to a diameter of 10 ft? 


Problem Set B 

G A rubber ball is formed by a rubber shell filled with air. The 
shells outer diameter is 4E mm, and its inner diameter is 42 mm. 
Find, to the nearest cubic centimeter, the volume of rubber used 
to make the ball. 

7 Given: A cone and a hemisphere as 
marked 

Find: a The total volume of the solid 

k The total surface area of the 
solid 



S 


A hemispherical dome has a height of 30 m, 
a Find, to the nearest cubic meter, the 
total volume enclosed. 

to Find, to the nearest square meter, the 
area of ground covered by the dome 
[the shaded area). 



c How much more paint is needed to 
paint the dome than to paint the floor? 


i Find, to the nearest meter, the radius 
of a dome that covers double the area 
of ground covered by this one. 
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3 A cold capsule is 11 mm long and 3 mm 
in diameter, Find h to the nearest cubic 
millimeter, the volume of medicine it 
contains. 



10 The radii of two spheres are in a ratio of 2:5. 


a Find the ratio of their volumes. 


h Find the ratio of their surface areas. 


11 A minisubmarine has the dimensions shown., 
a What is the sub's total volume? 

It Knowing the sub's surface area is impor¬ 
tant in determining how much pressure 
it will withstand. What is the sub's total 
surface area? 



Problem Set C 

12 An ice-cream cone is 9 cm deep and 4 
cm across the top. A single scoop of ice 
cream, 4 cm in diameter, is placed on 
top. If the ice cream melts into the cone, 
will it overflow? (Assume that the ice 
cream's volume does not change as it 
melts.] Justify your answer. 

13 The volume of a cube is 100G cu m. 
a To the nearest cubic meter, what is the volume of the largest 

sphere that can be inscribed inside the cube? 
b To the nearest cubic meter, what is the volume of the smallest 
sphere that can be circumscribed about the cube? 



14 Find the ratio of the volume of a sphere to the volume of the 
smallest right cylinder that can contain it. 


IS In the diagram, ABGH is a rectangle and 
AB = BC = CD, To the nearest whole 
number, what percentage of the area of 
0G is the area of ABGH? 
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Problem Set C, continued 

16 Compare the volumes of a hemisphere end a cone with congru¬ 
ent bases and equal heights. 


Problem Set D 



Plane m is a cross-sectional plane through solids A and B. 


Ciiviilieri’s Principle 


If two solids A and B can be placed with their bases coplanar 
and if I he area of every cross section of A is equal to the area 
of the coplanar cross section of B, then A and B have equal 
volumes. 


17 Show that the volume of cylindrical shell 
A is equal to the volume of cylinder R by 
using Cavalieri's principle. 


\~ 2t —I 



IS a Compare the cross-sectional areas of the solids shown below. 

b Use Cavalieri's principle to derive the formula for the volume 
of a sphere. [Hint: Use the diagrams to find a formula for the 
volume of a hemisphere,) 
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Chapter Summary 


Concepts and Procedures 

After studying this chapter, you should he able to 

■ Find the surface areas of prisms (12.1) 

■ Find the surface areas of pyramids (12,2} 

■ Find the surface areas of circular solids {12.3) 

■ Find the volumes of right rectangular prisms (12-4) 

* Find the volumes of other prisms (12,4) 

* Find the volumes of cylinders (12.4) 

■ Use the area of a prism's or a cylinder's cross section to Find the 
solid's volume (12.4) 

■ Find the volumes of pyramids (12,5) 

■ Find the volumes of oones [12,5) 

■ Solve problems involving cross sections of pyramids and cones 
(12,5) 

m Find the volumes of spheres (12.6) 


Vocabulary 

base (12.1) 

Cavalieri’s principle [12,6) 
cone (12,3) 
cross section (12.4) 
cylinder (12.3) 
frustum (12,5) 
lateral edge (12.1) 
lateral face (12.1) 


lateral surface area (12.1) 
polyhedron (12.1) 
prism (12,1) 
pyramid (12.2) 
regular pyramid (12.2) 
Sphere (12,3) 
total surface area (12.1) 
volume (12.4} 
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Review Problems 


Problem Set A 

1 Find the lateral area and the total area of the regular pyramid 


and the cylinder. 


a 



It 




A regular 
pyramid 




2 Find the volume of 

a A cube with a side of 8 
b A rectangular box that measures 3 by 4^ by 8 
c A cylinder with a radius of 7 and a height of 2 
d A pyramid with a height of 5 and a base area of 12 
e A prism with a height of 5 and a base area of 12 
f A sphere with a radius of 2 

3 Find the volume and the total surface area of each solid. 


1 El 



e 


4 Find the volume of the solid that is 
formed when folds are made along the 
dotted lines. 


2 


9 


- 7 — 2 


5 Find the height of 

a A bos with a volume of 100, a length of I5 r and a width of 1 
b A cube with a volume of 216 
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6 Find the volume of a cylindrical glass if 
Its height is 15 cm and a 17-cm straw 
just fits inside it as showa. 



7 A concrete staircase is to be built. Each 
step is 15 cm high, 25 cm deep h and 1 m 
wide. The top platform is square. What 
volume of concrete is needed? 



& Given: A regular square pyramid with a 
slant height of 10 and a base mea 
sirring 16 by 16 

Find: a The pyramid's lateral area 
I) The pyramid's total area 
c The pyramid's volume 

9 Find the volume of a sphere whose surface area is 36-ir. 



Problem Set B 

10 Find the lateral area and the total area of each solid. 



11 Find the total surface area of each solid. (Don’t forget the flat 
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Review Problem Set R, continued 


12 Find the volume of a cylinder formed 
from the pattern at the right. The area of 
each circle i$ 16it. The rectangle has an 
area of 24-?r, 



13 A pyramid has a height of 5, Its base is a 
rhombus with diagonals measuring 7 and 
6. Find the volume of the pyramid. 



14 A cross section of a hatbox is a regular hexagon with a side 12 
cm long. The height of the box is 20 cm. Find the box's surface 
area and volume. 


15 Find the volume of the wedge- 



16 Find the total volume of the castle, including the towers. 



3 
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f 7 A hole with a diameter of 2 in, is drilled 
through a block as shown. Find the vol¬ 
ume of the resulting solid to the nearest 
cubic inch- 



18 Find the volume of the prism shown at 
the right. (Hint: If you solve this problem, 
you will be a Hero.) 



Problem Set C 

19 A cylinder is cut into four equal parts. 
Find the total area of the part shown. 


\ 10 


1 / , 



20 A right cylindrical log was cut parallel to 
the axis. Find the volume and the total 
surface area of the piece shown. 



21 A frustum of a cone is shown. Find the 
volume of this solid. 



22 Find the volume of the surface of rotation generated by rotating 
each figure about the dashed line. 




* 

K- 

I 

i 
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Cumulative Review 

CHAPTERS 1-12 


Problem Set A 

T The measure of one of the acute angles of a right triangle is nine 
times the measure of the other acute angle. Find the measure of 
the larger acute angle. 


Z The perimeter of AABC is 28. If AB = 2x + 3, BC = 4x - 5 f and 
CA = 8x - 19, is AABC scalene, isosceles, or equilateral? 


3 Given: BD 1 AD, BD ± BC, AB = CD 
Prove: ABCD is a ns. 




6 Two similar triangles have areas of 9 and 25, 

a What is the ratio of a pair of corresponding sides? 
h What is the ratio of the triangles’ perimeters? 
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7 Given: Diagram, as marked. 
Find: a WY 
b YZ 
e XZ 


X 



8 Find the areas of the trapezoid, the triangle, and the circle. 



10 The numbers 3.14 and 34 are frequently used as approximations 

of it. Use your calculator to determine which of these approxima¬ 
tions is lhe more accurate. 


II Find p, q, r, and s, 





12 a Find the fourth proportional in a proportion whose first three 
terms are 5, 3, and 30. 

b Find the mean proportionals between 8 and 18, 


13 Given: OO with tangent CD, 
CD = 15, 

SC * 9 

Find: a AC 25 

b The diameter of OO 




14 Given: AR is tangent to OP. 

RS is a diameter of 0Q. 

Prove: APAR ~ ASBR 
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Cumulative Review Problem Set A, continued 


15 In A ABC, D and E are the midpoints of AB and SE, DE = 4x, 
and BC = 2x + 48, Find BC. 

16 Find the area of each polygon. 



17 Find the number of sides of an equiangular polygon if each 
interior angle is 170°. 


IB The perimeter of an isosceles triangle is 36. One side is 10. What 
are the possible lengths of the base? 


19 Each polygon shown is regular, 
a Find the measure of Z.1. 
b Find the measure of Z.2. 
c Find the measure of Z3. 
tf Find the measure of ZA 
e Will a regular pentagon fit at Z5? 




20 Given: Parallelogram as marked 
Find: x 



21 Given; WXY Z is an isosceles trapezoid, 
with WZ - XY. 

APZY is isosceles. 

Prove: P is the midpoint of WX, 



22 


Given: 

Prove: 



23 Find the length of a 45° arc of a circle whose radius is 8, 
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Problem Set B 

21 What is the angle formed by the hands of a clock at 

a 11:30? h 2:05? c 3:24? 


25 Given: Rectangle REGT in OR, 
RT = 5, TQ = 2 

Find; ET 


P 



26 If M is the midpoint of AB, what is the 
area of the shaded region? 



B do, o) 

x-axis 


27 A woman walks 20 m west, 100 m south, another 8 m west, and 
then 4 m north. How far is she from her starting point? 


28 Given: GO, CB - 9, 

2LC = 30°, BC = 10; 

CD is tangent to GO. 

Find: a mAD i) CD 



c The radius of ©O 


29 Given: The radius of GO is 0.7, 

The radius of OP is 1.1. 

<—?■ ( 

AB is a common internal tangent. 

AB = 2.4 
Find: a OP 

b The distance between the circles 



30 Given: Diagram as marked, with PA and 
PD tangent to GO 
Find: a AD 
b mZ.P 
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Cumulative Review Problem Set B, continued 


31 Given: Triangle as marked 
Find: mZlVYA 



32 The water in a drainpipe is 18 cm deep. 
The width of the surface of the water is 
48 cm. Find the radius of the pipe. 




35 Given: mABrmCD = 5:2, 
- £.? = 24 s 
Find: CD 



Problem Set C 

36 A sled dog traveled 6 mi east, then G mi northeast, then another 
6 mi east. How far was the dog from her starting point? 


37 


Given: BC is the base of isosceles A ABC. 
DE is the base of isosceles AAED, 
ABAE = 40 D 

Find: mADEC 

B 



C 


30 in this sat of three semicircles, B can be 
any point between A and Q Prove that 
the shaded area is equal to ir times the 
product of the radii of the unshaded 
semicircles. 
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39 Two sides of one triangle are congruent to lwo sides of a second 
triangle, and the included angles are supplementary. The area of 
one triangle is 41, Can the area of the second triangle be found? 

41) Given: In quadrilateral QUAD, QU = AB, Z.A is supp. to zLQ, 
and QD # AU. 

Prove: QUAD is an isosceles trapezoid. 



41 The lengths of the sides of a hexagon arc 


in an arithmetic progression. The hexa¬ 
gon's perimeter is 30, and its longest side 
measures 7, Find the length of the next 
longest side, 

42 Clarence bragged that he ate most of a 
pizza, but he could not remember the 
pizza's diameter. On the remaining 



piece, however, he made the measure¬ 
ments shown. The distance from the 
midpoint of the arc to the midpoint of 
the corresponding chord was 5 cm. The 


chord measured 30 cm. Find the diame¬ 
ter of the pizza Clarence ate. 



The Shape of the Universe 




The ancient ©reeks discovered that of all the the regular poly 
possible potyhedra, only five consist of faces tierSra, Only six 

that are congruent regular polygons. In the planets were 

Timaeus, a dialogue on the creation of the uni- known in 


verse, the philosopher Plato used these regular Kepler's time, 


polyhedra to explain the mathematical structure so it occurred 
ef the cosmos. He associated the cube and the to him that 

regular Icosahedron, octahedron, and tetrahe- their orbits - 

dren with the four elements that were thought might correspond to a series of circles alter- 

to make up all substances*—earth, water, air, natefy circumscribed about and inscribed in the 


and fire. The fifth—the regular dodecahedron — five regular solids (see illustration). 


Kepler was unable to devise an accurate 


he thought to represent the form of the whole 


universe. Perhaps this was because it is nearly a model of the solar system based on regular poly¬ 


hedra. But he later discovered one of the funda¬ 
mental laws of the solar system: that the square 


sphere, te the ©reeks the most perfect of all 
solids. 


in the late 1500’$, the astronomer Johannes of the time it takes a planet to complete an 


Kepler began to think about the distances be- orbit is directly proportional to the cube of the 


tween the planets. He recalled the Tfmaeus and planet’s distance from the sun. 
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CHAPTER 



; Coordinate Geometry 
13 Extended 


T hese massive sections of a coordinate grid 
sliow a Yale professor’s playful conception. 








13.1 


Graphing Equations 


Objective 

After studying this section, you will be able to 
■ Draw lines and circles that represent the solutions of equations 



Part One: Introduction 

Throughout your work with this book, you have s&en problems 
involving coordinate geometry. You have dealt extensively with the 
formulas used to determine midpoints, slopes, and distances on the 
coordinate plane. In this section, you will review what you learned 
about graphing equations in your algebra studies and prepare your¬ 
self for the topics covered later in the chapter. 



Part Two: Sample Problems 


Problem 1 


Solution 


Draw a graph of the equation 
y - 2x - 1. 

To make a graph, we frequently 
construct a table of values We 
choose values for either x or y and 
then substitute each value in the 
equation to find the other member 
of each ordered pair. For example, if 
x = —l r then y = 2(-1] - 1 = - 3. 

Table of Values for y — lx - 1 


jr 

-i 

0 

1 

2 

3 

r 

-3 

-1 

1 

3 

5 



We then plot each ordered pair and draw a line through these 
points. This line represents the solution set of the equation. 
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Problem Z 
Solution 


Problem 3 


Solution 


Problem 4 
Solution 


Draw a graph of the equation x = 4, 

Notice that no y appears in the 
equation x » 4, Thus, y can have 
any real value, but x is always equal 
to 4. The graph is the vertical line 
shown,. 



Karen reviewed the distance formula and then 
claimed that the circle at the right was the graph 
of the equation {x - l ) 2 + (jr - 2 ) 2 = 25. 
a Cojijfimi that ( 6 h 2) and (4, 6 } are 
on the circle. 

b Draw the radius and the tangent 
that intersect at [4, 6 ] and find the 
slope of the tangent 


^ v y-axis 



a Test (6 h 2). 

[6 - l ] 2 + (2 - 2) 2 = 25 
25 + 0 4 25 
25 = 25 

Test (4, 6 ). 

[4 - l ) 2 + (6 - 2) 2 = 25 
9 4- IS = 25 
25 = 25 

b Find the slope of the radius, 
ci, 6-2 

S 1 °p e = 

= 4 
” 3 

Since the radius is perpendicular to the 

r> 

tangent, the slope of the tangent is — 5 , 


v 



Find the intercepts of the graph of the equation y = 4x - 2 , 


x-intencept: 
(Substitute 0 for y.J 

y — 4x — 2 
0 = 4x - 2 
2 = lx 
0.5 = x 


y-inlencept 
(Substitute 0 for x.) 

y = 4x - 2 
= 4(0) - 2 
= 0-2 
= -2 


Thus, the x-intercept is 0,5, and the y-intercept is — 2 , 

Note These results mean that the graph of the equation passes 
through the points (0,5, 0] and [0, —2). 
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Part Three: Problem Sets 

Problem Set A 

I Make a table of values for each of the following equations and 
graph the two equations on the same set of axes. 

y = x -I- 3 y = x - 1 

Z Make a table of values for each of the following equations and 
graph the two equations on the same set of axes. 

y = 2x - 5 y = 2x - 7 

3 Graph y — 1 = 2x, 


4 Graph y — 1 = 2 (x + 1 ), 


5 


Verify that the three points shown He on 
the circle whose equation is x 2 + y J = 9, 



6 Verify that the three points shown lie on 
the circle whose equation is x 2 + y 2 = 16, 



7 Find the x- and y-intercepts of the graph of y ~ 2 x - 6 , 


8 Is (5, 4) on the graph of y = 2x - 3? 

9 Is (- 4, 6 ) on the V-shaped graph of y = |x - 2 [? 


10 Consider the equations of three lines: 

y = x + 4 y = 3x y = 2x - 2 

if two of the three lines are selected at random, what is the 

probability that both contain the point { 2 , 6 )? 
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Problem Set A, continued 

11 Is (6, 8) on the graph of x’ 1 4 y 2 = 100? 


Problem Set B 



13 Find the area of a triangle with vertices (-2, Oh (4, 0), and (2, 3]. 

14 The vertices of a right triangle are (0, 0}, (3, 0), and [3, 4]. 
a Find the lengths of the three sides, 

b Find the length of the altitude to the hypotenuse, 
c Find the length of the median to the hypotenuse. 


15 Consider the isosceles trapezoid shown. 

’ y-axis 

a Find the coordinates of vertex B. 5) 

B 

b Find the length & of the bases. / 

\ 

c Find the length of the median. / 

^ / 

\ . 

ri Find the trapezoid's area. ^ / 

\ y-axis 

(-7, -2) y 

f (7, -2) 


1G A parallelogram has vertices {-5, — 1), (4. -1), and (7, 6}. Find 
the fourth vertex if two sides are parallel to the x-axi^ 


17 Find, to the nearest tenth, the area of the 
shaded region. 



18 If y = mx + b t [x t y) = (2, 4], and m = -3 h find b. 
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19 If a line containing point (x t , yj and having slope m can repre¬ 
sent the equation y - y t = m[x - x^, find an equation that 
corresponds to the line containing point (5, 2) and having a slope 
of 6, 


29 In the diagram, the point [2, 3) is the 
center of the circle. What is the slope of 
the tangent to the circle at (7, 8)? 



Problem Set C 1 

^ y-axis 

21 PT is tangent to circle 0 at P, 


a Find the slope of PT. 


b Verify that y — 9 = -|(x - 6) is an / 


equation that represents PT. [ 

0(3, 1) \ " 

• ^ 

c Verify that y = — + 14 is an equa- ^ l 

j x-axis 

tion that represents PT, \ 

i 

f 


22 Given that A = (l&l) and B = (2, 9), reflect B across the y-axis 
to its image R'. If AB' intersects (he y-axis at C, verify that the 

slope of AC is 


23 Find, to the nearest tenth, the area of the 
shaded region, 

i 

f 

^ y-axis 

'N 

c / 


,10.0 a j. 

\ 


/ x-axis 


s '- 

1 

{0, -3) 

! 


24 AOBD is encosed in rectangle OACE as 
shown. 

/ 

£ 

D(6,BI 

c 

a Find the areas of regions I, H, and III. 

, /V 

it Find the area of AOBD, 



E(10, 3) 


0 

\ 

(0, 0) i- 

t 

\ x-axi? 
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13.2 


Equations of Lines 


Objectives 

After studying this section., you will be able to 

■ Write equations that correspond to non vertical lines 

■ Write equations that correspond to horizontal lines 

■ Write equations that correspond to vertical lines 

■ Identify various forms of linear equations 



Part One: Introduction 

Equations of Nonvertical Lines 

Consider a line with a y-intercept of b and a 
that ( 0 , b) is one point on the line. Let [x> y ) 
point on the line and substitute the two sets 
slope formula, 
y - b _ 
x - 0 m 
y - b = -mx + 0 
y = mx + b 



Theorem 123 The y-for/n, or slope-intercept form, of the equation 
of o iionvertica! line is 

y = mx + b 

where h is the y-intercept of the line and m is the 
slope of the line. 


Example Use the y-forrn to write an 


equation 0 / the line contain¬ 


y-axi5 

ing (— 1. 4] and (1, S). 

First we Find the slope: 

_ 8 “ 4 _ 4 _ 

m “ 1 - (-1) " 2 ~ 


/ 

/n.s) 

Since the line has a slope, we 
use the y-fbrm, y = mx + b. 

( 1.4)/ 

/ 

We now substitute 2 for m end 
(1.8) for [x, y). 

< 7 


8 = 2(1) + b 

/ 

x-gxis 

e = fa 

\ 

t 
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Therefore, the equation is y — 2x + 6. You will got the same equa¬ 
tion if you use (-1,4) instead of [1, &} for [x 3 y). Try it and see! 


Equations of Horizontal Lines 

Since a horizontal line is nonvertical, the y-form can be used to 
develop a formula for the equation of any horizontal line. 


AB is a horizontal line. Every point has 
the same y-coordinate [ordinate). The 
y-intercept is 4, so b = 4, The slope of a 
horizontal line is zero, so m = 0- 

y = mx +■ b 
y = O'X + 4 

■5—^ 

The equation of AB is y = 4. 



In general, all the points on a horizontal line have the same 
y-coordinate, b, but their x-coord mates are the set of real numbers. 
Since the slope m is zero* x does not appear in the equation of the 
line. 


Theorem 124 The formula for an equation of a horizontal line is 
y-b 

where h is the y-coordinate of every point on the 
line l 


The trick is to recognize a horizontal line, which may be disguised 
in a problem. 

Example Find cm equation that corresponds to 

a The line containing (2, 5) cind (24, 5) 

Y = S 


h The x-nxis 

y-0 

c The line units below the x-axis 




d The line perpendicular to they-oxis and passing through (11, V3] 
_y = V3 


Equations of Vertical lines 

A vertical line has no slope. Therefore, the previous formulas cannot 
apply - However, every point on a vertical line has the same 
x-coordinate (abscissa), while its y-coordinate may be any real 
number. 
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Theorem 125 The formula for the equation of a vertical line is 
x — a 

where a is the x-coardmatc of every point on the 
line . 

The trick is to recognize when a line is vertical 

Example Find an equation that corresponds io 

a The line containing [-1, 6] and (-1, 7) 

x = -1 

b The line having an x-intercept of S and passing 

through (a, 5V2) 

x — 8 

c The line that contains (—10, 4) and is 
perpendicular to the graph 
ofy = 7 

x = -10 

Forms of the Equations of Lines 

In this book, we shall emphasize the y-form, but you may find other 
forms listed in the following table helpful 



Equations of Lines 

Form 

Formula 

Used for 

Slope-intercept 

[y-jfbrmj 

y — mx + b 

(m = slope; b = y-intercept] 

Nan vertical 
lines only 

Point-slope 

y - y, = m(x - xj 

(m = slope; {x t , yj = known point] 

Nonvertical 
lines only 

Two-point 

y ~ y-i _yz~ y \ 

X - X, X 2 - Xj 

[(Xj, y,] and [x 4 , y 2 ) are known points, | 

Nonvertical 
lines only 

General linear 

ox + by + c = 0 

[a, h, and c are real numbers,} 

Any line 

Intercept 

^+f-i 

a b 

(a = x-intercept; 
b = v-intercept) 

Lines not passing 
through the origin 
(nonzero intercepts] 
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Part Two: Sample Problems 


Problem 1 Write an equation of the line canfain- 
ing (7, -3] and (4. 1). 


Solution 


First find the slope. 

1 - (-3) = 4 
4—7 -3 


m =■ 


4 

3 


Then substitute values in the y-form 
formula, using either (7, —3) or (4, 1) 
for [x, y). 


y = mx + b 
1 = —1(4} + b 



Thus, y = -|x + y is an equation of 
the line. 



Problem 2 Find an equation of the line with a slope of 3 end an x-intereept of 5. 


Solution 


If the line has an x-intercept of 5, it must contain the point [5 S 0). 
Therefore, (5, 0) can be substituted for (x, y) and the given slope for 
m in the y-form fcrmula. 


y = mx + b 
0 = 3(5] + b 
0 = 15 + b 
-15 = b 

An equation of the line is y = 3x — 15, 



Problem 3 


Solution 


a Find on equation of the line passing through (2, 55 and (1.7, 5). 
fa Find an equation of the line fhaf is parallel to fhe y-axis and 
contains (—Vb, i). 

a The line is horizontal, so it corresponds to the equation y = 5. 
li The line is vertical, so it corresponds to the equation x = — Ve. 
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Problem 4 


Solution 


In AABC, A = (- 3, 2). B = (9. 4), 
and C = (5, 12). 

y 

' y-3Jfi5 *C(S P 12) 

a Find an equation of the median to 
AB. 


/\ 

b Find an equation of the perpendic¬ 
ular bisector of AB, 

/ 

^ (94) 

c Find cm equation of the altitude to 
AB. 

a/— 

( 3.2) 

-rfj--- 


s 

x-ajtis 

i 



a By using the midpoint formula., we can find that the midpoint of 
AB is (3, 3). Let {3, 3} — [x lr y 1 J and (5 h 12) = (x 2 , y 2 ) in the 
two-point formula, 

y ~ yi = ya ~ Yi 

X — x 1 x 2 " x* 

y - 3 = 12-3 = g 
x - 3 “ 5 - 3 2 

2y - 6 = 9x — 27 
2y = 9x - 21 

9 21 

y = 2* - 2 

a j-i 

Note Actually, y = ^x — — is the equation of the line containing 

the median. The median itself is a segment. Unless otherwise 

stated, when we .refer to the equation of a segment or ray; we 

mean the equation of the containing line. 

<—> 4 - 2 1 

b Slope of AB = -:—— = - 

K 9 - (-3) 6 

Since the slopes of two perpendicular lines are opposite recipro¬ 
cals (except in the case of a horizontal and a vertical line), the 
slope of the perpendicular bisector is - 6. Let the midpoint 
(3, 3) = (Xj, y t ) in the point-slope formula. 

y - Yi = jti(x - x t ) 

y ~ 3 = - 6[x - 3) 

Note Since a line has infinitely many points, the point-slope 
formula does not produce a unique equation. 

c The altitude contains C = (5, 12) and has a slope of - 6 (it is 
perpendicular to AB.) We can use the y-form formula or the 
point-slope formula. 

y-form; Point-slope form : 

y = mx + b y - y 1 — m(x — x r ) 

12 = -6(5) + b y - 12 = — 6(x - 5) 

42 = b 

y = —fix + 42 

The two equations are equivalent, so either is acceptable. 
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Part Three: Problem Sets 

Problem Set A 

1 Find the slope and the y -intercept of the graph of each equation, 

a y = 3x + 7 (f y = 13 - 6x 

i) y = 4x e y = — 5 k - 6 

c y = \x - V3 f y = 7 

/ 

2 Rewrite each equation in y-form and find the slope and the 
y-intercept of its graph ^ 

a y — 3x = 1 c 2x + 3y = 6 

b y + 5x = 2 d 7 - (6 — 2x) = 4y 

3 Write an equation of a line 6 units below, and parallel to* the 
x-axis, 

4 Write an equation of e line that is perpendicular to the x-axis 
and passes through {&, 1). 

5 Which two of the following three lines are parallel? 

a y - 5x — 1 h y = 7x + 2 c y = 2 +■ 5x 

G Write a y-form equation of each line, 
a y- intercept of 2; slope = 4 
b m = 5; passes through (U, —2) 
e Parallel to graph of y = lGx - 6; y-interoepl of 1 
d Perpendicular to graph of 2y = x + 16; passes through {□, -5) 
e y-intercept of 2; perpendicular to line containing (-4, 6) and 
( 1 , 11 ) 


7 Use the graph to find 

a The slope of AB 

<—> 

b An equation of AB 
c The slope of CD 
d An equation of CD 
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Problem Set A, continued 

8 Write (if possible, in point-slope form] an equation of the line 
a Containing (2, 1] and {3, 4) 
b Containing (-6, 3] and (2. -1) 
c Containing (1, 5} and (— 3, 5) 
d With an x-intercept of 2 and a slope of 7 
e That has an x-intercept of 3 and passes through [1, 8) 
f That passes through (-’3, 6) and (-3, 10) 
y That passes through (8, 7) and is perpendicular to the graph of 
3 y-2x + 24 


Problem Set B 

9 The line that represents the equation y = 8x - 1 contains the 
point £fc, 5). Find fc. 

<—V 

10 Line CD is perpendicular to the graph of 2x + 3y = 8. If 
C = (1,4), find the equation of CD, 


11 Show that -1 is the slope of the graph of ox + by + c = 0. 

12 Show that - £ is the y-intercept of the graph of ox + by + c = 0. 

In problems 13-17, use A ABC in the diagram. 

13 Write, in point-slope form, an equation 
of a line through C parallel to AB. 

14 Write an equation of the perpendicular 
bisector oi AB, 

16 Write an equation of the altitude from C 
to AB. 


16 Write an equation of the median from C 
to AB, 


17 Find the slope of the line passing through the midpoints of AC 
and BC, 

I 18 A line passes through a point 3 units to the left of and 2 units 
above the origin. Write an equation of the line if it is parallel to 

a The x-axis b The y-axis 
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ig If P = (-2, 5) and R = (0, 9)., write, in point-slope form, an 
equation of the perpendicular bisector of FR r 


Problem Set C 


20 Two numbers x and y [not necessarily > 

^ y-axis 

different) are chosen at random from the 


set {0; 1, 2, 3}. The possible pairs (x t y) 

y m m m 

are illustrated by dots. Copy the graph, , 

■ * * * 

a How many pairs of numbers are there? 

y * m m 

fa What is the probability that x — y? 


c Show the points on the graph for 

x-axis 

which x < y, ^ 

t 


d Whal is the probability that x < y? 

21 Does the point (12, —3) lie on the line whose slope is and 
whose y-intercepl is 5? Support your answer. 

22 A line has a y-intercept of 2 and forms a 60° angle with the 
x-axis. Find equations of the two possible lines, 

23 Find an equation of the line whose Intercepts arc twice those of 
the graph of + 5y = 10* 

24 In A ABC, A = [0, 0], B = (4, OJ, and C — (2, 6). Show that the 
medians of A ABC all intersect at (2, 2), 

Note It can ha shown that the medians of any triangle are 
concurrent at a point called the centroid of the triangle. 

25 Find the center of the circle containing D = 3, 5) a E = (3, 3) r 

and F = (11, 19). 

Note The center of this circle is called the drcumcenfcr of 
ADEF. 

26 Find the reflection of the point (-9, 7) over the reference line 

y = *■ 

27 Find an equation of the reflection of the graph of y - |x — 1 
over 

a The x-axis fa The y-axis c The line y = x 
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13.3 


Systems of Equations 


Objective 

After studying this section; you iviii bo cibJe to 
p Use two methods to solve systems of equations 


■ Part One: Introduction 

When two Linear equations are graphed on the same coordinate 
plane, the resulting lines may be 


Parallel (a |j b) 

Intersecting (c intersects d.) 
Identical (e and f coincide ) 



Each pair of lines may be represented by a system of equations. 


Systems nf Equations 


System 

Graph 

fy = x + S 

Parallel lines 

[y = x + 13 


[y = x + 3 

Intersecting lines 

[y = - 2x + 21 



Intersection 

Empty set 


One point 


y = |x - 10 Identical lines 

_2x - 4y = 40 


All points on 
the line 


Most of the problems in this section require solving a system of 
two linear equations. The sample problems illustrate two methods of 
solving &uch systems: 


1 Addition or subtraction 
I 2 Substitution 


Bia 
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Part Two: 

Problem I 


Solution 


Problem 2 


Solution 


Problem 3 


Solution 


Sample Problems 

Find the intersection of the two lines corresponding to x = 4 end 
y = 2x H- 8 r 


Substitution method: Since x = 4 is the first equation, we can substi¬ 
tute 4 for x in the second equation, 
y - 2x + 8 
y = 2(4) + a 
y - 8 + 8 
y = 16 

Thus, the intersection is (4, 16). 


Find the intersection of the lines corresponding to the following system. 

[8x - 3y = 7 
[lOx + 4y = 1 

Addition-subtraction method: 

32x — I2y = 28 Multiply bulb sides of first equation by 4. 

3Ox -I- 12y = 3 Multiply bo?h sides of iMscoud equation hy S, 

62x + 0 =31 Add the equations. 

1 

X ' 2 

Now substitute j for x in the first or the second equation. 


8x - 3y = 7 



The lines intersect at f| h — l j. 


Find tiie intersection of the lines corresponding to the following system. 
[y = 3x + 1 
[_flx - 2y = - 2 

Substitution method: 

Substitute 3x + 1 for y in the second equation. 

6x - 2y = -2 
6x - 2(3x + 1) = -2 
6x - 6x " 2 = — 2 
-2 = -2 

Since the statement - 2 = - 2 is always true, the intersection is the 
entire graph of the first equation, which is therefore identical to the 
graph of the second equation. The solution set is {(x t y ): y = 3x + 1}, 
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Part Three: Problem Sets 

Problem Set A 

1 Determine the point of intersection of the graphs of each system. 


[x + y = 10 

h 

y = 5 

C 

"y = 2x - 1 

d 

[x - y - 2 


_x + y = 7 


y = 4x + 5 



2 Determine the intersection of the graphs of each system, 


H = 4 

x 2 + y 2 = 25 


y = 3 

\y -2\ = x 


3 Where do the lines intersect? 

x + 2y = 12 
x-axis 


y = 3x - 7 
_9x - 3y = 21 


4 Find the points each pair of lines has in common. 


2x + y = 10 
8x + 4y = 17 


y = 4.c + 1 

The line to the right of the y-axis, 
parallel to il, and 4 units from it 


Problem Set B 

5 Where does DE intersect FH? 



6 Find the intersection of the graphs of 
x - a and 3x + 2y = 12, 


7 Show that the graphs of the following three equations are con¬ 
current (intersect at a single point). What are the coordinates of 
the point of intersection? 

2x +• 3y = 2 
y = 2x - 10 
,3x - y = 14 

8 The graph of x 2 + y 2 = 25 is a circle, (Circular graphs will be 
studied later in this chapter,) The graph of x 2 - y- = 7 is a 
hyperbola. (Hyperbolas arc normally studied in a later math 
course.) Use one of the methods of solving a system of equations 
to find the intersection of the circle and the hyperbola. 
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9 Find, in point-slope form, an equation of the line containing 
(2, 1] and the point of intersection of the graphs of 3x - y = 3 
and x + 2y = 15, 

10 Find an equation of the line that is parallel to the graph of 
2x + 3y « 5 and contains the point of intersection of the graphs 
of y = 4x + 8 and y = x 4- 5. 

IT Find the point of intersection of the graphs of y — 3 = |(x — 1) 
and y + l = - |(x — 1), 

12 Consider the line corresponding to y = 2x + 1. Line 2 contains 
[5, 3) and is parallel to the given line. Line 3 contains [5,16) and 
has the same y-intercept as the given line. Find the intersection 
of lines 2 and 3, 


Problem Set C 

13 If the equations ox + by = c and dx + ey = f represent two in¬ 
tersecting lines, what are the coordinates of their point of 
intersection? 

14 In A ABC, A = (5, -1), B = (1, Lhand C = (5. -11). Find the 
length of the altitude from A to BC. 

15 Find the distance between the parallel lines corresponding to 
y,= 2x + 3 and y = 2x + 7. (Hint: Start by choosing a conve¬ 
nient point on one of the lines,) 

16 Find the intersection of ihe V-shaped graph of y = |x - 3| and 
the graph of y = 2x + 1, 

17 Find the area of the triangle whose sides lie on the graphs of 
3x + y + 1 = 0, x + 4y - 7 = 0, and -5x + 2y + 13 = 0, 

18 Find the reflection of the point (- 6, 5) over the graph of 
2y - x = 6. 
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13.4 


Graphing Inequalities 


Objective 

After studying this section., you iviii be able fo 
■ Graph inequalities 


□ Part One: Introduction 

Inequalities and systems of inequalities can be graphed by means of 
the following procedure. 


wo-Part Procedure for Graphing Inequalities 


1 Pretend that the inequality is an equation. Graph this equa¬ 
tion as a boundary line, 

2 In the inequality, test the coordinates of points in the various 
regions separated by the boundary fine. Shade the region(s) 
whose points satisfy the inequality. 

In the final graph, the boundary line is clashed if it is not included 
in the graph of the inequality. 

Study the following sample problems closely. 



Part Two: Sample Problems 

Problem 1 Graph y > 2x + 8. 

Solution Boundary fine; Pretend that 
y « 2x + 


* 

y 

0 

s 

i 

ID 

-i 

6 

-2 

4 


y-axis 


/ 


i 


*-a*i5 

(Completed graph) 
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Problem 2 
Solution 


Problem 3 

Solution 


The boundary line Is dashed, since there is no equal sign in the 
original inequality. 

Test of Regions: In the inequality,, test a convenient point not on the 
boundary line—for instance, (0, 0). 

y > 2x + 8 Since 0 > 8 is false, do not shade the 

Is 0 > 2(0) + 8? region to the right of the line. 

Is 0 > 8? 

Now test a point in the other region, such as (-10,10), 

Is 10 > 2[—10) -I- 8? Since 10 > -12 is true, do shade the 
10 > -12 region containing (-10, 10), 


Graph y > |x - 2|. 


Boundary line; y 


Jt 

y 

0 

2 

t 

1 

2 

0 

3 

1 

4 

2 


x - 2 



The boundary line [a V) is solid because there is an equal sign in 
the original inequality, Two regions are formed. 

Test of Regions; Test (0, 0) in the inequality. 
y>\x- 2| 

Is 0 > jo - 2|? 0 > 2 is false. 

Is 0 > j- 2|? Do not shade the region containing (0, 0), 

Is 0 > 2? Farther tests confirm that the 

other region should be shaded. 


Determine the solution set o/the system by graphing, 

V £ 7X + 4 
yfc-|x + 4 
_2x + y < 16 

We follow the two-part procedure three times. 
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Boundary line; 


Boundary liner 


Boundary line; 


y - 

§x+4 

y = 

“2* + 4 

2x + y 

jr 

Y 

X 

Y 

jr 

Y 

0 

4 

0 

4 

B 

16 

5 

6 

2 

3 

1 

14 

IB 

8 

4 

2 

2 

12 

15 

10 

6 

1 

3 

10 


After testing regions 
we shade below the 
boundary line. 


After testing regions, 
we shade above the 
boundary line. 


After testing regions, 
we shade below the 
boundary line. 


The solution consists of the union of the triangle and its interior, as 
shown in the final graph, 



Part Three: Problem Sets 


Problem Set A 

1 Graph each inequality, 

a 2x - 3y < 6 c 5x + 2y 5: 10 * y & 2x + 3 

b y < jx — 1 d x < - 2 


2 Write the inequality represented by each graph. 
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c {[x, y): 5 < y < 7} 
if {[x, y):|x| < 3} 


3 Graph each of the following, 
a y > \x + l| 
b {[x 7 y):x > 2 or x < - 1} 


Problem Set B 

4 Determine the intersection of the solution sets of the two 
inequalities y > 2 and x + 2y < 6 by graphing. 


5 Graph the solution of each system of inequalities. 


a 

y ax+4 

G 

x + y> 12 

e 

"y > |x - 11 


y ^ - 2x + 6 


x — y ^ 4 


x + 3y < 12 

b 

"r + ys 4 

d 

4y - 3x < 6 

1 

"y < 2x + 5 


2x - y ^ 6 


y < 3x 


2x - y < 3 


x ^ 0 


_2x < 6 - 3y 




fi Determine the union of the solution sets of the inequalities 
x + y> 4 and y < 2x - 6. 


Problem Set C 

7 Graph the solution set of each system of inequalities. 

xy < 12 
x 2 + y 2 < 16 

8 Graph each inequality. 

a |x + y\ s 4 b Jxf + jy| ^ 4 


a 

y < x + 8 b 

X* + y‘ £ 25 

c 


y > -x + 12 

IV 

~ 



9 The graph of y = x l for the values of 
Cl < x < 3 is shown. 

a Find the coordinates of A, B, and C, 

h We can estimate the area of the region 
between the graph of y — x 2 and the 
x-axis (when 0 :£ x ^ 3) by adding the 
areas of AAOD, trapezoid ABED, and 
trapezoid BCFE, Find this sum. 

Note If you study calculus, you will 
learn that the actual area of this region is 9. 
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13.5 


Three-Dimensional 
Graphing and Reflections 


Objectives 

After studying this section, you will be a We to 
• Graph in three dimensions 
■ Apply the properties of reflections 



kU 


Part One: introduction 

Three-Dimensional Graphing 

As an extension to graphing in a coordinate plane, here is a brief 
introduction to three-dimensional graphing. 

In a three-dimensional coordinate ays- A z _^ 

tern, there are three axes that are mutually - - (Q, q, 12) 

perpendicular. The point P = (3, 4, 12) may 
be graphed in “3-D” by drawing the axis 
system shown, A rectangular box should bo 
drawn as an aid in locating and visualizing 
the point. The sides of the box are drawn 
parallel to the axes. The x-axis is drawn at ^ 

an angle but should be visualized as being / ; 1 7 

perpendicular to the plane of the paper. _ T_. r . * 

The distance between two points in 0- “ r ' 

space can be found with the 3-D distance x-axis 

formula y which is a logical extension of the 
two-dimensional distance formula. 


P (3j 4,12} 


<0, 4 r O') 

I M I H > 


y-axi5 


0 ) 


Theorem 126 If P - (x 1+ y lf z,) and Q = (x Zf y z , z 2 ) are any two 
points, then the distance feetueon them can be 
found with the formula 

PQ = - x,) a + ly~ t - y^f + [z z - z,) i 

Reflections 

Since the beginning of this book, you have been solving problems 
involving rotations, reflections, and translations of points. Now you 
will work with a few applications of reflections that you might find 
\ useful. 
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Many of you have probably played mini¬ 
ature golf. In the diagram to the right, yon 
see a type of hole you may have encoun¬ 
tered. Obviously, it won't work to aim di¬ 
rectly for the hole. You must aim to hit the 
barrier so that the ball will bounce off at the 
proper angle. 


To find the point to shoot for, you can 
reflect point E (the pre-image) over the bar¬ 
rier to point E- [the image). If you aim at 
point E', the ball should strike the barrier at 
N and bounce directly to E. If your aim is 
good, you will have a hole sn ONE. 

Why does this reflection work? The an¬ 
swer depends on a law of physios. By the 
principles of reflection, E'S = ES and 
AESN = AE r SN. Since SN = SR 
ASNE r ^ ASNE by SAS. Hence, A2 - A3 
by CFCTC- Since AX = A3 (vertical angles), 
A1 a A2. A law of physics states that the 
angle of incidence (Al) is equal in measure 
to the angle of reflection [A2). Thus, your 
ball should bounce directly into the hole. 

We can also use this diagram to prove 
an interesting physical fact: The path of the 
ball from 0 to N to E is the shortest possible 
path from O to E. 

Pick any other point on the barrier, such 
as P, and consider the hypoth etica l path 
from O to P to E. By CPCTC, PE' ^ PE and 
HE r = REL So the path from O to P to E has 
the same length as the path from O to P to 
E\ In the same way, the distance from O to 
N to E is the same as that from G to N to E x . 
But ONE' is a straight line segment, so its 
length must be less than OP + PE* by the 
triangle-inequality principle. 


o 

Hole 



GN + NE” <OP + PE' 


You can also solve situations involving 
several reflections over several barriers, such 
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as the complicated hole shown in Figure 1 at 
the right. First determine which barriers you 
wish the ball to strike. Then reflect the tar¬ 
get point over these barriers, one by one, as 
shown in Figure 2. (Reflect E over the lower 
barrier to F; then reflect F over the line 
containing the left-hand barrier to G; then 
reflect G over the line containing the upper 
barrier to HJ If you putt the hall in the 
direction of point H ? it should follow a path 
from A to R to N to I to E, You may not 
want to go to this much trouble when actu¬ 
ally playing, but it is fun to know the princi¬ 
ple involved. 


The reflection principle can be extended 
to the game of pool, or pocket billiards. With 
the cue ball at P, use the principles of re¬ 
flection to knock the ball at T into the 
pocket. 

One way is to reflect T to T J as shown. 

If yon aim the cue ball at T\ it should travel 
from P to R to T. There are some complica¬ 
tions, however. You must strike T in such a 
way that 

■ T goes into the pocket 
* The cue ball does not go into a pocket 
(If it does, you have "scratched 1 " and 
lost your turn.) 


► 



Pocket 



Reflections are also useful in the game of three-cushion billiards. 

The concepts of rotations and reflections are important in such 
mathematical studies as trigonometry and calculus. In addition, 
many professionals—structural engineers and architects, for 
example-—use these concepts extensively in their work. 


Part Two: Samp/e Problems 

Problem 1 Graph the point A = (2, 5, 7} on a 
3-D graph, 

Solution Use a rectangular box as shown to 

aid you in locating and visualizing 
point A at (2 f 5, 7), 
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Problem 2 
Solution 


Problem 3 

Snlutinn 


Problem 4 


Solution 


Find the distance from A = [2, 5, 7) to B = (3 h — 2, 4). 


Use the 3-D distance formula. 


AB = V(x a - xj 2 + (y 2 - y,) 11 + (z 2 - z,) 1 
= V[3 - 2f + (- 2 - 5) 5 + (4 - 7) 2 


= V59 
^ 7,68 

Show where the hall should strike the 
barrier for you to have the best 
chance of making a hole in one. 

Reflect the hole at E over the barrier 
to E J . Then aim the ball at the imag¬ 
inary E r so that it strikes the barrier 
a t N. 


E 1 

9 



On the miniature-golf hole shown, the 
bail is at ] and the hole is at Y. /an 
wants the ball to strike the barrier at 
y = 8, the harrier at x = 0, and the 
harrier at y = -1 before it goes into 
the hole at (4 P 2), 

a Show the reflections from the pre¬ 
image Y to the image at Y F '\ 
where the bah should be aimed. 

b Find the coordinates of Y Tfr . 

e Find the coordinates of A, the point 
at which the ball should strike the 
first barrier, 

a Reflect Y over the line y = -1 to 
Y F = (4, —4). Then reflect Y F over 
the y-axis to Y" — [—4, -4), 
Finally, reflect Y' F over the line 
y = 8 to Y'" - [-4, 20). 

b See part a. 

c Since J, A, and Y FHF are collmear, 
use slopes. Let A = (x r 8J, 

Slope off? r#f - slope of [A 
20-0 = 8-0 
-4 - 6 ” x - 6 

20[x: - 6) = -10(8) 

20x - 120 = -30 
20x = 40 
x = 2 

So the coordinates of A are (2, 8). 



T Y BB, (-4, 20) 
n 

i 
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■ Part Three: Problem Sets 

Problem Set A 

! Graph the point A = (2, 4. 6) on a 3-D graph. Use a rectangular 
box as an aid in locating and visualizing point A. 

2 Find the distance from P = (3, 4, 12) to the origin. 

3 Find, to the nearest tenth, the distance from P — (3, 4 h 12) to 
D = (-1, - 2, 9), 

4 Find, to the nearest tenth, the perimeter of a triangle with verti¬ 
ces at (0, 0, 6) i [0, 8, 0], and (15, G, 0). 

5 On a 3-D graph, draw the rectangular solid whose base has 
vertices at D = (0, 0. 0), A = (4, 0, 0), B = (4 h 5, 0), and 
C - (0; 5. 0) and whose height is 7. 

a Find the area of the base, 
b Find the volume of the solid- 
c Find the diagonal of the sol id. 
d Is (4, 5, 7) a vertex of the solid? 

® If the solid were rotated 90° downward about AB h what would 
the new coordinates of the vertex be? 


fj Two famous geometry teachers, Mr. Rip¬ 
ple and Mr. Wood, were playing the 
miniature-golf hole shown at the right. 
Mr. Wood shot first, hitting the barrier at 
W but missing the hole. After a moment 
of reflection, Mr. Ripple hit his hall to 
strike the barrier at R, and the ball 
bounced straight into the hole. 

“How H d you do that?" asked Mr. 
Wood. ''You just need the right image," 
Mr. Ripple replied. Draw a diagram to 
show Mr. Wood what Mr. Ripple meant. 

7 Reflect the hole over the barrier and give 
the coordinates of the image of the hole. 


B a rr ter 
Ft W 


Hole 


Ball 


H(3 r 



y = 6 
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C B 


8 Are you more likely to make a hole in 
one by aiming at A, at B n at C, or at D? 
Show the reflections on a diagram to jus¬ 
tify your answer. 


n 


D 


Hole 

O 


Ball 


A 


Problem Set B 

9 Consider the points A = (2, 3, — 5), B = (8, 9, 1), and 
C = (3. 17, 1). 

a Find the midpoint of AB. 

!) Find, to the nearest tenth, the length of the median from 
C to AB, 


10 Suppose that P = [3, 5) and that point P is reflected over the ( a 
graph of x = 1 to P\ Find in point-slope form, the equation of JP', 
if J = (5,6], 


11 Point Q' = (3, 7) is the image of a point after reflection over the 
y-axis, Find the pre-image, 


12 Verify that if the path from S to H to O 
is the shortest distance from S to the 
y-axis to O, then H = [0, 6), 



13 In a circle whose center is at P, the image of A = (4, 6) over P is 
(- 2, - 2), Find the image of B = (— 3, 5) over P, 


Problem Set C 

14 The base of a triangular pyramid has vertices at (6, 0 h 0 ), (0, 6, 0), 
and [0, 0, 6). If the peak of the pyramid is at [0, 0 h 0), find the 
volume of the pyramid. 
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Problem Set C, continued 

15 A square with vertices at A = (1, 1), B = (D, 4), C = (3, 5), and 
D = (4, 2) is reflected over the x-axis to produce a new square 
with vertices A', B r , C', and D'. 
a Find the area of square A'B'C'D'. 
b Find, in y-form, the equation of A'C'. 


16 If H = (10, 2) and K = (18,17) and if ] is any point on the graph 
of 3f = 2, find, to the nearest tenth, the minimum distance from 
H to 1 to K. 


17 On a miniature-golf course, the ball is at 
(8, 1) and the hole is at (4, 2), A player 
can make a hole in one by hitting the 
ball along the path indicated by the ar¬ 
rows. Find the coordinates of point R, 


CAREER PROFILE 


y= 10 



Image-Producing Waves 

Sound in the coordinate plane 


Sound travels in waves. The number of wave 
cycles that pass a given point in one second ts 
the frequency of the wave. Human ear* are ca¬ 
pable of hearing frequencies from about £6 cy¬ 
cles per second to 2O T 0CM* cycles per second. 
Sound with a frequency greater than 20,000 is 
uJtrasoimd- The reflection of ultrasound waves 
directed into the body produces a moving image 
that can be useful fit diagnostic medicine, 

Kathy Gurnee is an ultrasonographer at Love¬ 
lace Medical Center in Albuquerque, New Mexi¬ 
co. She reads ultrasound echoes using a grid 
that resembles three-dimensional coordinate 
axes. Height and width can be read directly. 
Depth and density can be gauged from the 
shading of the image. The sonographer can 
zoom in on objects with dimensions as small as 
1 millimeter. 

Gurnee finds her work extremely challenging. 
J -Unlike an X-ray + " she says f ll an ultrasound im¬ 
age is a continuously moving picture. This 
makes it a much mere powerful diagnostic 
tool.” 



Originally from Yellow Springs, Ohio, Gurnee 
moved to Albuquerque^ where she earned a de¬ 
gree in education from the University of New 
Mexico amf then taught multiply handicapped 
children for several years, Shd'became interest¬ 
ed in ultrasound when she learned that the 
technique had been used to diagnose the dis¬ 
abilities of some of her students before their 
bifths. After a year of further study at the Uni¬ 
versity of New Mexico, she became a registered 
diagnostic medical sonographer. 
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13.6 


Circles 


Objective 

After studying this section, you will he able to 
■ Write equations that correspond to circles 


■ Part One: Introduction 

The equation of a circle is based on the distance formula (Section 
9.5) and the fact that all points on a circle are equidistant from the 
circle's center. 


Theorem 127 


The equation of a circle whose center 
is (j h, k) ontf whose radius is r is 

[x-hf + iy- k) 2 = r 2 


This c/rcte formula may be used in several ways. 



Example 1 Find the equation of a circle whose center is [1 1 5] and whose radius 
IS 4. 

(x - 1)* + (y - 5) 2 = 16 

Example 2 Find the center and radius of the graph of (x — 2) 2 + (y + 7) 2 = 64, 

We rewrite the given equation in the seme form as the circle 
equation. 

(x - h] 2 + (y - kf = r 2 
[x ~ 2) 2 + [y~{~ 7)} 1 =8- 

Hence n h = 2, k = - 7, and r = 8, The center is [ 2, - 7) and the 
radius is 8. 

The next example uses the circle formula in the same way as 
example 2. but the preparation is more complicated. 
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Example 3 is x 2 - 8x + y 2 - lOy - 8 an equation of a circle? 

We use the process of completing the square, which you have proba¬ 
bly studied in algebra class, to rewrite the equation in the form of 
the circle equation, 
x 2 -8 x + y 1 - lily = 8 
X 2 - 8x + 16 + y 2 “ IGy + 25 = 8 + 16 + 25 
Key Key 

Number Number 

[x 2 - 8x + 16) + (y 2 - lOy + 25) = 49 
(x - 4) 2 + (y - 5) 2 = 49 

Yes, the solution set is a circle, The center is (4, 5) and the radius is 
7, The two key numbers, 16 and 25, were introduced to complete the 
squares—to make the terms on the left-hand side of the equation 
form two perfect-square trinomials. Notice that 16 is the square of 
half of - 8 and that 25 is the square of half of -10, 



Part Two ; Sample Problems 

Problem 1 Find the equation of the circle with center (0. - 2) and a radius of 3. 

Solution Use the circle formula, 

(x - h} 2 + (y - k] 2 = r 2 
(x - 0) 2 + [y - (— 2)] 2 = 3 2 
x 2 + (y + 2} 2 = 9 


Problem 2 Find, to the nearest tenth, the circumference of the circle represented 
by 3x J + 3y 2 + fix - 18y = 15. 

Solution 3x 2 + 3y" + 6x — lfly = 15 

x 2 4- y 2 + 2x - 6y = 5 Divide both sides by 3, 

X 2 + 2X + y 2 — 6y = 5 Rearrange the terms, 

x 2 +2x-l-l+y 2 — 6y+9=5+l+9 CempioiA the squares. 

(x + l) 2 + (y - 3) 2 = IS 

The radius is Vl5 and the circumference - 2-mr - 2irVli 24,3, 


Problem 3 

Solution 




a Describe the graph of (x - 2) 2 + {y + 5) 2 = 0. 
b Describe the graph of x 2 + (y - 4) 2 = - 25. 

a The form of this equation indicates a circle with its center at 
[2, - 5) and a radius of 0. This is sometimes called a point circle, 
a circle that has shrunk to a single point—in this case, the point 
& -5), 

b The form of this equat ion indicates a cir cle with its center at (0, 4) 
and a radius of V— 25. However, V - 25 is not a real number, so 
such a circle cannot be drawn on the coordinate plane. The 
equation is said to represent an imaginary circle. 
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Part Three: Problem Sets 

Problem Set A 

T Write an equation of each circle. 

a Center (0, 0): radius 4 c Center (0, - 2); radius 2 V 3 

b Center (- 2 H 1]; radius 5 d Center (— S, 0); radius \ 


2 Graph each equation, 

a x 2 + y 2 = 9 fa {x - l) 2 + (y + 2) 2 = 16 


3 Find the center, the radius, the diameter, the circumference, and 
the area of the circle represented by each equation. 

a x 2 -f y 2 = 36 C [x - 3J 2 + (y + 6) 2 = 100 

b (x + 5) J + y* = | d taL ^'+ = 27 

4 Writs an equation of each circle, (Hint: Find the value of r and 
use the circle formula.) 



5 Consider the equation (x - 3) 2 + (y + 2) 3 = 17. 
a la (4, 2] on the graph of the equation? 

b Is (3 k — 2) on the graph of the equation? 

6 a What type of "circle” is represented by (x — 3) 2 + (y + l) 2 = 0? 
b What type of "circle” is represented by (x + 5) 2 + y 2 = ~ 100? 


7 The radius of circle P is 7, AB is the 
horizontal diameter and CD is the verti¬ 
cal diameter, Find the coordinates of A, 
B, C, and D, 
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Problem Set A, continued 

B Determine the equation of each circle. 

a The center is the origin, and the circle passes through (0, —5). 
b The endpoints of a diameter are (—2,1) and (8, 25]. 
c The center is (“1. 7), and the circle passes through the origin, 

d The center is (2, - 3), and the circle passes through [3, 0). 

9 For each given point, indicate whether the point is on, outside, or 
inside the circle with the given equation, 

a [2, 5); x 2 + y 2 = 29 c Origin; (x - 2) 2 + (y + 5)' = 16 

b (3, 0); x 2 + y 2 = 100 if (- 2. 1); x 2 + (y + 6) 2 = 23 

10 Graph the solution of the system. 

x 2 + y 2 > 9 

k 1 + y 2 ^ 25 


Problem Set B 

11 Find the center and the radius of the circle represented by each 
equation, 

a x 2 + y 2 - By = 9 c x 2 + 10* + y l - 12y = - 10 

b (x + 7) 2 + y 2 + 6y = 27 d x 2 + y 1 = 8x - 14y + 35 


12 Find the solution set of each system. 

r x 2 + y 2 = 25 
x = 3 

x 2 + y 2 = 25 

X 2 — y 2 = 1 


r x 2 + y 2 = 34 
x + y = 8 

]y| = o 

x 2 + y 2 = 100 


13 Find the distance between the points of intersection of the graph 
of x 2 + y 2 = 17 and the graph of x + y = 3, 


14 Use the diagram of circle Q as marked to 
find 

a An equation of the tangent to the cir¬ 
cle at {6, 8) 

b The dr cum ference of the circle 
c The distance from A to Q 
d The distance from A to the circle (to 
the nearest tenth] 

a The area of the shaded sector (to the 
nearest tenth) 
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15 Consider the circle represented by [x — 2} 2 4- [y ■+■ 3) 2 = 61. 
Write, in point-slope form, the equation of the tangent to the 
circle at point (8, -8) 


Problem Set C 

IB Find the center end the radius of the graph of 
3x 2 + 12x + 3 y 2 ~ 5 y = 2, 


17 

18 


Find the area of the circle shown, 



Find the equation of the path of a point that moves so that its 
distance from the point (3, 0) is always twice its distance from 
the point (-3, 0). 


19 A marble was placed at point (2, 4 V 3 ) and rolled clockwise 
around the graph of x 2 - 12x + y 2 — 28 until it stopped at the 
intersection of the circle with the positive x-axis, 

a Find the distance the marble traveled. 

if Find, to the nearest hundredth, the distance that would have 
been saved if the marble had rolled ill a straight line. 


Problem Set D 

20 The quadrilateral region bounded by the graphs of y = nix H- 3> 
x = 2, x = 5, and y = X has an area of 2, Find the maximum 
value of m . 
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C oordinate-Geometry 
Practice 


Objective 

After studying this section, you iviJl be able to 
■ Apply the principles of coordinate geometry in a variety of 
situations 

The problems that follow will give you a chance to use what you 
have learned about coordinate geometry throughout your study of 
this book. As you examine each problem, try to determine which of 
the formulas and properties you have learned provides the best 
means of solving it. You will find that coordinate-geometry skills 
will become more and more important as you continue your study of 
mathematics. 


Problem Sets 

Problem Set A 

1 Writq an equation of circle P. 
a Find the area of the circle 
b Find the circle’s circumference, 



2 Find the area of the shaded sector. 



3 


Find, to the nearest tenth, the area of the shaded region in each 


diagram. 


a Aiscrc \% a si 

D 

quare. 

y-axis 

i 

c 


T 

A 

(4,0) 


V 

J 

x-ax\s 

A 

\ 

f 

B 
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4 Find the area of the square with vertices at (1, 2], (6, 2), [6, 7), 
and (1, 7), 

5 Given: Diagram as marked; 

M is the midpoint of EF, 

Find: a OM 
h EM 
C FM 


fi AABC is equilateral. Find the coordi- y-aws 

\ c ■ 

nates of G. 

A ■ 

A 

/ VB(S.U) 

(o,o> 

\ 

x>axis 

V 


7 In rectangle ABCD, A = (2. 7] and C = (a, 15]. Find BD. 



F(s,o) 




x-axis 


9 Find the area of the triangie with vertices at (0, 8) [0, 0], 
and [3, 0). 


9 Find the slope of the tangent of OP at 
point H, 
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Problem Set B 

13 OP \s tangent to the x-axis and the 
y-axis at the points shown. 

a Find an equation of the circle, 
b Find, to the nearest tenth, the area of 
the shaded region bounded by the cir¬ 
cle and the axes. 


14 In the figure as marked, what is the area 
of A ABC? [Your solution should suggest 
a concept known as the encasement 
principle,] 



15 In the figure as marked, what is the area 
of ADEF? 



16 The point (13. 9) is on a circle centered at (7. I). 
a Write an equation of the circle¬ 
ts What is the circle's area? 

c W r hat is the circle's circumference? 

i Find the coordinates of the point on the circle directly oppo¬ 
site (13, 9). 

e Write r in point-slope form, an equation of the line tangent to 
the circle at (13, 9). 

f Find the distance between (19, 6) and the center of the circle, 
g Find the distance between (19, 6) and the circle, 

17 Find the area of the isosceles trapezoid with vertices at (4, 8}, 

(2, 3), (14, 3], and (12, 8), 

18 AABC is an isosceles right triangle with base AB, If A = (—3, —2} 
and B = [—3, 4) f what are the two possibilities for the coordi¬ 
nates of C? 

19 In ADEF, D = (l h 2), E = (7, 2), and F = (1, 10), Find the Length 
of the altitude from D to EF, (Hint: First find the area of ADEF.) 
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211 Consider the circle represented by [x — 4) 2 + (y + 2) s = 50. Let P be 
the center of the circle and T be a point on chord AB such that 
PT is perpendicular to AB. If A = (11, - 1] and B = (5,-9}, what is 

a PT? 

Problem Set C 

Z1 OA is a fixed line segment. M can lie 
anywhere on a circle with a radius of 3 
and its center at O, B moves so that M is 
always the midpoint of AB. Find an 
equation of the circle on which B lies. 


ZZ AAOB is placed on a coordinate system so that A = (6.12J, 

B = (21, 3}, and O = (0, 0), A segment, CD, is drawn parallel to 
OB so that C lies on AO, D lies on AB, and C = [4, 8), 

a Find the coordinates of D, 

b Find the ratio of the area of A AC D to the area of AAOB. 

23 Find the distance between the lines represented by y = 2x — 1 
and y = 2x + 7. 

24 In AAOB, A = (6, 0), B = (0, 8), and O = (0. 0). 

a Find, to the nearest tenth, the volume of the solid formed by 
rotating the triangle about 0A. 

b Find, to the nearest tenth, the volume of the solid formed by 
rotating the triangle about OB. 

c Find, to the nearest tenth, the volume and the total surface 
area of the solid formed by rotating the triangle ahout AB. 

25 Given the circles represented by (x + 9 ) 2 + (y — 4) : = 52 and 
(x - 12) J + (y - 3) 2 = 13, find the length of a 

a Common internal tangent h Common external tangent 

26 Find the area of tire quadrilateral with vertices at (—3, 2), (15, 6), 

[7, 12), and (- 7, 8), 

Problem Set D 

27 A Jottice point Is a point whose coordinates are integers. How 
many lattice points are on the boundary and in the interior of the 
region bounded by the positive x-axis, the positive y-axis. the graph 
of x 2 + y 2 = 25. and the line passing through (- 3, 0) and (0, 2)7 

28 A green billiard ball is located at (3,1), and a gray billiard ball at 
(8, 9). Fats Tablechalk wants to strike the green ball so that it 
bounces off the y-axis and hits the gray ball. At what point on 
the y-axis should he aim? (Hint: Use the reflection principle,) 


b mATPA? 
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Problem Set D, continued 


29 The points of A 1 B 1 are "mapped" onto a new coordinate system 
(with shorter units) in such a way that A,!}, is turned around, 
with Aj becoming A : and B, becoming B z . 




Old New 

a Find the coordinates <?f C 2 , a point on the new coordinate 
system, if C j = (3^ 0). 

h Find the coordinates of D 2 if D, = (4, 0), 
c Find, in terms of the coordinates of E 2 if E, = (x t> 0). 


HISTORICAL SNAPSHOT 


The Serpent and the Peacock 

A problem from medieval India 


From ancient to medieval times* the scholars 
of Egypt, Mesopotamia, India, and China 
developed a variety of useful algebraic tech¬ 
niques. Unlike the Greeks, they showed little 
interest in the more abstract aspects of geome¬ 
try. 

Nevertheless, these scholars were aware of 
the Pythagorean Theorem and devised clever 
problems involving its application. The following 
is found in the treatise Lilavat: of the Indian 
mathematician Bhaskam (a d. 1114-c. 1185). 

A peacock perched atop a pillar sees a 
snake s iltftermg toward fts den P which is at 
the base of the pillar , The snake is three 
times as far from its den as the pfltar is 
high, if the peacock swoops down on the 


snake m a straight line and if the peacock 
and the snake travel equal distances before 
they meet P how far Is the snake from fts den 
when the peacock pounces on it? 

Can you find a linear relationship between 
the height of the pillar and the distance y by 
which the snake fails to reach its den r for any 
height x? 
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Chapter Summary 


Concepts and Procedures 

After studying this chapter, you should be able to 

■ Draw lines and circles that represent the solutions of equations 
(13,1) 

■ Write equations that correspond to non vertical lines (13,2) 

■ Write equations that correspond to horizontal lines (13.2) 

* Write equations that correspond to vertical lines (13,2) 

■ Identify various forms of linear equations (13,2) 

* Use two methods to solve systems of equations (13,3) 

■ Graph inequalities (13,4) 

■ Graph in three dimensions [13,5) 

■ Apply the properties of reflections (13,5] 

■ Write equations that correspond to circles (13.6) 

■ Apply the principles of coordinate geometry in a variety of 

situations (13*7) 


Vocabulary 

boundary line (13.4) 
circle formula (13.6) 
completing I he square (13 6) 
general linear form (13.2) 
imaginary circle (13,6) 
intercept (13.1) 
intercept form (13,2) 
point circle (13.6) 


point-slope form (1,3.2) 
slope-intercept form (13.2] 
system of equations (13-3) 
table of values (13.1) 

3-0 distance formula (13-5) 
two-point form (13.2) 
y-form (13,2) 
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Review Problems 


Problem Set A 

1 Is the point (7, 5) on the graph of 2x + 3y = 62? 

2 In which quadrant are both coordinates negative? 

3 If H is reflected over the barrier at 
y = 10 to H r , find the slope of BH\ 


x= 0 


y = 10 


Ha 4) 


x = 8 


B<6,0) 


4 Find the coordinates of point D in each figure. 

a ABCD is a b ABCD is an 

rectangle. isosceles trapezoid 


C ABCD is a 
parallelogram. 


■* 




£ 110 , 7 ) 

D 


( 0 , 0 ) 





(- 5 , 0 ) 


( 5 , 0 ) 


/ 

C(S,4) 

< r 

n > 

< / 

/ > 

A( 6, 2} 

1 

6(3,-2) 


S If P = (4, — 2J and Q = (10, 6), what is 

a PQ? b The midpoint of PQ? a The slope of PQ? 


6 Use the diagram of AABC to find 
a The slope of AC 
b The midpoint of AC 
tf The slope of the median from B 
d The length of the median from B 
e The slope of the altitude from B 
f The slope of a line through A and par¬ 
allel to BC 

g The slope of the perpendicular bisec¬ 
tor of AC 
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8 Write an equation of each circle, 
a Center at (2, - 3]- radius of 4 
b Center at origin; passes through (6, 8} 
c Endpoints of a diameter are (0, 0) and (10 n 0). 


9 Write an equation of each line, 
a Slope of 2; y-intercept of i 
b Contains the points (2, 3) and (2, 7) 
c Parallel to, and 5 units to the left of, the y-axis 
d Contains the points [2, 4) and (6,16) 
e Slope of x-intercept of 4 

f Parallel to the graph of y — 3x + 1, with the same y-intercept 
as the graph of y = 2x - 7 
y x-intercept of 6; y-intercept of - 3 


10 Find the slope of the graph of each equation. Are the lines 
perpendicular, parallel, or neither? 

a x + 2y = 10 b y = 2x + 3 


II Are the points (2, 4), (5, 13), and [26., 76) collinear? 



Problem Set B 

13 Find the x-intercept of the line joining (-2, 3) and (5, 7), 

14 The points (2,1), [4, 0), and (-4, k 2 ) are oollinear, What is the 
value of k? 


15 A = (- 6, 1) and B = (2, 3), If B is the midpoint of AC, find C. 

16 Find the coordinates of the point one-fourth of the way from 
(-5, G) to {?, 8j, 
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Review Problem Set B, continued 


17 In A ABC, A = (2, 3), B = (12, 5} p and C - (9, 8). 
a Find the length of the median from C to AB. 
b Write an equation of the median to AB- 

c Write h in point-slope form, an equation of the perpendicular 
bisector of AB, 

d Write h in point-slope form, an equation of the altitude from C 
to AB. 

e Write, in point-slope form, an equation of the line containing 
C and parallel to XE, 


18 a Write an equation of circle P, 
h What is the area of circle P? 

G What are the coordinates of V? 
rf Write, in point-slope form, an equation 
of the tangent RT, 
e Find FT. 

f Find, to the nearest tenth, the distance 
from T to the circle, 

n What is the area of AFRT? 



19 Graph the solution of each of the following systems of inequalities. 


6 


> 2x + 1 
2 '+ y l <r 25 


y £ □ 

X < 0 
x - 3y ^ 6 


20 [f two of the five points [2,1), (6, 4], (5, I7) f [- 2, - 2), and (2, 10) 
are selected at random, what is the probability that 

a Both points lie in Quadrant I? 

b The two points will be coll incar with one of the other points? 


21 


Find the intersection of the graphs of the equations in each system. 


a 

"y = 4x — 1 

b 

X - 3y = 10 

C 


y = 2x + 3 


2x + y = 13 



¥ = 4 

_(x - 1) ! + [y - 5) 2 = 17 


22 Find the center and the radius of the graph of 
x 2 + 6.x + y 2 - 4 y = 12, 


23 Find, to the nearest tenth, the distance between the centers of 
the circles represented by (x — 5) 2 + (y — 2) 2 — 29 and 
x 2 + Bx + y 2 = 31. 


24 The bases of an isosceles trapezoid are parallel to the y-axis. If 
three vertices are (5, 2) P (5, 12), and (—1, 10), find the trapezoid's 
area. 
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25 Describe the graph of x ! + 2x + y 2 - 6y = -10, 

26 Quadrilateral PQRS has vertices (3, 1), (15, —3), (9, 7), and (5, 7). 
a Find the quadrilateral’s area by using the encasement princi¬ 
ple, (See Section 13,7. problem 14.) 

b What is true about the diagonals? 


Problem Set C 

27 Consider the graph of 2x - 5y = 10 In which quadrant(s) is 
there a point that is on this line and equidistant from the x-axis 
and the y-axis? Find the point(s), 

28 Use a triangle with vertices at (0, 0), (2a, Gj, end (0, 2b) to show 
that the midpoint of the hypotenuse of any right triangle is 
equidistant from the vertices of the triangle, 

29 If A = (0, - 17), B = (4, -5), and C = (12, -1), what is the 
length of the altitude from C to aB? 

30 Find the distance between the graphs of y = 3x - 8 and 
y = 3x + 2 . 

31 A triangle with vertices at (0, 0), (6, 0), and (.0, sVi) is rotated 
around its longest side. Find, to the nearest tenth, the volume of 
the solid formed. 

32 if A - (“8, 5J and B = [7, - 3), where is the point R that divides 
AB so that AR:RB = 3:2? 

33 In oPQRS, M, N, and X are midpoints of FQ. PS, and QR 
respectively. Find the intersection of MN and PX if P = (-8,1), 
Q = (0. 5), and S = (4, 1). 

34 How many lattice points are in the intersection of this system? 

fx > 0 

y > 0 

y < - [x - 4| + 10 

35 A = (2, 10) and C = (8, 4). Find point B if it lies on the x-axis 
and AB + BC is a minimum, 


36 Find the image of point (-5,10) when it is reflected over 

a The x-axis b The point (—3,1) 

37 Find the intersection. 

fx + y - 16 
| y = |2x + 101 


c The graph of y *= 2x 


Review Problems 
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14 Locus and Constructions 


E very home in each locus of summer homes 
in the small community of Brpindbyvester, 
Denmark, is equidistant from a parking lot. 



14.1 


Locus 


Objective 

After studying this section, you will be able to 
■ Use the four-step locus procedure to solve locus problems 


■ Part One: Introduction 

Mathematicians sometimes find it convenient to describe a figure as 
a locus. (Locus is a Latin word meaning "place’ 1 or "position,” its 
plural form is loci.) 


Definition A locus is a set consisting of all the points, and only 

the points, (hat satisfy specific conditions. 


in this book, all loci are to be considered sets of coplanor points 
unless specified otherwise. 

Example 1 Find the locus of points that are P, p 

1 in, from a given point O. * 2 


Find one point, P lt lhal is 1 in. from 
O. Then find a second such point, 

F 2 . Continue finding such points un¬ 
til a pattern is formed—in this case, 
a circle. 


Draw the circle and finish with a 
written description: "The locus of 
points 1 in. from a given point O is a 
circle having O as its center and a 
radius of 1 in*” 
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Four-Step Procedure for Focus Problems 


1 Find a single point that satisfies the given condition(s). 

2 Find a second such point, and a third, and so on, until you 
can identify a pattern, 

3 Look outside the pattern for points you may have overlooked. 
Look within the pattern to exclude points that do not meet 
the conditions. 

4 Present the answer by drawing a diagram and writing a 
description of the locus. 


Example 2 




What is the locus of all points equidis¬ 
tant from the sides of an angle? 


Step 1: Locate a point P t that is 
equidistant from the sides of the 
angle. 



Step 2: Similarly, locate points P 2 , 

P 5P P 4 , . . . The pattern appears to be 
the ray that bisects the angle. 



Step 3: By sketching points outside 
the pattern, we can determine that 
the only points in the locus are 
those on the angle bisector. 


Step 4 : The locus of all points equi¬ 
distant from the sides of an angle is 
the bisector of the angle. 



The following example draws special attention to the importance of 
step 3 of the four-step procedure. 

Example 3 What is the locus of points 3 cm /rom f\ 

a given line? 

3 erm i 

Step 1: Find a point P.j that is 3 cm — * -—-— -■ & 

from a line 


Step 2; Find a second point, a third, 
and so on, until a recognizable pat¬ 
tern appears. 


3 cm 
Jk 


p 1 p a p, 

* * * # # + 

——_ 
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* * 


Step 3: The pattern appears to be a 
line parallel to K and 3 cm above it. 
But by checking other points, we can 
see that points 3 cm below f, are also 
in the locus. 


Step 4: The locus of points 3 cm 
from a given line is two lines paral¬ 
lel to the given line, 3 cm on either 
side of it. 


p fc P a P 4 


* -¥ 

3 cm 

< * 

* * 

* t t * 


3 cm 


■ * 

-*■ * 

* * * 

P* 







Part Two: Sample Problems 

Remember that loci are plane figures unless specified otherwise. 

Problem 1 What is the locus of points 2 in. from a given circle whose radius is 
5 in.? 


Answer 


Problem 2 
Answer 


The locus of points 2 in. from the 
given circle is two circles that are 
concentric with that circle and have 
radii of 3 in. and 7 in. 



Find the locus of points less than 3 cm from a given point A, 

The locus of points less than 3 cm 

from a given point A is the interior / A \ 

of a circle with its center at A and a \ / 

radius of 3 cm. (The circle itself is 

not part of the locus. Do you see 

why?) 


Problem 3 
Solution 


What is the locus of the centers of all circles that have a fixed radius r 
and are tangent to a given line #? 


Sketch a few circles tangent to the 
given line t Then consider the pat¬ 
tern of their centers only. 


The locus of the centers of all circles 
that have a fixed radius r and are 
tangent to a given line £ is two par¬ 
allel lines on opposite sides of £ r 
each at the distance r from £. 



Section 14.1 Locus 


651 


















Problem 4 


Write the equation of the focus of 
points equidistant from points 
A = [1, 4) and B = {7, 8). 


Solution 


y-dttis 



Method One: If P = (x, y) is any point on the locus, then PA = PB. 

V(x - Tf + (y - 4) 2 = V(x - Tf + (y - S) 2 

(x - l) 2 + (y - 4) 2 - [x - 7f + (y - 8) 2 

x 1 - 2x + 1 + y 2 - 8y + 16 = x 2 - 14x + 49 + y 2 - 16y + 64 

— 2x — 8y + 17 = -14x - 16y + 113 

y = —|x + 12 


Method Tivo; We know that the locus of all points equidistant from A 
and B is the perpendicular bisector of AB, 


Midpoint of AR = (4, 6), and slope 
/.Slope of perpendicular bisector = 

y = mx + h 
6 - -|(4) + b 
12 = b 

y = —|x -I- 12 


2 ‘ 

y-axis 



Part Three: Problem Sets 

Problem Set A 

Remember that loci are plane figures unless specified otherwise. 

In problems 1-8, draw a sketch and write a description of each 
Locus, 

1 The locus of points that are 3 cm from a given line, AB 

2 The locus of the midpoints of the radii of a given circle 

3 The locus of points equidistant from two given points 
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4 The locus of points occupied by the cen¬ 
ter of a dime as it rails around the edge 
of a quarter 



5 The locus of points that are 10 in. from a circle with a radius 


of 1 ft 


G The locus of the centers of all circles tangent to both of two 
given parallel lines ^ 

7 The locus of points equidistant from two given concentric circles 
(If the radii of the circles are 3 and S H what is the size of the 
locus?) 

fl The locus of points less than or equal to 14 units from a fixed 
point P 

9 Write an equation for the locus of points that are 4 units from 
the origin. 



10 9 Find the locus of points that are 5 
units from both a and b. 


b Find the locus of points that are 4 
units from both a and b. 


Problem Set B 

11 What is the locus of the midpoints of all chords that can be 


drawn from a given point of a given circle? 

12 What is the locus of the mid (joints of all chords congruent to a 
given chord of a given circle? 

13 Determine the locus of centers of all circles passing through two 
given points, Give an accurate, simple description of the locus. 

14 Write an equation for the locus of points 6 units from (-1, 3). 
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Problem Sot B, continued 

15 What is the locus of the midpoints of aJl segments drawn from 
one vertex of a triangle to the opposite side of the triangle? 

16 What is the locus in space of points that are 
a 5 units from a given point? 

b 5 units from a given line? 

17 Write an equation for the locus of points equidistant from the 
lines whose equations are x = — 2 and x — 7 

IB Find the locus of points that are 5 units from both the x-axis and 
the y-axis. 

19 Given a circle Q with a radius of 9, find the locus of points 9 
units from the circle Q. 

20 a Sketch the locus of points 5 units from a segment, FQ. 
b Find the area of the locus sketched in part a if PQ — 6. 

c Sketch the locus in space of points 5 units from segment PQ. 
d Find the volume of the locus sketched in part c if PQ = 6, 

21 Point P is 4 units above plane m. Find the locus of points that lie 
in plane m and are 5 units from P. 

22 Write an equation for the loons of points equidistant from (3, 5) 
and (l P - 9). 

23 Points T and V are fixed. Find the loons of P such that PT J. PV, 


Problem Set C 

24 Write an equation for the loons of points each of which is the 
vertex of the right angle of a right triangle whose hypotenuse is 
the segment joining (-1, 0) and (1, 0). Describe the set 
geometrically. 

25 a The locus of points equidistant from the vertices of a triangle 

is the point of intersection of the —I— of the triangle. 

b The locus of points equidistant from the sides of a triangle is 
the point of intersection of the ~ I— of the triangle. 

26 Write an equation for the locus of points (x, y) such that the area 
of the triangle with vertices [x, y), (0, 0), and (3, 0) is 2. 
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27 Given: P = (-3,4) 

a Sketch the locus of points that are 2 or more units from P and 
at the same time are no more than 5 units from P. 

b Describe the locus algebraically, 
c Find the area of the locus, 

2 D A ladder 6 m long leans against a wall, Describe the locus of the 
midpoint of the ladder in all possible positions. Prove that your 
answer is correct, 


29 Write an equation for the locus of points each of which is twice 
as far from (-2,0) as it is from (1, 0), 

3D PQRS is a rectangle with PQ twice as long as QR, T is the 
midpoint of RS, TQ is drawn. Sketch the locus of the midpoints 
of segments that are parallel to TQ and end on the sides of the 
rectangle. 


HISTORICAL SNAPSHOT 


The Geometry of Music 

Pythagoras and die harmonious blacksmiths 


The philosopher Pythagoras 
(Gh 540 g,<x} and his followers 
believed that the whole num¬ 
bers wore the key to the 
structure of the universe. In 
part, this belief was based 
on discoveries they made 
about mathematical rela¬ 
tionships among the tones 
of the musical scale. 

As the sixth-century writer Macro tit us telle 
the story + one day Pythagoras was walking by a 
workshop where two blacksmiths were beating 
out a piece of hot Iron. Noticing that the work 
ers 1 hammers rang with different but harmoni¬ 
ous sounds, Pythagoras went inside to investi- 
gate the reason. He determined that the tones 
produced by the hammers depended not on the 
force with which the hammers were wielded but 
only on their sizes and weights. 

In later experiments, the Pythagoreans 
plucked stretched strings to produce musical 
tones. It was discovered that by treating a 
string as a line segment and dividing it in ratios 


corresponding to quotients of whole numbers, 
all the tones of the musical scale can be pro¬ 
duced. For instance^ if a string is bisected, each 
half sounds a tone one octave higher than that 
produced by the whole string. Similarly, when a 
string is divided in the ratio 2:3 f each part 
sounds the musical Interval known as a fifth. 
The ratio 3:4 produces the interval known as a 
fourth. 

The Pythagoreans' research forms the basis 
for the construction of many modern musical 
instruments. It is important, however, as one of 
the earliest cases in which mathematics was 
used to explain natural phenomena. 




Section 14.1 Locus 655 






























14.2 


Compound Locus 


Objective 

After studying this section, you will 5e oWe to 
■ Apply the compound-locus procedure 

Part One: Introduction 

Many locus problems involve combining two or more loci in one 

compound locus. 

Kxample If points A and B are 5 unite apart, 
what is the locus of points 3 units 
from A and 4 unite from B? 

The locus of points 3 units from A is 
the circle shown in Figure 1. 


The locus of points 4 units from B is 
the circle shown in Figure 2. 

The locus of points that are both 3 
units from A and 4 units from B is 
the two blue points in Figure 3. 

Notice that the compound locus illustrated in Figure 3 is the inter¬ 
section of the loci in Figure 1 and Figure 2, 



Conipuuiui- Lulus Procedure 


1 Solve each part of the compound locus problem separately. 

2 Find all possible intersections of the loci. 



Part Two ; Sample Problems 

Problem 1 Find the locus of points that are a fixed distance from a given line and 
lie on a given drcle. 

SoltitUm Follow the compound-locus procedure. 
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The locus of points that lie on a giv¬ 
en circle is simply the circle itself 


Step 1: Find each locus individually. 

The locus of points that arc a fixed 
distance from a given line is two 
lines that are parallel to the given 
line. 


£ 



s 

4 points 


Step 2: Find all possible intersections of the loci. Thus, the locus of 
points that are a fixed distance from a given line and lie on a given 
circle is 4 points, 3 points, 2 points, i point, or the empty set. 




3 points 


2 points 1 point 


0 


Note To solve a compound-locus problem, keep any fixed distance 
or fixed figure the same in all drawings. Change given distances and 
the size and position of given figures to show all possible situations. 


Probietn 2 
Solution 


Find the iocus in space of points that ore o .fixed distance from a given 
plane and a given distance from a fixed point on the plane. 


Follow the compound-locus procedure. 
Step 1: Find each locus individually, 

The locus of points that arc a fixed 
distance from a given plane is two 
planes that are parallel to the given 
plane. 


z 

7 


z 

z 


7 

7 


The locus in space of points that are 
a given distance r from a fixed point 
P is a sphere with center P and 
radius r. 



Step 2', Find all possible intersections of the two loci. 





7T7> 


7 






7 


2 points 






f , A 

/ 

z 



7 

z 

7 

0 



Thus, the locus in space of points that are a fixed distance from a 
given plane and a given distance from a fixed point on the plane is 
two circles or two points or the empty set. 
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Pan Three: Problem Sets 

Problem Set A 

1 Sketch all possible intersections for each compound locus, Then 
describe the compound locus, 

a The locus of points equidistant from two given points and 
lying on a given circle 

b The locus of points that are a given distance from a point A 
and another given distance from a point B 

c The locus of points on both the graph of y = 5 and the graph 
of x 2 + y 2 = r, where r > 0 

d The locus of points equidistant from two parallel lines and 
lying on a third line 

@ The locus of points equidistant from two intersecting lines and 
a fixed distance from their point of intersection 

f The locus of points equidistant from the sides of an angle and 
equidistant from two parallel lines 

2 Find the locus of points that are 1 cm from a 4-cmdong segment 
and 2 cm from the midpoint of the segment, 

3 How many points are equidistant from two given parallel lines 
and equidistant from two fixed points on one of those lines? 

4 Given a regular hexagon, find the locus of points that are a given 
distance from its center and lie on the vertices of the hexagon. 


Problem Set B 

5 a What is the locus of points that are less than or equal to a 

fixed distance from a given point and lie on a given line? 

b What is the locus of points that are less than a fixed distance 
from a given point and lie on a given line? 

6 Find the locus of points equidistant from two concentric circles 
and on a diameter of the larger circle. 

7 Find all the points on a given line that are a fixed distance from 
a given circle if the fixed distance is less than the circle's radius, 

8 Find the locus of points 10 units from the origin of a coordinate 
system and 6 units from the y-axis. 

9 Transversal t intersects parallel lines m and n. Find the locus of 
points equidistant from m and n and 1 unit from t. 
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ID Given a regular pentagon, find the locus of points that are a 
given distance from its center and lie on it. 


Problem Set C 

11 Given three points. A, 6, and C, find the locus of points equidis¬ 
tant from all three points, 

12 a Find the locus in space of points that are 3 in. from a given 

plane and 5 in. from a fixed point on the plane, 
b Find the area of the figured) found in part a. 

13 Find all the points equidistant from two given points and at a 
given distance from a given circle, 

14 Find the locus in space of points that are equidistant from I wo 
given points and at a given distance from a given line, 

15 Find the locus of points that lie on a given square and also lie on 
a given circle with its center in the interior of the square, 

16 Given ZA and ZB, find the locus of points that are equidistant 
from the sides of LA and the sides of ZB, 


17 Find the locus in space of a line segment revolving about its 
midpoint. 
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14,3 



The Concurrence 
Theorems 


Objective 

A/ter studying this section, you will be ahle to 
* Identify the circumcenter, the incenter, the orthocenter, and the 
centroid of a triangle 


Part One: introduction 


Lines that have exactly one point in common are said to be 
concurrent. 


Definition 


Concurrent lines are lines that intersect in a single 
point. 



£, m and n are s, t r and v are 

Concurrent a>t P. not Concurrent 


With this definition and an understanding of compound loci h we can 
investigate some theorems of advanced geometry. 


Theorem 12fl The perpendicular bisectors of the sides of a trian 
gle are concurrent at a point that is equidistant 
from the vertices of the triangle l (The point of con 
currency of the perpendicular bisectors is coiled 
the circumcenter of the triangle.) 


Given: £ is the 1 bisector of BC. 
m is the X bisector of AC. 
n is the X bisector of A®. 


A 
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Prove: a I, m, and n are concurrent at point T. 
h T is equidistant from A, B, and C. 


Proof: Let T be the point of intersection of £ and n. 

(How do we know that £ and n intersect?) 

We must show that m passes through T. 

Because T is on line £, the perpendicular bisector of 5C, T is 
equidistant from points B and C, (Any point on the perpendic¬ 
ular bisector of a line segment is equidistant from the end¬ 
points of that segment.) 

Similarly, T is equidistant from points A and B because it lies 
on n, the perpendicular bisector of AH. 

By transitivity, T is equidistant from A and C. Since m is !he 
locus of oil points equidistant from A and C, T must lie on m. 

The bisectors of (he angles of a triangle are also concurrent, This 
statement is formalized in the following theorem, which is presented 
without proof, 


Theorem 129 The bisectors of the angles of a triangle are concur¬ 
rent at a point that is equidistant from the sides of 
the triangle . [The point of concurrency of the angle 
bisectors is called the incenter of the triangle r ) 


Given: AP bisects ZBAC, 

BQ bisects 21 ABC. 

CR bisects z. ACB. 

Prove: a AP, BQ, and CR are concurrent al point N. 
b N is equidistant from AB, BC, and AC. 


A 


e 



The proof of Theorem 129 depends on the fact that the locus of all 
points equidistant from the sides of an angle is the bisector of the 
angle (example 2 in Section 14.1]. The organization of the proof is 
much like that of Theorem 128, 

Theorem 130 The lines containing the altitudes of a triangie are 
concurrent. (The point of concurrency of the lines 
containing the altitudes is called the orlhocenter of 
the triangle .) 

Given: AD is the altitude to BC 
BE is the altitude to AC. 

CF is the altitude to AB. 

Prove: AD, BE, and CF are concurrent at O. 


A 
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The proof of this theorem is asked for in Problem Set C, problem 19. 
Note The orthocenter of a triangle is not always inside the triangle, 
as you can see in the following figures. 



AABC is an acute A. 
D is the orthocenter. 


AABC is a right A. 

C is the orthpeenter. 


D 



AABC is an obtuse A. 
D is the orthotenter 


Theorem 131 The medians of a triangle are concurrent at a point 
that is two thirds of the way f rom any vertex of the 
triangle to the midpoint of the opposite side . [The 
point of concurrency o f the medians, of a triangle is 
called the centroid of the triangle r ) 


Given: Medians AM, BN, and CF 

Prove: a AM, BR and CP are concurrent at T, 
AT _ CT _ BT 2 
" AM CP BN 3 


A 



The proof of Theorem 131 is asked for in Problem Set D, problem 
21. The centroid of a triangle is important in physics because it is 
the center of gravity of the triangle. 



Part Two: Sample Problem 

Problem In APQR, medians QT and PS are 

concurrent at C, 

PC — 4x — 6. 

CS = x 


Find: ax h PS 


Solution a The medians of a triangle are con¬ 

current at a point that is two 
thirds of the way from any vertex 
of the triangle to the midpoint of 
the opposite side. Thus, 

PC = |(PS), or PC = 2(CS). 



R 
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4x - 6 = 2x 
x = 3 

b PC = 4x - 6 
= 4(3) - 6 
= 12-6 
= 6 

Thus, PS = PC + CS = 6 + 3 = 9, 



Part Three: Problem Sets 


Problem Set A 

f Trace AABC on a piece of paper. Use 
ruler to locale the centroid of AABC. 


A 



2 Find the orthocenter of right triangle 
PQR. 


0 


P 



K 


3 Given scalene A DEF, explain how to find the locus of points 
equidistant from DE> EF, and DF. 


4 TVace right A RST on a piece of paper, 
a Use a ruler to estimate the location of 
the tircuincenter. 

b Use your result in part a to guess the 
exact location of the circumcentcr of 
any right triangle. 


R 



5 Every triangle has a circu me enter, an orthocenter, a centroid, 
and an incenter. Which of the four points will always lie in the 
interior of the triangle? 

6 Given: AABC, with medians AM, BN F A 

and CP. 

a If AM = 9, find AT. 
fi If TN = 5, find BN. 
c If TC = 8, findPT, 
d If BN = Vl8, find TN. 
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Problem Set A, continued 


7 If a triangle is cut from cardboard and the circumcenter, the 
orthocenter, the centroid, and the incenter are located, upon 
which point could the triangle be balanced? 


Problem Set B 

8 In what kind of triangle is the orthocenter a vertex of the 
triangle? 

9 In what kind of triangle is the orthocenter the same point as the 
circumcenter? 

10 In what kind of triangle does the centroid lie outside the 
triangle? 

11 Sketch three noneollinear points. Then sketch and describe the 
locus of points equidistant from all three points, 

12 Given: ARS T with medians 

RM and TN intersecting at P, 

RP = 2y “ x, TP = 2 y, 
m = y-2, PN = x + 2 

Find: The longer of the two medians 

13 Given; APLQ with centroid V, 

VT = 6, AT = 9, OT = 18 

Find; a PA 

h The area of APLO 
c The area of APOT 
il mZAPT 

14 Given APQR, with P = (0, 0), Q = (5. 12). and R = (10, 0J, find 
the coordinates of its centroid. 


R 



P 



Problem Set C 

15 Given AABC, with A = (1, 3), B = (7, -3), and G = [9, 5), find 
the circumcenter of the triangle, 

16 Given ARST, with R = ( - 3, 2], S = (4, 5), and T = (7, - 2), find 
the coordinates of its orthocenter. 
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17 Recall that the coordinates of the midpoint of a side of a triangle 
are the averages of the coordinates of the endpoints. As an exten¬ 
sion of this idea, it can be shown that the coordinates of the 
centroid of a triangle are the averages of the coordinates of the 
three vertices of the triangle. 

Given: A ABC, with A = (-2, 8), B = [-6, -2) p and C = [12, 6) 
Find: a The coordinates of the centroid of A ABC 

b The coordinates of the centroid of the triangle formed by 
joining the midpoints of the sides of AABC 

18 Given: AABC, with median AM and centroid 

a Using BC as the base of each triangle, 
prove that the altitude of AFBC is one 
third of the altitude of AABC, 

b Find the ratio of the area of AFBC to 
the area of AABC, 



IS Given: AABC 

Prove: The lines containing the altitudes of 
AABC are concurrent (Theorem 130). 
[Hint: Through each vertex of the 
triangle, draw a line parallel to the 
opposite side, obtaining the diagram 
shown. Then apply Theorem 128,} 



F 


20 Sketch a triangle and its medians. As you know, the centroid of 
the triangle is one of the trisection points of each median. Now 
form another triangle by joining the other trisection points of tire 
medians. 


a Find the ratio of the area of this triangle to the area of the 
original triangle. 

b What is the relationship of this triangle to the triangle formed 
by joining the midpoints of the sides of the original triangle. 


Problem Set D 

21 Given: AABC 

Prove: The medians of AABC are con¬ 
current at a point that is two 
thirds of the way from any vertex 
of AABC to the midpoint of the 
opposite side (Theorem 131), 
(Hint: Use the coordinates shown 
in the diagram,) 
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14.4 


Basic Constructions 



Objectives 

A/ter studying this section, you will be able to 

■ Identify the tools and procedures used in constructions 

■ Interpret the shorthand notation used in describing constructions 

■ Perform six basic constructions 



Part One: introduction 

Constructions 

A construction is a drawing made with the help of only two simple 
tools. The procedures used for constructions are based on ones 
developed by ancient Greek geometricians The two tools needed are 


1 A compass, to construct circles or arcs of circles 

2 A straightedge, to draw lines or rays (A straightedge differs from a 
ruler only by the absence of marks for measuring distances,) 


These tools can produce accurate drawings when correctly used. 
(A sharp pencil and good paper on flak firm cardboard are necessi¬ 
ties,) Admittedly, modern drafting machines can produce more- 
accurate drawings in less time, but constructions are still worth 
studying for reasons such as the following; 

■ The tools are simple and portable. 

■ There is an orderly progression of steps. Nothing is accepted just 
because the result looks correct. 

« Analyzing constructions strengthens understanding of theorems. 

■ The restrictions on equipment and the strictly defined rules make 
producing constructions a challenging game, one enjoyed by most 
people who learn it. The game has a practical bonus for some, 
because users of drafting machines must analyze problems, and 
their analyses are often the same as those used for constructions. 
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Shorthand Notation for Constructions 

So that the step-by-step instructions will be clear and concise, the 
following notation for constructions will be used in this book: 

1 O (P. PB) represents a circle with center P 
and radius of length PB. 

2 arc (P, PB) represents an arc with center P 
and radius of length PB, 

Six Basic Constructions 

The following six constructions are the basis of all further work 
with constructions, Because a construction has meaning only in 
terms of how it is developed, we urge you to redraw these construc¬ 
tions, following the instructions step by step. 



Construction 1: Segment Copy 

Construction of a line segment congruent to a given segment. 

Given: AB (In the setup on your paper, draw A_ B 

segment AB of any length you want,) 

Construct: A segment F£> that is congruent to AB 

Procedure, Working Line 

1 Draw a working line, w, p 

2 Let P be any point on w. w <■*- 

3 On the given segment, construct arc (A, AB), A 

4 Construct arc (P, AB) intersecting w at 

some point Q. p 

5 PQ = AB w - 

Notice that in constructions lengths are not measured with rulers; 
they are matched by compass settings, 

Your finished paper should look something like this: 


■> 



Given: AB 


A 


Construct: PQ, = to AB 

W < — 


PQ = AB 


Note Do not erase any arc marks in any construction problems. 


Construction 2: Angle Copy 

Construction of an angle congruent to a given angle, 

Given: ZABC (Make your setup big enough 
for easy use of the compass, yet not 
so big that everything won't fit on 
your paper.) 


B 



Construct: An angle PQR that is congruent 
to ZABC 


C 
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Procedures 

1 On the setup, use any radius r to con¬ 
struct arc (B, r) intersecting ZABC at 
two points. Call them D and E. 

2 Let Q be any point on a working iine r w, 

3 Construct arc (Q, r) to intersect w at 
some point R. 

4 Construct arc (E, ED). 

5 Construct arc (R. ED) intersecting arc 
(Q, r) at some point P. 

6 Draw QP. 

7 ZFQR = ZABC 


w<- 



If we drew DE and PR, we would form A3DE and AQFR. Do you 
see how SSS is the basis of this construction? 


Construction 3: Angle Bisection 

Construction of the bisector of a given angle. 

Given: ZABC 

Construct: BP, the bisector of ZABC 


Procedure: 

1. Use any radius r to construct arc (B> r) 
intersect!ng the sides of Z.ABC at two 
points, Q and T. 

2 Use any radius s (which may or may 
not be equal to r) to construct arc (Q, s) 
and arc (T, s), intersecting each other at 
a point P, 

3 Draw BP. 

4 BP bisects ZABC. 



if we drew QP and FT, each would be s units long. Can you see how 
SSS is the basis of this construction? 


Construction 4: Perpendicular Bisector 

Construction of the perpendicular bisector of a given line segment. 

Given: AE A B 

4—_ 

Construct: PQ, the perpendicular bisector of AB 


6G8 


Chapter 14 Locus and Constructions 









Procedure: 

1 Use any radius r that is more than half 
the length of AB to construct arc (A, r). 

2 Construct arc (B, r) intersecting arc 
(A, r) at P and Q. 

3 Drew PQ. 

+ _ 

4 PQ is the perpendicular bisector of AB, 



Construction 5: Erecting a Perpendicular 

Construction of a line perpendicular to a given line at a given point 

on the Hue, 

■*€— 

Given: AB and point P on the line P 

*— * <— > +T— T 

Construct: PQ perpendicular to AB at P A 

Procedure: 

1 Use any radius r to construct arc {P, r) 

< ■ > 

intersecting AB at V and T, 

2 Use any radius s that is greater than r 
to construct arc (V, s) and arc (T, s), 
intersecting each other at a point Q. 

3 Draw PQ. 

4 PQ _L AB. 



Construction 8: Dropping a Perpendicular 

Construction of a line perpendicular to a given Line from a given 
point not on the line. 

Given: AB and point P not on AB ( P 

■C —<—> 

Construct: PQ perpendicular to AB 


Procedure: 

1 Use any radius r to construct arc (P„ r) 

*—£ 

intersecting AB at V and T. 

2 Use any radius & (which may or may 
not be equal to r) to construct arc [V. s) 
and arc [T, s), intersecting each other at 
a point Q. 

3 Draw PQ, 

4 PQ _L AB. 


A B 
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Part Two: Sample Problems 

Problem \ Given; ZA and ZB as shown 



Construct: An angle tvhose measure is 
equal to (x + y) 





Solution 


Problem 2 
Solution 


Problem 3 

Solution 




1 On a working line w, use the 

angle-copy procedure to construct 

ZVT5 = to ZA, 

<—* 

2 With TV as a new working line, 
use the angle-copy procedure to 
construct ZQTV s to ZB, 

3 zQTS is the required angle. 

Given: OP and point A on the circle 
Construct: The tangent to OP at point A 

Make a freehand sketch of the required construction. Analyze the 
geometric relationships between the parts of the sketch to determine 
the required procedure. 

For this problem, the sketch will 
look like the one at the right. Do you 
see what needs to be done? 

1 Draw PA. 

2 Construct the 1 to FA at A. (See 
Construction 5.) 

*—y 

3 TA is the required tangent, 

Given: 0O and point P outside the circle 
Construct: A tangent to GO /rom point P 


1 Draw OP. 

2 Find the midpoint M of OP by the 
perpendicu lar- bisector procedu re, 

3 Construct 0 (M, MP}, 

4 Label A and B, the intersections of 
00 and QM. 

5 Draw jRA, 


6 PA is tangent to GO. 
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Part Three: Problem Sets 

Problem Set A 

1 Construct the locus of points equidistant from two fixed points A 
and B, 


2 Draw two segments, AB and CD, with AB > CD, 

a Construct a segment whose length is the sum of AB and CD, 
b Construct a segment whose length is the difference of AB 
and CD. 

c Locate the midpoint of AB by construction. 

d Construct an equilateral triangle whose sides are congruent 
to CD. 

e Construct an isosceles triangle, making its base congruent to 
CD and each leg congruent to AB, 

f Construct a square whose sides are congruent to AB, 
g Construct a circle whose diameter is congruent to CD, 

3 Draw an acute angle ABC and an obtuse angle WXY, 
a Construct ZFGH congruent to ZWXY. 

b Construct the complement of ZABC. 
e Construct the supplement of A WXY. 

d Construct an angle whose measure is the difference of ZWXY 
and A ABC. 

a Construct an angle whose measure is double that of ZABC. 

4 Construct the following angles. 

d 90* h 45* c S0 D 


5 Draw an obtuse triangle. Construct the bisector of each angle. 


Problem Sel B 

6 If a and b are the lengths of two segments and a < b t construct a 
segment whose length is equal to |(b — a), 

7 Given ZA and ZB, construct an angle equal to |{mZA + mZB). 

8 Construct an angle with each given measure, 

a 135 b 112J C 165 

S Inscribe a square in a given circle, (Hint: Use the diagonals.) 

Ill Construct the three medians of a given APQR. 

If Construct the three altitudes of an acute AABC. 


d 75 a 
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Problem Set R, continued 

12 Given circle P with point Q in the interior of the circle, construct 
a chord of the circle having Q as its midpoint. 

13 Z.A is the vertex angle of an isosceles 
triangle. Find h by construction, one of 
the base angles of the triangle, (Can you 
do this without drawing a triangle?) 

A 



Problem Set C 

14 Draw any triangle. Construct a second triangle similar to the first 
such that the ratio of the perimeters is 1:2. 

15 Construct a square whose diagonal is g 

equal to AB. 

16 Explain how you would construct each angle, 

a 32^° (if given an angle of 80°) b 41 

17 Construct two parallel lines. 

■t—y 

18 Construct a line, CD, that is parallel to 

> 

AB and tangent to ©G. 

Problem Set D 

19 Write a paragraph proof to show that the construction of a tan¬ 
gent to a circle from an external point, as shown in sample 
problem 3, is valid, 
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Applications of the Basic 
Constructions 


Objective 


After studying this section r you will be ohh to 
m Perform four other useful constructions 


Part One: Introduction 

The six basic constructions may be used to develop more- 
complicated constructions, Four of these are presented in this sec¬ 
tion. Once you have mastered all ten constructions, you will enjoy 
the challenge of future problem sets, 


Construction 7: Parallels 


Construction of a line parallel to a given line through a point not on 
the given line. 

Given: AB with point P not on AB P 

Construct: A line, PQ, that is parallel to AB 


A 


e 

-—> 


Procedure; 

1 Draw any line t through P, intersecting 
< 1 > 

AB at some point C, 

2 Use the angle-copy procedure to con¬ 
struct ilQPR = to Z.PCB. 

3 PQ || A8 by corr, L% a ^ || lines. 
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Construction 8: Segment Division 

Division of a segment into a given number of congruent segments. 
Given: AB A _ 



Construct: Points that divide AB into any 
number of congruent segments 
(In this construction we will divide 
AB into three congruent segments,) 

If parallel lines cut off ^ segments on some 

transversal, they cut off = segments on any 

other. Work backwards, transversals first. 

■?—> 

AB is the FH any other’* transversal On some 

other line through A n mark off three = 

segments of any length. Call their sum AR. 

<—> 

Then RB determines the direction of the parallel lines 
Procedure; 

1 Draw any line £ through point A. 

2 With a radius r n construct arc (A, r) 
intersecting line £ at a point P. 

3 Construct arc (P> rj intersecting € at Q, 

4 Construct arc (Q, r) intersecting £ at R. 

5 Draw RB. 

6 Using Construction 7, construct lines through P and Q parallel 

to RB. Call the intersections of these linos with AB points S and T. 

7 AS = ST = TB, (Do you know the reason why?) 

Construction 9: Mean Proportional 

Construction of a segment whose length is the mean proportional 
between the lengths of two given segments. 

Given: AB and CD 

A 



£ 


Construct: VR such that [VR f = (AB) [CD) 

Moan proportioned suggests an altitude on a hypotenuse. We can find 
h if we recall that an angle inscribed in a semicircle is a right angle. 

Procedure: 

1 On a working line w, use the segment- 
copy procedure to construct a, segment 

of length AB + CD. [Make TV = AB A _ | 

and VZ = CD.) 

2 Use the perpendicular-bisector proce¬ 
dure to find the midpoint M of TZ. 

3 Construct semicircle (M s MT). 

4 At V, erect a perpendicular to TZ, The 
perpendicular will intersect OM at K, 
and Z.TRZ will be a right angle, 

5 h 2 = xy, so [VRJ 2 = (ABJ(CD). 



SkffICh 
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Construction 10: Fourth Proportional 


Construction of a segment whose length is the fourth proportional 
to the lengths of three given segments. 


Given: AB 


H 


CD. 


__ Q £ 

Construct: TV such that r = — 

□ 1V 


Procedure: 

1 On a working line w h use the segment- 
copy procedure to construct PS of 
length o + b- 

2 Draw any other line i through P. 

3 On €, construct PT = to EF by the 
segment-copy procedure. 

4 Draw TR. 

5 Through S a construct a line parallel to 
RT, intersecting € at V. 

6 TV is the required segment, since g = zfg. 


EF _ ^ 




Part Two: Sample Problems 


Problem 1 
Solution 


inscribe a circle in a given A ABC. 

The center of an inscribed circle is equidistent from the sides, 
so it is the point of concurrency of the angle bisectors. 



1 

2 

3 

4 

5 



Construct the angle bisectors of 

Z.A and AC. 

Their intersection T is the 
incenter of A ABC. 

Construct a perpendicular from 
to BC, Call the foot F. 

Construct 0 (T, TFJ. 

0T is inscribed in A ABC, C 


A 


Problem 2 

Solution 


Given: E _ b _ Cl 

Construct: A segment whose length is Vb. 


Since x = Vb is equivalent to x 2 = b or ^ = |, use the mean- 


proportional procedure, To represent 1, choose any 
segment as a unit segment. Then b is the number 
of those units that are in the given segment PQ. 
Using PQ and the unit segment, con¬ 
struct the mean proportional, x, be¬ 
tween b and 1. 

Thus, x 2 = b • i and x = Vb 
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Part Three: Problem Sets 

Problem Set A 

4 —^ 

1 Given AABC h construct a line parallel to AB and passing 
through C. 

2 Given AFQR, trisect QR. 

3 Given AB, with point C between A and B h construct a segment 
whose length is the mean proportional between AC and BC. 

4 Given acute ADEF, with H between E and F, find by construc¬ 
tion a pointj between E and D such that = pjjl, 

5 Construct an equilateral triangle and its inscribed circle, 

G Construct a parallelogram, given two sides and an angle, 

7 Construct an isosceles right triangle and its circumscribed circle, 

8 Construct a rectangle, given the base and a diagonal, 

JJ Construct the centroid of a given triangle. 

10 Use an object with a circular surface to trace the outline of a 
circle. By construction, locate the center of the circle, 

11 Given a point P anywhere on a line w, construct a circle of 
radius r that is tangent to w at P. 


Problem Set B 

12 Given a segment of length b (make it about 14 cm long), solve 
5x = b for x by a geometric method. 

13 Construct a rhombus, given its diagonals. 

14 Construct an isosceles trapezoid, given the bases and the altitude. 

15 Given three noncollinear paints h construct a circle that passes 
through all three points, 

16 Given oABCD as shown, construct 
a A rectangle with the same area as oABCD 
b A triangle with the same area as OABCD 

17 Where should a straight fence be located to divide a given trian¬ 
gular field into two fields whose areas are in the ratio 2:1? 
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18 Given a segment of length a, construct the geometric mean be¬ 
tween 2a and 3a, 

19 Given AABC, find by construction a point M on AC that divides 
AC in a ratio equal to 


Problem Set C 

20 Given: a - \ -„ 

Construct: A segment whose length is ^ 

21 Given a unit segment, construct a segment whose length is Vi, 

22 Find the centroid, the circumcenter, and the orthocenter of a 
large scalene triangle. What seems to be true about these three 
points? 

23 Construct a square equal in area to a given parallelogram. 

24 Construct a square that has an area twice as great as the area of 
a given square. 

25 Circumscribe a regular hexagon about a given circle, 

Problem Set D 

26 Suppose you wanted to construct a trian¬ 
gle equal in area to the given quadrilat¬ 
eral PQRS. 


Procedure: 

1 Draw diagonal PR. 

2 Construct a line parallel to PR 

through Q, intersecting SR at some 
point T, 

3 Draw PT, 

4 Area (APST] = area (quad PQRS) 

a Write a paragraph proof showing that 
this procedure is valid, 

& Construct a triangle that is equal in 
area to a given pentagon. 
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14.6 


Triangle Constructions 


Objective 

After studying this section, you will be able to 
■ Construct triangles with given side lengths and angle measures 


■ Part One: introduction 

In this section, you will construe* triangles, given various combina¬ 
tions of parts and conditions. The following notation for parts and 
their associated measures will be helpful: 

! Side lengths: a, b>c 
j Angles: A, 13, C 
Altitudes: h Qt h br h c 
Medians: m a , nib, m c 
Angle bisectors: t E , t b * f t . 


The side opposite vertex A is a units long. 

The side opposite vertex B is f) units long. 

The side opposite vertex C is c units long. 

The length of the altitude to the side opposite vertex A is h Q . 

The length of the altitude to the side opposite vertex B is hjj. 

Medians and angle bisectors have similar label! ng. 

The sample problems illustrate the importance of beginning with 
a sketch that shows the given parts and conditions. 




Part Two: Samp/e Problems 

Problem 1 Construct: A ABC, given {a, C, b). 

Given: a _ 

b _ 



Construct: AABC 
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Solution 


This construction is based on SAS. 


Problem 2 


Solution 


1 Sketch the construction. 

2 Copy length o on a working line 
w. Label the endpoints of the seg¬ 
ment C and B, 

3 Using CB as one side, copy AC. 


4 Copy length b on the other side of 
AC. Label the other endpoint of 
the segment A, 




Construct: AABC, given {n, h fl . B} 
Given: a --- 

hi 



Construct: AABC 

1 Sketch the required triangle. 
Use a compound locus to locate 
point A, 



One locus containing A is BA, the side of ZB not containing C, 
The other locus containing A is the set of all points h a units from 
BC. A is the intersection of the two loci, 

2 Copy length a (side BC) on a g_a_ ^ 

working line w. (See next page.) 

3 At some point P on w, construct 
a A to w, 


4 Use the segment-copy procedure 
to copy length h n on the 1, Call 
the segment PQ. 

5 Construct a 1 to PQ at Q, 

b Copy ZB, The intersection of ZB 
and the parallel to w is A. 
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7 Draw AC, a 



Part Three: Problem Sets 
Problem Set A 

1 In sample problem 1, a triangle was constructed by SAS. [n a 
si mil sir manner, construct a triangle by each of these methods, 

a ASA [Hint; Draw two different angles and a segment. Then 
construct a triangle in which the segment is the side included 
by the angles.) 
b SSS 
c HL 

2 Construct an isosceles triangle, given 
a The vertex angle and a leg 

b The base and the altitude to the base 

3 Construct an isosceles right triangle, given 
a A leg 

b The hypotenuse 

4 Construct a triangle equal in area to a given square, 

5 Construct a 60*” 90° triangle, 

fi Given AABC, construct a triangle whose area is twice as great as 
the area of AABC. 

1 Given a triangle, construct a triangle that is similar but not 
congruent to the given triangle. 

Problem Set B 

8 Construct a 3tF— 60^-90° triangle, given the hypotenuse. 

0 Construct an isosceles triangle, given the length b of the base 
and the radius ft of its circumscribed circle, where b < 2ft, 

10 Construct an isosceles triangle, given the length b of the base 
and the radius r of its inscribed circle, where b > 2r, 
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11 Construct an isosceles right triangle, given the median to the 
hypotenuse. 

12 Construct a triangle by A AS, (Hint: Begin by constructing the 
third angle of the triangle.) 

13 Construct an isosceles triangle, given the vertex angle and the 
altitude to the base. 

H For each given set, construct a triangle. 

a {cc c, m c } tf {a, b, hj 

b {A. B, h a } e {A, B, h c } 

c {h b , t b , a}, h h < t h < a f {a f c, h c } 

15 Construct an isosceles triangle equal in area to a given triangle, 

16 Construct an equilateral triangle, given the altitude. 

Problem Set C 

17 Construct an isosceles right triangle equal in area to a given 
triangle. 

18 Construct a right triangle, given the hypotenuse and the altitude 
to the hypotenuse. 

18 For each given set, construct a triangle. 

a {B, C, tb} b {a, rn h , mj c {h a , m a , B} 

26 Construct AABC, given o, b r and the point on the given length b 
where t b intersects side AC. 

21 By construction, divide a given scalene triangle into a triangle 
and a trapezoid such that the ratio of the area of the triangle to 
the area of the trapezoid is 1:8. 


Problem Set D 

22 Construct a triangle, given the three medians, 

23 Construct a regular hexagon. Then construct an equilateral tri¬ 
angle whose area is equal to that of the hexagon. 


Problem Set E 

24 Given an acute angle with a point P in the interior of the angle, 
construct a circle that is tangent to the sides of the angle and 
passes through P. 
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Chapter Summary 


Concepts and Procedures 

After studying this chapter, you should be able to 

■ Use the four-step locus procedure to solve locus problems (14,1) 

* Apply the compound-locus procedure (14.2) 

■ Identify the circumcenter, the incenter, the orthocenter, and the 
centroid of a triangle (14,3) 

■ Identify the tools and procedures used in constructions (14.4) 

■ Interpret the shorthand notation used in describing constructions 
[14.4] 

■ Perform six basic constructions (14,4) 

■ Perform four other useful constructions (14.5) 

■ Construct triangles with given side lengths and angle measures 
(14.6) 


Vocabulary 


center of gravity (14,3) 
centroid (14.3) 


construction (14.4) 
incenter (14,3) 
locus (14.1] 
orthocenter (14.3) 


circumcenter (14-3) 


compound locus (14.2) 
concurrent lines (14.3) 
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Review Problems 


Problem Set A 

1 Given segment AB, find the locus of points that are the vertices 
of isosceles triangles Having AB as a base, 

2 Find the locus of the centers of all circles that pass through two 
fixed points. 

3 Find the locus of points 3 units from a given line and 5 units 
from a given point on the line. 

4 What is the name of the surface in space every point of which is 
a fixed distance from a given line? 

5 What is the locus of points 2 in. from a circle with a radius of 
2 in,? 

G A circle of given radius rolls around the perimeter of a given 
equilateral triangle, Sketch the locus of its center, 

7 Write the equation of the locus of points 5 units from the origin 
in the coordinate plane, 

8 Given scalene A ABC. construct each of the following, 

a The incenter b The circumcenter c The centroid d The orthocenter 

9 Given a 3-cm line segment, draw the locus of points 1 cm from 
the segment. (Each point of the locus must be 1 cm from the 
point of the segment nearest to it.) 

10 Construct a parallelogram, given two sides and the angle they 
form. 

11 Given a segment, construct an equilateral triangle with a perime¬ 
ter equal to the segment’s length, 

12 What is the locus of points that are a fixed distance from a Fixed 
point and equidistant from two given points. 





Problem Set B 

13 Write the equation of the locus of points for which the ordinate 
is 5 more than 3 times the abscissa, 

14 What is the locus in space of points equidistant from all the 
points on a given circle? 

15 Given segment PQ. find the locus of points each of which is the 
intersection of the diagonals of a rectangle that has ¥Q as a base, 

16 Given a circle with center P and a radius of 10 cm, find the locus 
of the midpoints of all possible 12-cm chords in the circle. 

17 Find the locus of midpoints of all chords of a circle that have a 
fixed point of the circle as an endpoint, 

16 A point outside a square 3 units on a side moves so that it is 
always 2 units from the point of the square nearest to it, Find the 
area enclosed by the locus of this moving point. 

19 If the radius of a given circle is 10 cm ! describe the locus of 
points 2 cm from the circle and equidistant from the endpoints 
of a given diameter of the circle. 

20 Using coordinate-geometry methods, find the locus of points 5 
units from the origin and 4 units from the y-axis. 

21 Inscribe a regular octagon in a given circle- 

22 Construct a parallelogram, given two sides and an altitude, 

23 Explain how to construct an angle with each measure, 

a 30 b 1&§ 

24 Given three points A, B, and C, describe the locus of points that 
are equidistant from A and B and also equidistant from B and C. 


Problem Set C 

,25 Find the locus of the intersections of the diagonals of all possible 
rhombuses having a fixed segment PQ as a side. 

26 Prove that the angle bisectors of a kite are concurrent, 

27 Given a chord of a circle, construct another chord parallel to the 
given chord and half its length. 


684 


Chapter 14 Locus and Constructions 



28 Given scalene A ABC, construct in the exterior of the triangle a 
circle that is tangent to one side and to extensions of the other 
two sides, 

23 Construct a square whose area is equal to the sum of the areas 
of two given squares, 

30 Given two parallel lines and a point P between them, construct a 
circle that is tangent to both lines and passes through point F. 

31 Inscribe a square in a given rhombus. 


Problem Set D 

32 Given two circles, construct a common external tangent, 


CAREER PROFILE 


Darkness Visible 

Anne Dunn looks at the geometry of Ihings unseen 


Objects emit radiant energy in the form of 
electromagnetic waves. Normally we can see 
only about 3 percent of that energy, the energy 
we can visible Fight, Our eyes are not sensitive 
to X-rays, ultraviolet rays t and many other types 
of waves that, along with visible light, make up 
the eFeetrnmagnetic spectrum. How, then, 
can we know what an object really Fooks like? 

Optical engineers design instruments sensi¬ 
tive to different parts of tho spectrum, Anne 
Dunn, a senior engineer with Nichols Research 
Corporation in Huntsville, Alabama, specializes 
In infrared optics. Infrared waves are longer than 
visible waves. An infra rod-sensitive instrument 
can produce an image at night when there is no 
visible light. 

main interest is in radiontetry^' says 
Dunn, 'In rabiometry we measure the strengths 



and characteristics of faint signals in the infra¬ 
red part of the spectrum." She explains that 
geometry is an important component of optics 
"For example, the formula for magnification is 
derived from similar triangles. By using two sen¬ 
sors each measuring the rate and trajectory of a 
moving objects f oan use triangulatfon to deduce 
the object’s location, 1 * 

Dunn, an Urbana T Illinois, native, majored in 
physics at Beloit College In Beloit, Wisconsin, 
She earned a master's degree and a doctorate 
in astrophysics at Rensselaer Polytechnic Insti¬ 
tute in Troy, Hew York, 

According to Dunn, a popular misconception 
about optics concerns magnification. "Often I 
took at essentially dimensionless point sources, 
which cannot be magnified. For seeing such an 
object, the light-gathering ability of a telescope 
is much more important than Its magnification. 11 
The light-gathering power of a telescope is the 
ratio of the area of its objective Ions to the area 
of the pupil of the eye of the observer, Find the 
light-gathering power of a telescope with a cir¬ 
cular objective lens ID inches in diameter if the 
observer’s pupil has a diameter of | inch. 


Review Problems S85 



















CHAPTER 


15 Inequalities 



H ow these sprinklers in a painting by 

David Hockney represent inequalities may 
seem a mystery. But consider the consequences of 
changing the angle of the spray. 
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Number Properties 



Objective 

After studying tin's section, you will be able to 
■ Use algebraic properties of inequality to solve inequalities 


Part One: Introduction 

The statement o < b [o is leas than h) is an inequality involving the 

numbers a and b r a < b is equivalent to b > a (fa is greater than o). 

Here is a review of some of the properties of inequality. 

Pustulate For any two real numbers x and y, exactly one of 
the following statements is true: x <y,x = y+ or 
x > y. {Law of TVic/iotumy) 

PostuJate If o> b and b > c? then a > c r Similarly, if x < y 
and y < z, then x < z, (Transitive Property of 
Inequality) 


If the lengths of AB, PQ h and XY are such 

that AB < FQ and PQ < XY, then AB < XY. P - Q 

X - - - Y 

Pustulate If a > b f then a -3- x > b + x* [Addition Property of 
Inequality ) 


If 4 > then 4 + 9 > -7 + 9 
13 > 2 
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Postulate If x < y and a > 0, then a * x < a * y. (Positive 
Multiplication Property of Inequality) 


mZl < mZ2 
3 ■ mZl < 3 * mZ2 
ZABC < ZDEF 


When we say that one angle is greater than (or less than) another 
angle, we refer to their measures. Thus “ZABC < ZDEF” means 
that mZABC < mZDEF, 



Postulate If x < y and a < 0, then a • x > a * y. (Negative 

Multiplication Property of Inequality) 

Notice that the direction of the inequality sign reverses, 

— 5x < 15 
—1(—5x)> —§(15) 
x > -3 



Part Two: Sample Problem 

Problem. A given angie is greater than twice its supplement Find the possible 

measures of the given angie. 

Solution Let x = the measure of the given angle and 180 - x = the measure 

of the supplement. 


x > 2(180 - x) 
x > 360 — 2x 

X + 2x > 360 — 2x H- 2x Addition Property of Inequality 
3x > 360 

^(3x) > ^£360) Positive Multiplication Property of Inequality 

x > 120 

Thus, the given angle is greater than 120°. Since it lias a supplement r 
the given angle is also less than 180°. Therefore, 120 < x < 180. 


■ Part Three: Problem Sets 

Problem Set A 

1 Solve each inequality for x, 

a fx > 15 C — 4x < 20 

& 5x - 4 > 26 d 10 - x < Sx - (2x - 3) 
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2 a If x -i- y < 30 and y = 12, what is true about x? 

b [f x -l- y = 30 and y < 32, what is true about x? 

2 If x exceeds y by 5 and y exceeds z by 3 h how is x related to z? 

4 If x is twice y and y is three times z t how is x related to z? 

5 If ZA = Z1 + Z2, what is the relation between ZA and Z2? 

6 a If X is between P and Q, how is PX related to FQ? 

b If X Is the midpoint of PQ, write the relation between PX and 
PQ as an inequality, 

c Using the situation in part b t write the relation between PX 
and PQ as an equality. 


Problem Set B 

7 The complement of an angle is smaller than the angle. Find the 
restrictions on the measure of the original angle. 

8 If ZX < ZY n what is the relation between their complements? 

9 If j > 5, what two numbers is x between? 

ID An angle is greater than twice its complement. Find the restric¬ 
tions on the angle and on the complement. 

11 If x < 3 and x #■ 3 , what can be concluded about x? 

12 a What is the relation between an exterior angle of a triangle 

and the two remote interior angles? 
h What, then, is the relation between an exterior angle and one 
of the remote interior angles? 

13 Given: ZABC > ZACB, A 

BD bisects ZARC. 

CD bisects ZACB. 

Find and justify the relation between ZDBC and ZDCB. 



Problem Set C 

14 Given: Real numbers a, b, and c, with a > b 
Prove: c — o < c - b (Special Subtraction Property) 

15 Solve x 2 + x < 6, 

16 If x > 3j' + 7 and y > 6 — x, find the restrictions on 

ax by 
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Problem Set C, continued 

T7 [f x exceeds y by 20% and y exceeds z by 20%, by what percent¬ 
age does x exceed z? 

f8 Solve IB - 3x > 3 over the positive even integers, 

T9 A A is greater than its complement, and the complement of A A is 
greater than aB, 

a Compare the complement of L A with the complement of AB. 
h Compare the complement of A R with A A. 

c List A A, Z1B, and their complements in order of size, from 
largest to smallest. 


Problem Set D 

20 Solve |2x - 7| > |x + 20j — 4 for x. 


CAREER PROFILE 


Deductions From Seismic Waves 

Yvonna Pardus unravels the mysteries contained in rocks 


The earth's crust Is composed of a complex 
series Of rock layers, or strata, one pile atop flte 
next. Within the rock are spaces that are filled 
with petroleum,, the end product of the decay of 
plants that were deposited there millions of 
years ago. To find the petroleum, some of which 
may be thousands of feet below the surface, 
petroleum geologists set off explosive charges. 
They then record the reflected seismic waves at 
receivers distributed over a certain area. 

Geologist Yvonna Pardus explains: “Seismic 
waves act like Fight waves. They reflect off dis* 
continuities between rock strata. By analyzing 
the angle of reflection, and other characteristics 
of the reflected wave, we can learn a great deal 
about the nature of the rock the wave has trav¬ 
eled through/' 

Pardus points out that the velocity of the 
wave depends on the density of the reck. Com¬ 
piling a complete picture of what Pardus calls 
“the subsurface geometry of the earth" requires 
a series of seismic shots and reflections record¬ 
ed on as many as forty-eight receivers. 


Explosion 


Receiver* 




Pool of Petroleum 

Yvonna Pardus attended Murray State Univer¬ 
sity In Murray, Kentucky, where she earned a 
bachelor's degree in geology. A geologist needs 
a strong background in mathematics and phys¬ 
ics* she says. 
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15.2 


Inequalities in a Triangle 


Objectives 

A/ter studying this section # you will be able to 

■ Apply the TYiangle Inequality Postulate 

■ Apply the Exterior-Angle-Inequality Theorem 

■ Use the Pythagorean Theorem test to classify a triangle as acute, 
right, or obtuse 

■ Recognize the relationships between the side lengths and the angle 
measures of a triangle 


■ Part One: Introduction 

The Triangle Inequality Postulate 

The following postulate is a formal expression of an idea we have 
been using throughout this book. 

Postulate The sum of the measures of any two sides of a 

triangle is always growler than the measure 0 / the 
third side , 


In other words, traveling from A to B along 
AS is shorter than going first to X along AX A 
and then to B along XB—that is, 

AX + XB > AB. 

Exterior Angle Inequality 

The following theorem, introduced in Section 5.2, can now be more 
easily proved. 



Theorem 30 The measure of an exterior angle of a triangle is 
greater than the measure of either remote interior 
angle* {Exterfar-Angle-Inequality Theorem) 

Given- A ABC with exterior LX 
Prove: LX > LA and LX > ZB 

Proof: In Chapter 7 you learned that LX — LA -f LB, 

Clearly, LA + LB > LA, so LI > LA by substitution. In a 
similar manner, A A + XB > LB, so 2-1 > XB. 
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Classifying Triangles 

As you discovered in Section 9.4, the converse of the Pythagorean 
Theorem can be used to prove that a triangle is a right triangle, You 
may recall that it also suggested the following way of finding wheth¬ 
er a triangle is acute, right, or obtuse, 


The Pythagorean Theorem Trs 


To classify a triangle as acute, right, or obtuse, compute a 2 , 
b 2 , and c 2 , where c is the longest of the three sides a, b, 
and c. 

If a 2 + b 2 = c 2 , then A ABC is right (AC is right). 

If a 2 + b 2 > c 1 , then AABC is acute. 

If a 2 ■+ b 2 < c 1 , then AABC is obtuse (AC is obtuse). 



Side and Angle Relationships 

The following theorems, the inverses of Theorems 20 and 21, were 
presented in Chapter 3. Now we are in a position to prove them. 


Theorem 132 If two sides of a triangle are not congruent, then the 
angles opposite them are not congruent, and the 
larger angle is opposite the longer side , (// A, 
then A.) 


Given: AABC, 

AC > AB 

Conclusion: AB > AC 



Proof Since AC > AB, extend AB to a point D so that AD = AC, 
Draw DC, 

^lABC > AD by the Exterior-Angle-Inequality Theorem. 
AD = AACD (If A. then A.) 
zABC > 2.ACD hy substitution. 

AACD > AACB (See diagram.) 

AABC > aACB by the Transitive Property of Inequality. 


Theorem 133 If two angles of a triangle are not congruent, then 
the sides opposite them are not congruent, and the 
longer side is opposite the larger angle. {If A, 
then A.) 


Given: AABC, 

AB > A,C 

Conclusion: AB < AC 
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Proof: According to the Law of Trichotomy there are exactly three 
possible conclusions: AB > AG, AB = AC, or AB < AC, We 
must test them. 

Case 1: If AB > AC. then by Theorem 132, ZC > ZB, which 
contradicts the given information. 

Thus, AB > AC cannot be the correct conclusion. 
Case 2: If AB = AC, then ZC s ZB [If A, then A.) 

The given information is again contradicted. 

Thus, AB = AC cannot be the correct solution. 

AH that is left is AB < AC H which must be true by the Law of 
Trichotomy. 

A simple extension of Theorem 133 enables us to say that the 
longest side of any triangle is the side opposite the largest angle. 



Part Two: Sample Problems 

Problem 1 Does o triangle with sides 2, 5, and 10 exist? 

Solution The sum of any two sides must be greater than the third side, and 

2 + 5 > 10* Therefore, the answer is no. 


Problem 2 Find the restrictions on ZA. A 



Solution 50 > mZ A because an exterior angle of a triangle exceeds either 

remote interior angle. An angle of a triangle must be greater than 0°, 
so mZA > 0. Thus, 0 < mZA < 50. 


Problem 3 in A ABC, ZA = 40° and zB = 65*. B 

List the sides in order of their lengths, 
starting with the smallest. 

C 

Solution Draw a diagram listing all the angles. (ZC is easily found to be 75°.) 

The shortest side, 1C, is opposite the smallest angle, ZA, The long¬ 
est side, BA, is opposite the largest angle, ZC, Therefore* the correct 
order is BG> AC, BA. 
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Problem 4 


A 
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Proof 


Given: A ABC, with AB < AC; 
BD bisects AABC, 

CD bisects A ACB, 
Prove; BD < DC 



1 AB < AC 

1 Given 

2 A ABC > L ACB 

2 If A, then 

3 BD bisects A ABC, 

3 Given 

4 CD bisects A ACB, 

4 Given 

5 ADBC > ADCB 

5 Positive Multiplication Property of 


Inequality (by |) 

S BD < DC 

6 If iA, then A, 


Port Three: Problem Sets 

Problem Set A 

1 What are the restrictions on Zl? 



I Which of these sets can be the lengths of sides of a triangle? 
a 3, 6, 9 la 4, 5, 8 C 2 ( 3 J 


d Va, Vi, Vs 


3 In APQK AP = 67° and AQ = 23°. 
a Name the shortest and the longest side, 
it What name is given to side PQ? 


4 Given: AB > BC, BC > AC 

Prove: B is the smallest angle in AABC, 



5 Name the longest segment in each diagram. 



Chapter 15 Inequalities 

















Problem Set B 

7 A scalene triangle has a 60* angle. Is this angle opposite the 
longest, the shortest or the other side? 

8 The sides of a triangle are 14, 6 n and x. Find the set of possible 
values of x. 


9 Vertex angle A of isosceles triangle ABC is between 40° and 381 
Find the possible values for Z.B. 

10 a Name the longest segment in the fig- b Name the shortest segment in the figure 
ure below, below. 



IT a List the angles in order of size, begin 
ning with the smallest. 

b At which vertex is the exterior angle 
the largest? 



12 Find the restrictions on x. 

a 





is 


13 A stick 3 cm long is cut into three pieces of integral lengths to be 
assembled as a triangle. What is the length of the shortest piece? 

14 For each set of numbers, tell whether the numbers represent the 
lengths of the sides of an acute triangle, a right triangle, an 
obtuse triangle, or no triangle, 

a 12, 13, 14 b 11, 5, IB c 9, 15, 18 d 1* 1^ 

15 Prove that an altitude of an acute triangle is shorter than either 
side that is not the base. 
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Problem Set B, continued 


title 


16 Prove that if ABCD is a quadrilateral, then AB + BC + CD > AD. 


17 Given the diagram shown, prove or dis¬ 
prove that Z2 > Zl, 


18 Given; AC bisects ZBAD. 
Prove; AD > CD 


B 



A 



10 The pattern shown can be folded to form a 
prism with a regular hexagonal base. Find, 
to the nearest tenth of a unit, the prism’s 

a Lateral surface area 
It Total surface area 
c Volume 



Problem Set C 

20 ZACB and ZCDB are right Zs, and 
ZB = 20°. 

a List AC, CB, AB, AD, and CD in order 
of size, starting with the smallest, 

b Where would DB fit into this list? 

21 Given a point P in the interior of AXYZ, prove that 
PY 4- PZ < XY + XZ, 

22 If two sides of a triangle have lengths x and y, what is the range 
of possible values of the length of the third side? 

23 Prove; The shortest segment between a point and a line is the 
segment perpendicular to I tie tine, 

24 Given a point P in the interior of AXYZ, prove that ZXPZ > ZY. 

20 Deanna watched a spider crawl over the 

interior surfaces of a room from point (2, o, 

(2, 0, 8) to point (5, 10, 0}. The next day. 
she asked three of her classmates if they 
knew the length of the shortest path the 
spider could have taken. 

Abigail said, " 12 + V 39 « 21,43, ” 

Ben said, “10 + Vl25 * 21.18.” /> 

Carol said, “8 + Vl09 = 18,44.” 

Deanna responded <h Aciually H it was 
^IG.40/ 1 Explain the reasoning of each student. 
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15.3 


The Hinge Theorems 


Objective 

A/Ier studying this section, you will be able to 
■ Use the hinge theorems to determine the relative measures of sides 
and angles 


■ Part One: introduction 

Thus far we have discussed inequalities in¬ 
volving the sides and the angles of a single 
triangle- We now turn our attention to two 
triangles. If the size of angle AHC is 
changed from that in Figure 1 to that in 
Figure 2, what happens to the length of a 
spring connecting A and C? 


A 




Theorem 134 The Hinge Theorem: If two sides of one triangle are 
congruent to two sides of another triangle and the 
included angle in the first triangle is greater than 
the included angle in the second triangle F then the 
remaining side of the first triangle is greater than 
the remaining side of the second triangle. (SAS 

The following setup of Theorem 134 should help you see how the 

theorem can be applied. 

Given: AB = XY, 

BC = VZ, 

ZB > AY 

Conclusion: AC > XZ 

The converse of the Hinge Theorem is also true. 



Thetfrem 135 The Converse Hinge Theorem: // two sides of one 

triangle are congruent to two sides of another trian¬ 
gle and the third side of the first triangle is greater 
than the third side af the second triangle, then the 
angle opposite the third side in the first triangle is 
greater than the angle opposite the third side in the 
second triangle v (ESS ^ ) a 


Given: AB = WX, 

BC s XY, 

AC > WY 

Conclusion: ZB > AX 




Section 15.3 The Hinge Theorems 


697 
















Part Two: 

Problem 1 


Solution 


Problem 2 


Proof 


1 C is the midpoint of BD, 

1 Given 

2 BC = CD 

2 A mid point divides a segment into 


two congruent segments. 

3 A ABC is isosceles, 

3 Given 

with base BC 


4 AB = AC 

4 The legs of an isosceles A arc =. 

5 41 > 42 

5 Exterior-Angle-Inequality 


Theorem [41, AABC) 

6 AD > AC 

6 Hinge Theorem (SAS#) 

7 AD > AB 

7 Substitution (4 in 6] 


Sample Problems 



Given; BD is a median. 

AD > CD 

Which is greater, 41 or 42? 

Since BD is a median, AB es BC 
Also, BD = BD and AD > CD, 

Thus, by the Converse Hinge Theorem, 41 > 42. 


Given: A ABC is isosceles, with base BC. 
C is the midpoint of BD, 

Prove: AD > AB 




Problem 3 Given: ABCD is a parallelogram. 

4BAD > 4ADC 

Which diagonal is longer, AC or BD? 



Solution 


Consider the overlapping triangles as 
shown, 

AB = DC because the opposite sides 
of a parallelogram are a. 

Also, AD s AD and 4BAD > 4ADC. 
So, BD > AC by the Hinge Theorem. 



Part Three: Problem Sets 

Problem Set A 

l Which is longer, AC or DF? 



o 



F 
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2 Which is larger, aR or 4Y? 


P 




w 


3 Given: AB || CD, AB = AD, 

4DAG = 75°, 4DCA - 45° 

Which is longer, BC or DC? 



4 Compare AB in AABC with XZ in AXYZ, where BC = 7, 
AC = 9, 4C = 75°, YZ = 7, XY = 9, ami AY = 80°, 



7 in AWXY, WX = 10, WY = 4, and XY = 7, 
a Maine the largest and (he smallest angle, 
j) Is the triangle acute, right, or obtuse? 


Problem Set B 

8 Given: OWXYZ, XZ > WY 

Prove: a AXWZ > AWZY (Use a two-column proof,) 
h 4XWZ is obtuse. (Use a paragraph proof.) 


9 Given: PQ = PR = T£5 
Prove: QR < PS 

Q 



s 


10 AWXY and AABC are isosceles , wi th bases WY and AB respectively. 

If AX and AB are each 50° and WX = BC, which triangle has 

a The longer base? b The longer altitude to the base? 


11 Given: AB and BC are tangent to 0Q. 
AD > DC 

Conclusion: AABD > 4DBG 


A 
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Problem Set B, continued 


12 Given; Zl < Z3, 
BA II CD, 


D 


C 



AC > AD \ / \ 

Prove: BC > AD 

13 In APQR, PQ = QR = z|, and PR = 2, Is APQK acute, right, 
or obtuse? 

14 In AACE, AC < AE. and_D is the midpoint of tlE. Point B is on 
AC, and point F is on AE, with CB ss FE, Prove that BD > FD, 

15 AD is a median of A ABC, mZADC = 2x + 35, and 
mzADB = 5x - 65, 

a Which side is longer, AC or AB? 5 Which is larger, ZB or ZC? 



16 Given: ZC > ZA, ZD > ZB 
Prove: AB > CD 



17 List ZX, ZY, ZXWY, ZXWZ, end 

ZXZW in order of size, starting with the 
largest. 


P 


18 Given: QT > TR; 



QS and QT trisect ZPQR. 
RS and RT trisect ZPRQ. 


Prove: PQ > PR 


19 If two sides of a triangle measure 700 and 600, how many possi¬ 
ble triangles exist such that all sides are integers? 

A 


Problem Set C 


20 Prove that if chords AB and BC are in 
GO and AB > BC, then AB is closer to 
the center than BC. (Hint: Draw MN.) 



21 Given: ABCD is a square. 


A 



e 


AF 1 DE, AE = BF 


Which of the following is correct? 
a DE < AF 
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MATHEMATICAL EXCURSION 


22 WX is a diameter of a circle with center P H and YZ is a diameter 
of a larger concentric circle. W, X, Y, and Z are noncolllnear. 
Prove that ZYW2 > ZXYW 


23 Given: B, C F and D lie on plane m, 

ABCD is isosceles, with base CD, 
ZABD > ZAEC 
Conclusion: ZACD > ZADC 


24 Given: AD = CD, 
AE < EC 

Prove: AB < BC 


25 Given: x^D is a median. 

ZABD > ZACD 

Conclusion: Z1 > Z4 


Triangle inequalities help explain why your bi¬ 
cycle feels and handles the way it does. Geo¬ 
metrically speaking, you can see from the dia¬ 
gram that a bicycle frame and rider form three 
triangles (one with an understood side) and a 
quadrilateral that is nearly a triangle. The prop¬ 
erties of these triangles govern responsiveness, 
traction, riding position, and handling for a giv¬ 
en bicycle- In general + racing bikes are more 
responsive, hut handling is better on road hikes. 

Some measurements that affect a bicycle's 
characteristics are shown on the diagram. 
CHainstay tengtb affects uphill traction. 
Wheelbase, fork rake, and head-tube angle all 
determine how responsive the bicycle will be. A 


more responsive bike is mo-re difficult to handle. 
Top-tube length determines how far the rider 
must lean over to reach the handlebars. Notice 
that the top tube and the rider's upper body and 
arms also form a triangle. Describe the effects 
on angles increasing and decreasing lengths of 
parts of the frame. 


26 Given: AC > CE , 
AB = DE 

Prove: AD > BE 


Inequalities 

A bicvcle excursion 
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Chapter Summary 
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Concepts and Procedures 

After studying this chapter, you should be able to 

* Use algebraic properties of inequality to solve inequalities (15.1) 

■ Apply the Triangle Inequality Postulate (15-2) 

* Apply the Exterior-Angle-Inequality Theorem (15,2) 

■ Use the Pythagorean Theorem test to classify a triangle as acute, 
right, or obtuse. (15.2) 

■ Recognize the relationships between the side lengths and the angle 
measures of a triangle (15.2) 

■ Use the hinge theorems to determine the relative measures of sides 
and angles (15.3) 


Properties of Inequality 

■ For any two real numbers x and y, exactly one of the following 
Statements is true: x < y, x = y, or x > y. (15.1) 

■ If a > b and b > c, then a > c, Similarly, if x < y and y < z, then 
x < z. (15.1) 

■ If □ > b, then a + x > b + x. (15.1) 

■ If x < y and a > 0. then a ■ x < a ■ y. (15,1) 

■ If x < y and a < 0, then a * x > a ■ y. (15,1) 

» If a > b, then c - a < c - b. [15,1) 
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Review Problems 


Problem Set A 

1 In A ABC, AB > AC > BC, Lis! the angles in order, from smallest 
to largest. 


2 In each case, decide which of the segments named is longest and 
state the reason for your decision. 


a x 



WZ or ZY? 



AB or BC? 



0 

PQ, QR, or FE? 


3 In each case, tell which angle is largest and give the reason. 



ZABD or ZCBD? ZX, ZY, or ZZ? 41, Z2, or ZP? 

4 If x > 4 and x < y, what is the relationship between v and 4? 


5 If x * 6 and x ft 6. what can we conclude? 

6 a Name all pairs of segments that we know 

to be congruent, 

b Which is shorter, BE or EC? 
c What is the name of side BC in ABEC? 
d Which is longer. AE or DE? 

e Which is the shortest segment in the 
figure? 


C 



7 Which of these sets cannot represent the sides of a triangle? 

a 20, 40, 20 b 30, 40, 20 c 20, 20, 20 d 30. 40, 50 
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Review Problem Set A, continued 


8 Given: FQ — RS 
Prove: PS > QR 



P 


R 


S 


Problem Set B 

9 Given A ABC as shown, list AB, AG, and BC 



A 


in order of size, from longest to shortest. 


B 


C 


10 What are the restrictions on x? 



11 A ABC is isosceles, with LZ obtuse and AB = 6. 
a Which side is longest? 

b The perimeter must be between what two numbers? 

12 In AABC, AB > BC„ m^C = 4x - 4, and mAA = x + 9, Find 
the minimum integral value of x. 

13 A triangle has vertices P = (-1, — 2), Q = (4, 1 ), and R = (6, —2). 
a Find PQ, QR, and PR, 

b Is APQR acute, right, or obtuse? 
c List the angles in order of size, smallest first, 

14 Given: AB < AD, A 


Prove: ED > EB 


BE bisects A.ABC. 
DE bisects ZADC, 



15 Given: AB = AD 
Prove: AC < AD 


A 



16 Given: PR < QS, 

PQ a SR 

Prove: aPQR < ^SRQ 


S 
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17 Given: BG = EC, 
ZA = ZC 
Prove: AE < EC 


A 


B 



C 


Problem Set C 

18 [nan obtuse triangle, the side opposite the obtuse angle is 6, If 


all sides are integral, how many such triangles exist? 


T9 Given AABC as shown, list the sides AB¬ 
AC, AD, BC, BD, and CD in order, froi 
longest to shortest. 



ZO Prove that the measure of the median of 
a triangle is less than half of the sum of 
the measures of the two adjacent sides— 


A 




[1] Draw a n ap propriate midline, or 

[2] e xtend AM to point P so that 
AM s MP, then form oABPC.) 

21 Prove that in any quadrilateral, the perimeter is greater than the 
sum of the diagonals. 

22 Given: ZX s ZY, w 

WX < WY 

Conclusion: XV > VY 



Y 


X 


V 


23 The sides of triangle ABC are integers, with AB = 5 and AC = 13, 
If one of the possible values of BC is picked at random, what is 
the probability that the resulting triangle will be obtuse? 


24 Given: Quadrilateral PQRS 


Q 



PQ > PS, 
ZQ a ZS 


Prove: FS > RQ 


25 P is any point inside quadrilateral WXYZ, Prove that the sum of 
the distances from P to the four vertices (PW + PX + PY + PZ) 
is greater than or equal to the sum of the diagonals, (Consider ail 
three cases for the position of point P within the quadrilateral,) 
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10 If a base angle of an isosceles triangle is twice the vertex angle, 
then find the measure of the vertex angle. 

11 Draw a graph of A ABC with vertices A = (3, 8), B = (3, - 4), and 
C = [-6, -4]. 

a Find the lengths and the slopes of AB, BC, and AC. 

b Is A ABC acute, right, or obtuse? 

c Find the equation of AC and its x- and y-intercepts, 

if Find the equation of BC. 

e Where does the altitude to BC intersect BC? 

f What is the equation of the altitude to BC? 

g Find the length of the altitude to BC. 

h Find the midpoint of CB and the slope of the median to CB. 

i Find the area of A ABC. 

12 Two regular pentagons have areas 8 and 18, What is the ratio of 
their perimeters? 

13 Each interior angle of a regular polygon is 160°, Find the number 
of diagonals, 

14 Find the area of the sector formed by the 
hands of a clock at 2 o'clock if the diam¬ 
eter of the dock is 12 in, 


15 Find the area of an equilateral triangle whose height is 6. 

16 Write the converse, the inverse, and the contrapositive of the 
statement, "If a parallelogram is inscribed in a circle, then it is 
not a ‘plain old parallelogram,”’ 

17 Given: AX ^ AZ; 

W is the midpoint of XZ. 

Prove: WY is not an altitude to XZ, 



12 



Problem Set B 

18 Find, to the nearest tenth, 

a The area of the shaded region (a half 
washer) 

b The figure's perimeter (Hint: There are 
two semicircles and two segments,) 



\ 6 —f~ 4 1-6-1 
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Cumulative Review Problem Set B, continued 


19 Given: BD = = 80° s 

Z.GAB = 75° 

Find: BE 


2D 1 Given: BD is a diameter, 

AB = 10**, AC = 40°, 
Z.GFC = 80° 

Find: a CD 
b ED 



21 a Find RS. 
b Find QTS, 


22 Find x, 



23 Find the area of ABCD. 



24 ABCD is a square with a side of 12, The 
midpoints of the sides of the square are 
the centers of arcs tangent to the 
diagonals, Find the shaded area. 



25 The vertices of AABC are A — (5, 4), B = (11, 6), and C = (9, 10), 
a Find the length of the median to AB. 

b Find the aquation of ihe median to AB, 
c Find the equation of the altitude to AB, 
d Find the equation of the perpendicular bisector of AB. 

26 Given a kite with diagonals 6 and 14. find, to the nearest tenth, 
the length of the segment joining the midpoints of two opposite 
sides. 
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27 Roger is 2 m tall. He is standing atop a tower, and the total 
length of his shadow and the tower’s shadow is 14 m. If he were 
standing on the ground, his shadow would be 1 m Jong, How 
high is the tower? 

23 The diagonals of a rhombus are 8 and 12. Find its altitude. 

23 Quadrilateral PQRS is inscribed in 0O. The measures of PQ, 

QR, RS, and SP are in the ratio 7:12;6:5, Find the acute angle 
formed by the diagonals of the quadrilateral. 

30 Find the equation of the circle with center (2, 4) that passes 
through (1, 7). 

3T Is AARO acute, right, or obtuse? 



32 CD is the altitude to the hypotenuse of 
A ABC. The coordinates of points A, B, 
and D are given. Find the coordinates of 
point C. 



c 


33 Find the ratio of the length of arc ARC to 
the length of diameter AC, 



R 


A o C 


34 How far above the ground does the small 
ball touch the wall if the balls have ra^" 
of 4 cm and € cm? 



35 Given: Diagram as shown 
Prove: A1 > A4 



W 


36 Given: AT5 == DC, 

AADB < ABDC 
Prove: A A > AC 



B 
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Cumulative Review Problem Set R, continued 


37 Describe the locus of points a fixed distance from a given point 
and equidistant from the sides of an angle. 


38 


39 


Two pipes are used to fill a pool with 
water. Their diameters are 12 and 16, 
Peter Plumber is hired to replace (he two 
pipes with a single pipe having the same 
capacity as the other two combined, 

a What is the diameter of the pipe that 
Peter must put in? 

b What general relationship exists be¬ 
tween the diameters of the three 
pipes? 

a Prove that ABCD is a kite. 

It Prove analytically that the figure 
formed by joining consecutive mid¬ 
points of the sides of ABCD is a 
rectangle- 




40 What can we conclude from the following statements? 

If r is red, then b is blue. 

If q is not green, then y is yellow. 

If r is not red. then y is not yellow, 
b is not blue. 


Problem Set C 

41 Describe the locus of points that are centers of congruent circles 
of a given radius if the circles are tangent to a given line and 
their centers lie on a given angle. 


42 Circles O/P, Q, and R are tangent as 
shown. If the radius of OR is 11, find the 
difference between the areas of the shad¬ 
ed regions above and below XY, 



43 Prove: If two tangent segments are drawn to a circle from an 
external point, the triangle formed by these two tangents and any 
tangent to the minor arc included by them has a perimeter equal 
to the sum of the measures of the two original tangent segments. 
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44 In square ABCD H HP J_ AC. 

If the perimeter of the square is 32 and 
FC = BC, find the perimeter of quadri¬ 
lateral HFEB. 


A 



HR 


D 


C 


45 The diagonals of a parallelogram have measures of 8 and 10 and 
intersect at a angle. Find the area of the parallelogram. 

4fi Sixty-four 1 x 1 x i cubes are stacked together to form a 
4 x 4 x 4 cube. The large cube is painted and then broken up 
into the original sixty-four cubes. If two of the small cubes are 
selected at random, what is the probability that 

a Exactly ten of the twelve faces will be unpainted? 
b x-M least ten of the twelve faces will be unpointed? 

47 & What is the locus in space of points A 



generated by obtuse A ABC if it is ro¬ 
tated about the altitude from A to BC? 


h Find the volume of the locus. 


48 Prove that the shortest segment from an 
exterior point P to the circle is the seg¬ 
ment along the line from P to O, 



49 The point A ™ (-3, 3) is rotated 90* clockwise about the origin 
to A J . If C = [—2, 8) and D = [16, 4), how far is A' from the 
midpoint of HD? 


y-axii 


50 On a miniature-golf course, the hole is at ( 0 , 20 ) 
(2 h 18) and the ball is at (12, 2), with 


( 13 , 20 ) 


*«r IS) 


barriers as shown. 

a You can make a hole in one by bounc¬ 
ing the ball off the barrier y = 20 to 
the barrier y = 13 and into the hole. 

At what point must the ball strike the 
barrier y = 20? 

to Can you go directly to the barrier y - 20 
and then directly into the hob? 
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CHAPTER 



16 Enrichment Topics 


O pen the wr ought-iron-and-bronze 
gates to discover enrichment topics 
in geometry. 












16.1 


The Point-Line Distance 
Formula 


Objective 

After studying this section, you will be able to 
■ Use a formula to determine the distance from a point to a line in 
the coordinate plane 



Part One: Introduction 

In this chapter, we shall present some advanced geometry topics that 
you may enjoy exploring. Unlike the problem sets in the other 
chapters of this book, those in this chapter are not divided into A, B, 
and C groups. 

We shall begin by developing a formula that you will find useful 
in solving a variety of coordinate-geometry problems. As you know, 
it is easy to determine the distance from a given point to a horizon¬ 
tal or vertical line in the coordinate plane. The point-line distance 
formula „ however, can be used to find the distance from a given 
point to any line in the plane. 


Theorem 136 The distance d from any point P = (x^ yj to a tine 
whose equation is in the form ax + by -he — 0 can 
he found with the formula 

A _ l°*i + *yi * H 


Proof: Remember, the distance from a point 
to a line is the length of the perpendicular 
segment from the point to the line. In the 
diagram, Q = [x 2 , y 2 ) is the foot of the per¬ 
pendicular from point P to the line repre¬ 
sented by ox + by + c = 0 . The slope of the 

fi ^^ b 

given line is -j-, so the slope of PQ is 5 , 
Thus, we can write the system 

jy - y 1 = £(?i - X,) (Equation of Pq) 

1 ax + by + c = 0 (Equation of given 
line) 
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Now, by substituting x 2 and y 2 for x and y in the two equations and 
solving the system, we can express the coordinates of Q in 
terms of x : and y,. 

b 2 x, - abv, — ac 

= V + b- 

-abx x + a 2 v-i ~ be 
72 -a 2 + fr 

Using these expressions in the distance formula to determine the 
distance from P to Q, we find that 

/q 2 (ax 1 + by, + c) : b'Cax', + by., + c ) 2 

1 "V (a 2 +- b 2 ) 2 + [a 2 + b ") 2 

|ax t + by, + c| 

v^Tb"” 



Part Two: Sam fife Problems 


Problem 1 

Solution 


Find the distance from the point ( 2 , - 3) to the graph of 
3x + 4 y - 10 = 0. 

|ax 1 + by, + c| 

Va 2 + b 2 

= I m + 4(-3) - 10| 

V3 2 + 4 2 


16 

5 


Problem 2 Find, to the nearest hundredth, the distance between the graphs of 
y = 3x - 10 and y = 3x + 1, 

Solution Each of the two lines has a slope of 3, so the lines are parallel. We 
can choose a point on the first line—for example, ( 0 , — 10)—rewrite 
the second line's equation as 3x — y + 1 = 0, and use the point-line 
distance formula. 

|OX] + by, -I- cj 
Vci 2 + b 2 

_ |3[0) - (-10) + l| 

V 3 2 + ( — l) 2 
11 

= - 7 =, or =*3.48 

Vio 
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Problem 3 Write equations of (he (wo lines (hoi are parallel (o the graph of 

5x - 12 y = 17 and tangent to the circle whose center is at ( 4 , - 3) 
and whose radius is 5 , 

Solution Since the lines are parallel to the graph of 5x - 12 y = 17, the slope 

of each is Their equations are therefore of the form 5 x — 12 y + 
c = 0 , We can substitute the coefficients of this equation, the coordi¬ 
nates of the circle's center, and the distance between the center and 
the required lines [the circle’s radius) in the point-line distance 
formula, 

^ lux, + by, + c| 

Va* + b 2 

_ 15(4) - 12[— 3) + c| 

V5 r + 12 s 
65 = |56 + c| 

65 = 56 + C Or 65 = — 56 - c 
c = 9 or c = —121 

The lines can thus be represented by the equations 
5x - 12y + 9 = 0 and 5x - 12y - 121 = 0, 


Part Three: Problem Set 

\ Find the distance from the origin to the graph of 
4x - 3y + 15 = 0 , 

2 Find the distance from the point ( 4 , 2 ) to the graph of 
3x -i- 4y - 10 = 0. 

3 Find the distance from the point ( 2 , 3) to the graph of 
7x - 24y +2 = 0. 

4 Find the distance from the point [ 6 , - 4) to the graph of 
3x - 4y = 14. 

6 Find, to the nearest hundredth, the distance from the point 
(-2, 6 ) to the line having a slope of 2 and passing through the 
point ( 2 , 1 ). 

6 Find, to the nearest hundredth, the distance from the point 
[—2, 4) to the graph of x cos 30° + y sin 30® — B = 0 , 

7 Find, to four significant digits, the distance between the graphs 
of 2x - 3y + 4 = 0 and 2 x - 3y + 15 = 0. 

B Show that the graph of 12 x + 5 y = 12 is tangent to the circle 
having its center at [ 6 . 1 ) and passing through ( 9 , — 3 ), 
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Problem Set, continued 

9 If the graph of 3x — 4y + k = 0 is tangent to the circle with a 
radius of 2 and a center at (5, 1), what is the value of fc? 

ID It can be shown that in three dimensions, the distance from a 
point (x li y lt £|) to the plane represented by the equation 
ax^by + czH-d — 0 can be found with the formula 

( \ ~ l a *i + byi + ozi + d| 

Va 2 + b 2 + c 1 

Find, to four significant digits, the distance from the point ( 5 , 2 , 1 ] 
to the graph of 3x — 7y + 5z + 13 = U. 

11 Write equations of the bisectors of the angles formed by the 
graphs Otf x — 2y + 5 = 0 and 2x - y - 3 = 0. 

12 Find the possible values of b if the point (3, 4) is six units from 
the graph of 2x 4- by + 3 = 0, 


CAREER PROFILE 


Planetary Portraits 

Kim Poor points the heavens 

Kim Poor is a landscape painter, but the land- 
scapes fie paints In his Tucson, Arizona, studio 
arc of places no one has ever visited. He creates 
scenes showing planets and moons as they 
would appear to a cosmic explorer. 

To make his works as realistic as possible, 

Kim regularly travels to Kltt Peak Observatory 
and the University of Arizona* where he makes 
sketches based on his conversations with as¬ 
tronomers and his reading in the observatories* 
libraries. Back in his studio* he carefully plans a 
painting* using trigonometry to determine how 
large each object in the picture would appear 
from the point of view he has selected. 

Then he gets to work with his airbrush. 

According to Kim, the most important 
shape for the space artist is the ellipse, 
because circular features on the planets 
appear elliptical when viewed at an 
oblique angle. He gives an example: “We 
see Saturn's rings as anything from a 
line segment to an ellipse corresponding 



to a 20* tilt. And rf the rings are shown as 20° 
ellipses, the cloud bands on the planet must 
also he 2CT ellipses or the painting will look 
wrong*" Kim uses protractors, compasses, and 
a variety of drafting techniques to produce the 
most accurate representations he can, 

Kim's work can be seen in planetar!urns r 
magazines, encyclopedias, and textbooks. 
Along with his fellow space artists, he plays an 
important role in the interpretation and commu¬ 
nication of the latest discoveries in planetary 
and stellar astronomy. 
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16.2 



Two Other Useful 
Formulas 


Objectives 

After studying 111 is section, you will 6e able to 

m Use a formula to find the area of a triangle when only the coordi¬ 
nates of its vertices are known 

■ Use a formula to find the diameter of a triangle's circumscribed 
circle 


Part One: Introduction 

Area of a Triangle 

[n Chapter 13, you used the encasement principle to find the areas 
of triangles in the coordinate plane, (See, for example. Section 13,7 T 
problem 14.) Now we can use the point-line distance formula to 
develop a general formula for the area of a triangle with given 
vertices. 


Theorem 137 The area A of a triangle with vertices at (x lr yj f 

(x 2r y 2 ) t ond (x 3f y 3 ) cat* be found with the formula 

t 

A = ^|x 3 y 2 + x 2 y 3 + x 3 y 3 - x^j - x 3 y T - x 3 y 2 \ 


Proo/t The point-slope form of the equation of BC in the > 

diagram el the right is 

^ y-axis 

A (x„ y,> 

yj-ya, 

y-Yi = y _ v ( x ' x ;) 

A |j A 2 

B t*yj 



which can be rewritten e$ 


C 0<3< y,) 

x(y 2 - y 3 ) + yfa - x 2 ) + x 2 y 3 - x 3 y 2 = 0 

K. 

\ 

f 

x-axis 






Wc can now find the distance from A = (x g , y,] to BC (the altitude 
to base BC) by using the point-line distance formula. 


I(y; - yi)*i + - Xzb'! + x a y 3 - x 3 y 2 

- y ^) 2 + fa - * 2 ? 
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Substituting this length and the length of base BC [determined by 
means of the distance formula) in the familiar formula for the area 
of a triangle, we find that 


A = f bh 


i, r, - -a-—. -- (V2 ■ yj)*i + {*a _ K 2)yi + * 2^3 - ^yjl 

= ;V(y 3 - y 2 f + [x 2 - x 2 y - — - - - - 

2 V(y 2 - y 3 )" + (x 3 - x 2 ) 2 

2 

= + x ^3 + x 3Vy - x )Yi - - Wil 


Note If you are familiar with determinants, you may recognize that 
the formula in Theorem 137 can be written in the form 



*1 

Vi 

x ? 

y% 

Xj 

y a 


Diameter of a Circumscribed Circle 

In solving certain problems, it is useful to be able to calculate the 
diameter of a circle circumscribed about a triangle [the triangle's 
circiHncirde). The theorem that follows is an extension of the Law 
of Sines,, which was presented in Section 9 A Q H problem 2.1. (Recall 
that when we describe the parts of a triangle, we use a to represent 
the length of the side opposite vertex A, and so forth.) 


Theorem 133 /n any triangle ABC > with side lengths a, h, and c, 

—~— - o -—-— = o —-— = 

sin zA sin AS sin zC 

where D is the diameter of the triangle's 
circumcirde. 


Proof. The diagrams below show the 
inscribed triangle. 



five possible cases Cor zA in an 



In the first two cases, we have drawn diameter A'B, forming 
right triangle A'BC. (Remember, an angle inscribed in a semicircle is 
a right angle.) Since inscribed angles A and A p intercept the same 
arc. they are congruent, and therefore sin ZA = sin ZA r = Thus, 


a 

sin ZA 


a 

■:j 


D 


- D 
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In the third case?, we can obtain the same result without drawing 
an auxiliary line, since A ABC is already a right triangle. 

In the fourth case, AA — 90°. From trigonometry, we know that 
sin 90 s = 1, so the formula follows im mediately. 

In the last case, where A A is obtuse, we again draw diameter 
A r B. Since opposite angles of an inscribed quadrilateral are supple- 
nirritfiry. / A is Nupphrmisrihiry 1:: / A'. .! is :: j: iot 

trigonometry that the sine of any angle is equal to the sine of its 
supplement, so sin A A = sin AA\ Hence, we obtain the same result 
as in the first two cases. 

Similar reasoning can be used to show that for any aB and AC 
in an inscribed triangle, = D and s]n c ^_ c = D. 



Part Two: Sample Problems 

Problem 1 


Find, to the nearest tenth, the diameter of the circle 
circumscribed about A ABC, 


Solution According to the Law of Cosines 

(see Section 9.10, problem 20], 
(BC) 2 = 5 2 + 6 2 - 2(5)(6)(cos 30°) 
_ 25 + 36 . 60 ^ 


= 61 - 30V3 
BC *= 3.006 



Wg now use the formula for the diameter of a circumcircle. 


Problem 2 


Solution 


sin LA 

3.006 

sin 30° 


3.006 

1 

3 


6.0 


Find the area of A ABC to the nearest tenth. 


We use the formula for the area of a 
triangle [Theorem 137). 



1 

A = + W + x jFi ~ x i y:t “ x*y i ~ 

= ||i. 4V7 + sVi(2l) + 4 V 3 - 1,4(21) - 5 V 5 V 3 - 4 V 7 I 

** 93,0 
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Part Three: Problem Set 

1 Find, to the nearest thousandth, the di¬ 
ameter of the circle circumscribed about 
A ABC, 


2 Find the area of the circle in the diagram 
at the right. 



3 The area of the circumcircie of AC AT 
can be written as a simplified expression 
of the form 

air 

b - cx J 

What is the value of a -i b + e? 


C 



4 Find the area of A TRY. 



5 The coordinates of the vertices of a triangle are (— 2, 6), (4, 17), 
and (x, 11], and the triangle's area is 42. Find the possible values 
of x. 
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16.3 


Stewart’s Theorem 


Objective 

After studying this section, you will be oble to 
■ Recognize a relationship among the parts of a triangle with a 
segment drawn from a vertex to the opposite side 


■ Part One: introduction 

The following theorem is usually called Stewart’s Theorem, after the 
eighteenth-century Scottish mathematician Matthew Stewart, al¬ 
though forms of the theorem wore known as long ago as the fourth 
century A.D, 


Theorem 139 In any triangle ABC, with side lengths a, b . and c, 

a 2 n + b 2 nt = cd 1 + cmn 

where d is the length of a segment from vertex C to 
the opposite side, dividing that side into segments 
with lengths m and n. (Stewart’s Theorem) 


Given: Diagram as marked 
Prove: a ! n 4- b 2 m = cd“ + cmn 


Proof: We draw CE perpendicular to AB and use the 
Pythagorean Theorem, In ABCE, a 2 = h' + (m - p) 2 , or 
a 2 = h 2 + m 2 — 2mp + p 2 ; and in AGED, d 2 = h 2 + p 2 . 

By subtraction, we find that a 2 — d 2 = m 2 - 2mp, or 

ci 2 = d 2, + m 2 — 2mp (1) 

In ACEA, b 2 = h 2 + (p + n) 2 , or b 2 - h 2 + p 2 + 2pn + n 2 . 
Since we know that h 2 = d 2 — p 2 (see the preceding paragraph), 
we can substitute d 2 - p 2 for h 2 to ohtain the equation 
5 2 = d 2 — p 2 + p 2 + 2pn + n 2 , or 

b 2 = d 2 + 2pn + n 2 (2) 


C 



I-c 


C 



I - rn - 

I- c 


Section 16.3 Stewart’s Theorem 


721 

















Equation [ 1 ) can be rewritten as a £ n = d 2 n + m 2 n — 2 mnp, and 
equation [ 2 ) can be rewritten a sb 2 m = d 2 m + 2mnp + mn 2 , Add¬ 
ing these equations, we find that 

a 2 n + b 2 m = d 2 n + d 2 m + m 2 n + inn 2 
= d 2 { n + m) + mn[m + n) 

- cd 2 + cmn 


Part Two: Sample Problems 

Problem t 


Solution 


Problem 2 


Proof 


Jf the sides of a triangle have measures of 3, 5, and 6 , what is the 
length of the bisector of the angle included by the sides measuring 
and 5? 

By the Angle Bisector Theorem [see Section 3,5), 

3 _ x 
5 6 - x 

5x = IS - 3 j£ 

_ 9 
X 4 

Therefore, 6 - x = We now apply Stewart’s Theorem, 



■It) 


+ Wf) = 7 + C)(f 


135 ,225 „ , , 405 

4 4*8 

r 2 _ 105 

' ~ 16 


vTos 


y = 


Prove that in a right triangle the sum of the squares of the segments 
from the vertex of the right angle to the trisection points of the 
hypotenuse is equal to five-ninths the square of the hj'pofenuse. 

According to Stewart’s Theorem, in the diagram shown, C 

2 a z x + b 2 x = d 2 c + 2cx 2 

and 

a 2 x + 2b 2 x = ce : + 2cx z 
Adding these equations, we find that 

3a z x + 3b 2 x = cd 2 + ce 2 + 4ex 2 
3x{a 2 + b 2 ) = cd 2 4- ce 2 + 4cx 2 
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By substituting c 2 for n 2 + b 2 , we 
obtain 

3xc 2 = c(d 2 + e 2 + 4x 2 ) 

Now we substitute c for 3x. 
c s = c(d 2 + e 2 + 4x 2 ) 


e 2 = d 2 + e 2 + 4x 


2 


Since 2x = |c, wc can substitute |c 2 
for 4x 2 to obtain 


c 2 = d 2 + e 2 + ~c 2 
9 

d 1 + e 2 = ^c 2 



Part Three: Problem Set 

I Find the value of x in the figure at the 
right. 


2 Find the value of y in the figure at the 
right. 




A parallelogram has sides with measures of 7 and 9, and the 
measure of its shorter diagonal is 8. Find the measure of the 
parallelogram’s longer diagonal. 


Two sides of a triangle have measures of 
9 and 18. If the bisector of the angle 
included by these sides has a measure of 
8 , what is the measure of the third side 
of the triangle? 



Find the measure of a side of a triangle if the other two sides and 
the bisector of the angle they include have measures of 3, 5, and 
2 respectively. 
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16,4 


Ptolemy’s Theorem 


Objective 

After studying this section, you will be able to 

" Recognize a relationship involving the sides and the diagonals of a 
cyclic quadrilateral 


■ Part One: Introduction 

Ptolemy's Theorem is named for a famous Alexandrian mathemati¬ 
cian, astronomer, and geographer (often referred to by the Latin form 
of his name, Claudius Ptolemaeus) who lived from about 35 to 
165 A D, 


Theorem 140 // a quadrilateral is inscribable in a circle, the 

product of the measures of its diagonals is equal to 
the sum of the products of the measures of the pairs 
of opposite sides, (Ptolemy's Theorem/ 


Given: Quadrilateral ABCD inscribed in 0O 
Prove: (AC) (BD) = (AB) (CD) + (AD) (BC) 



Proof We extend CD to a point P so that 
ZDAF = ABAC. Since opposite angles of a 
cyclic quadrilateral are supplementary, 
AABC is supplementary to A ADC; so 
AABC = AADP because supplements of the 
same angle are congruent. Therefore. 

ABAC — ADAP (by AA), and 

AB _ BC 
AD DP 
Dp _ [ADjJBQ 
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By the Addition Property, ABAD as aCAP; so AABD = AACP, since 
inscribed angles that intercept the same arc are congruent. There¬ 
fore, AABD ~ AACP [by A A), and 


AB 

AC 

CP 


BD 

CP 

(A C) (BD) 
AB 


( 2 ) 


We know that CP = CD + DP, and when we substitute the equiva¬ 
lent expressions from equations [ 1 ) and ( 2 ] for DP and CP in this 
equation, we obtain 


(AC) (BD) (AD) (BC) 

AB L1J AB 
[AC) (BD) = (AB) [CD) + [AD) [BC] 


Part Two: Sample Problems 

Problem 1 


Solution 


Given: Inscribed quadrilateral ABCD, 
AB = 3, BC - 5, CD = 4, 


AD = 6 , AC = 
Find: BD 


2 V1729 

13 


We use Ptolemy's Theorem, 

(AC) [BD) = (AB) (CD) + (AD) (BC) 
2\/l729 

■(BD) = 3(4) + 6(5) 



AC = 


2JJ2H 

1 3 


13 


BD = 


3 V1729 

19 


Problem 2 


Solution 


A quadrilateral, PQRS, is inscribed in a circle, O. If PQ = 6 , PS = 3, 
and diagonal PR has a measure of 10 and is a diameter of fhe circle, 
what is the measure of diagonal 5t3? 


Since PR is a diameter, APSR and 
APQR are right triangles. Thus, 
by the Pythagorean Theorem, 

QR = 8 and RS = Vol. By 
Ptolemy's Theorem, 

(PR) (SQ) = [PQ] [SR) + (PS) (QR) 
io(SQ) = eVsil + 3(8) 

„„ 3V91 + 12 


s 
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Problem 3 


Solution 


ACFD is inscribed in the drcumdrde 
of rectangle ABCD, wiih CF intersect¬ 
ing DA al E. if DC = 6. DE = 6, and 
EA = 2, jind BF. 


In right triangle CED, CE = 5V2. 
Because inscribed angles intercept¬ 
ing the same arc are congruent, 
ACAD a ADFC and A FDA = 

AFC A. Thus, ADEF - AGFA (by 
AA), and 

S = DF 

5V2 10 

DF = 5 V 2 



& 



In a similar way, it can be shown 
that EF = V2, We now apply 
Ptolemv’s Theorem to quadrilateral 
BCDF. 

(BD) (CF) = (DC) (BF) + (DF) (BC) 
10[7V2) = 6(BF) + 5V2(8) 

BF = 5 V 2 



Part Three: Problem Set 

1 Given: Cyclic quadrilateral ABCD, 
AB - 2, BC = 3, CD = 6, 

isVsT 


AD = B, BD = 
Find: AC 


17 



2 In the diagram at the right, ABCD is a 
square, and E is the point of intersection 
of its diagonals. If a point, F, is located in 
the exterior of the square so that A ABF 
is a right triangle with hypotenuse AB, 
AF = 6, and BF = 8, what is distance 
EF? (Hint: Apply Ptolemy’s Theorem to 
quadrilateral AEBF.) 
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3 Given: GO, with inscribed quadrilateral 
EFGH, EF = 7, GH = 20 , EH = 25 

Find: The perimeter of EFGH 


4 Diagonals SC and BD of quadrilateral 
ABCD intersect at E, If AE = 2, BE = 5, 
CE = 10, DE = 4, and BC — 7,5, what is 
distance AB? (Hint: Look for similar tri¬ 
angles that you can use to find AD and 
the ratio of AB to CD, Then apply 
Ptolemy’s Theorem.) 




5 A triangle is inscribed in a circle with a radius of 5. The mea¬ 
sures of two of the triangle’s sides are 5 and 6, What are the 
possible measures of the third side? [Hint; There are two possible 
triangles.) 




Dynamic Geometry 

Buckminster Fui/er and the geodesic dome 


One day while serving in the United States 
Navy during World War 9. young R. Buckminster 
Fuller stood observing the bubbles that boiled 
up in the wake of his ship. Noticing that they 
were constantly changing in shape, always ap¬ 
proximating spheres but never settling into a 
stable spherical form, he concluded that “na¬ 
ture doesn't use pi." He decided that what gov¬ 
erns the natural world is not the static figures 
and relationships of traditional geometry but the 
geometric interactions of forces that shape the 
objects around us. 

Puller was to base a new approach to archi¬ 
tecture and design on this insight. He liked to 
calf his approach "energetic-synergetic geome¬ 
try.” By studying the patterns of forces that 
hold molecules together, he developed a system 
of basic forms that could be used to produce 
structures that combine maximum strength with 
minimal materials. The most famous of these 
structures is the geodesic dome, an unsupport¬ 


ed framework of tensed triangular forms with a 
remarkable property: the larger the dome, the 
greater its total strength. Hence, there is no 
limit to the possible size of a geodesic dome. 
Fuller suggested that whole cities could be cov¬ 
ered with domes to allow complete control of 
their climates. 

While no domes large enough to cover cities 
have been constructed yet, the myriad ideas of 
Buckminster Fuller, who died in 1983, continue 
to exert influence in diverse fields from map¬ 
making to environ mental science. 
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16.5 


Mass Points 


Objective 

Ajfter studying this section, you will be able to 
■ Use the concept of mass points to solve problems 


■ Part One: Introduction 

Some people claim that the theory of mass points was developed by 
students in New York as a way of simp I i fying the solutions of many 
mathematics problems. The theory is based on what might be called 
the balance principle [or the fulcrum principle or the teeter-totter 
principle). 

d, d ; 

* -7^-- - 1 

W i w 2 

In the diagram of a lever above, iv t and iv 2 are weights, and dj 
and d, are their respective distances from the fulcrum. For the lever 
to be in balance, the product w 1 d 1 must be equal to the product 
Wjd 2 , Mass-point theory is simply an application of this physical 
principle to geometric problems. Consider, for example, a segment 
divided in the ratio 2:3, 

A 2x B C 

We can assign "weights" of 3 and 2 to points A and C respectively to 
"balance” the segment (3 * 2x = 2 * 3x), We can then assign a weight 
of 5—the sum of the weights of the endpoints—to point B, the 
"fulcrum." The completed mass-point diagram of the segment will 
look like this: 

A zx B _ 3*_C 

3 5 2 

As the sample problems and the problem set in this section illus¬ 
trate, the mass-point procedure can he used to solve a variety of 
problems in two or more dimensions. If you wish to investigate the 
topic of mass points further, you can consult the following two 
sources: 

Hausncr, Melvin, "The Center of Mass and Affine Geometry," 
American Mathematical Monthly, VoL 69 (1962), pp, 724-737. 
Sitomer, H a ray, and Steven R. Conrad, "Mass Points," Eureka, 
Vol. 2, No, 4 (April 1976), pp. 55-62. 
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Solution 


We use the mass-point procedure, 
assigning a weight of 3 to point B 
and a weight of 2 to C, as in the 
diagram at the right. To find the 
weight at A, which we will symbol¬ 
ize w Al we use the formula w 1 d 1 = 
w z d z > 

2[5y) = w A (3y} 

10 

^ = 7 

The weight at E, w E> is thus 2 + y, 
or Turning our attention to BE, 
we find that since w B = 3 and 
= 15 

iV E 3 » 

16 

BF = T = 16 
FE 3 9 


A 




Problem 2 Show that in a tetrahedron, the line 
segments joining the vertices to the 
centroids of the opposite faces are 
concurrent and divide each other in 
tiie ratio 3:1. 


Solution We will assume that mass points can be applied to solid figures in 

the same way that they can be applied to plane figures. In this case, 
we assume that a tetrahedron has a unique ''center of gravity” and 
that if we assign equal weights to the vertices, that point's weight 
will be the sum of the vertices' weights. If we assign a weight of 1 to 
each vertex, the centroid of each face will represent the mass-point 
sum of that face's vertices, so it will have a weight of 3. The sum of 
the weights at the four vertAes of the tetrahedron will therefore lie 
on each of the segments connecting the vertices to the centroids of 
the opposite faces. Thus, these segments are concurrent at the sum¬ 
mation point, and since the weights at each segment's endpoints are 
1 and 3, the summation point divides each in the ratio 3:1, 


P 
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Problem 3 


A 


Solution 


In the Jig ure shown, ^ = | and 

CD _2 p; i CC 

DE “ 5 ' Fmd GF' 


We assign a weight of 4 to A and 
a weight of 3 to C so that w a [AB] = 
iv c (BC). as shown in the diagram 
at the right. We now find the weight 
at E. 


m y) = w E {5y) 

6 

- 5 

Thus, w F = 4 + | # or y. Since 
w c = 3 and w F = y h 
m 

CG _ _ 26 

GF “ 3 " 15 




Part Three: Problem Set 

1 Given: AE is a median of A ABC, 
AD: DC = 3:7 
Find: BF:FD 


A 



In the figure shown, = § and ^ 
Find jjjj and 


F 



3 In a triangle ABC, BD is a median, F is a point on AB, and HP 
intersects BD at E, If BE = 4(ED) and BF = 20, what is AP? 

* In a triangle ABC , Z.A = 45°, AC = 60°, and altitude BH inter¬ 
sects median AM at point P, If AP - 4, what is AM? 

5 Given: Trapezoid ABCD (AD [| BC), 

AD = |(BCJ, pg = | 

Find :§ 
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16,6 


Inradius and 

ClRCUMRADIUS FORMULAS 


Objective 

After studying this section, you will be able to 
■ Use formulas to calculate the radii of a triangle's inscribed circle 
and a triangle's circumscribed circle 


Part One: Introduction 

In Section 16.2, we presented a formula that can be used to find the 
diameter of a triangle’s circumdrcle when one angle and the mea¬ 
sure of the side opposite that angle's vertex are known, in this 
section, you will work with two other useful formulas—one for 
determining the radius of a triangle’s inscribed circle (the triangle’s 
inmdru?) and the other for determining the radius of a triangle’s 
circumscribed circle (the triangle’s circumnidius). 

Theorem 141 The inradius r of a triangle can be found with the 
formula & 

r = 7 

where A is the triangle’s area and $ is the triangle's 
semiperi/neter, 


Given: A ABC, with inscribed circle O and 
an inradius (r) drawn to each side 
Prove: i 1 = j 

Proof: We draw I A, IC,and TB. The area of 
AAIC is |r(AC), the area of AAIB is |r(AB), 
and the area of ABIC is |r(BC), Thus, in AABC, 

A - |r(AC) + ^r(AB) + ^r(BC) 
= ^r[AC + AB + BC) 

.A 

= r|j(AC 4 - AB + BC)j 
= rs 

Therefore, r = j. 


C 
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Theorem 142 The circum radius R of a triangle can be found with 
the formula 

n _ ate 

R 4A 

where a, b, and c are the lengths of the sides of the 
triangle and A is the triangle's area. 




Since A A and Z1D are inscribed tingles intercepting the same arc, 
they are congruent, so sin A A = We now draw altitude BE, with 
a length that we shall refer to as hj,, Therefore, 


sin ZA 

ii 

a 

_*b 

2 H 

~ C 

n 

ac 

■H. 

“ 2h b 


a be 


2 h b h 
a be 
2 (2 A) 


obc 

4A 


(Multiplying by j;) 
(Since A = 


732 


Chapter 16 Enrichment Topics 










Part Two: Sample Problems 

Problem 1 Find the inradius and the circumradius of a {7, 8 , 11) friangie. 

Solution First, we use Hero's formula (see Section 11 . 8 ) to find the triangle's 

area. 

A = Vl3 (6) (5] (2) = zVl95 

By the inradius formula, 

_ A 2V1Q5 
f _ s ” 13 

By the circumradius formula, 
r; _ a be _ 7 [ 8 ] [ 11 ) = 77Vl95 

4A 4(zV / 195) 195 


Problem 2 
Solution 


Find the inradius and the circumradius of a ( 12 , 35, 37) triangle.. 

Be alert! By using the converse of the Pythagorean Theorem, we can 
establish that this is a right triangle. Therefore, A = |( 12 ) (35] — 210 , 
By the inradius formula, 

_ A _ 210 _ _ 
r b 42 5 

By the circumradius formula, 
abc = 12 (35) (37 ) = 37 
H " 4A “ 4 (210) " ” 2 

In this problem, is it a coincidence that the circumradius is half tire 
hypotenuse? Is it a coincidence that the inradius of this right triangle 


Part Three ; Problem Set 

1 Find the inradius and the circumradius of a (3* 6 J triangle. 

2 Find the inradius and the circumradius of a (9, 40, 41] triangle. 

3 Find the inradius and the circumradius of a ( 6 , 8 h 12 ) triangle. 

4 Two of the sides of a triangle have measures of 10 and 12. If the 

triangle is inscribed in a circle with a diameter of 15* what is the 
altitude to the third side? (Hint: Substitute values in the 
circumradius formula,] 

5 a Find the length of the third side of the 

triangle shown, 

b Find the circumradius of the triangle 
to four significant digits. 
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16.7 


Formulas for You 
to Develop 


Objective 

After studying this section, you will be able to 
■ Find or prove Five additional formulas 

In this section, you are asked to establish the validity of five formu¬ 
las. In each case, there is a problem or two for you to solve by 
applying the formula. 


Three Triangle Formulas 

L Consider a right triangle with legs a and b and hypotenuse c. 

Find a formula for the perimeter P of the triangle in terms of its 
hypotenuse and its area A. 

Now use your formula to find the perimeter of a right trian¬ 
gle if the triangle's area is 40 and the altitude to its hypotenuse is 5. 
II. Find a formula relating a triangle's inradius, r, to its three alti¬ 
tudes, h 0 , h^ and h c . 

Now use your formula to find the in radius of a triangle 
whose three altitudes are 4, 5, and 6- 
III, Prove that the area A of any triangle ABC. with side lengths a. b, 
and c, can be found with the formula 

A = ^nb(sin AC] 


Now use this formula to solve the following problems: 

a Find the area of a regular dodecagon inscribed in a circle 
with a diameter of 20- 
b Given: Diagram as marked 
Find: The area of AADE 


A 



Ceva's Theorem 

The following theorem is known as Ceve's Theorem, after the Italian 
mathematician Giovanni Ceva (c. 1547-1734), 


Theorem 143 


// ABC is a triangle with U on Wu E on AC, tmd F 
on AB, then the three segments AD, BE, and CF are 
concurrent if, and only if 



A 
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Copy the following proof of Ceva’s Theorem and see if you can 
fill in the missing reasons. 

Proof: 


Port One f‘Only if” part) 


1 AD, BE, and CF are concurrent 
at H. 

2 Draw through A a line parallel 

to BC, and extend CH and BH to 
meet the line at J and K 
respectively, 

3 AlAH - ACDH; ABDH - AKAH 

, BD _ DC riT BD _ AK 
* AK ” AJ ’ 01 DC ” A] 

5 AKAE - ABCE, so g = |g. 

6 AfAF - ACFB, so - |£. 

Port Ttvo ("I/” pari] 


'(ffiKSHMH 

2 Let BE and FC intersect at P. 

3 Draw AP and extend it to intersect 
EC at D', 

«W)<W(K)-» 

g BD = BIT 

& DC D i C 

6 Point D is the same as point D‘\ 

7 AD, BE, and CF are concurrent. 


i A K 



4 

5 

6 
7 


1 

2 

3 

4 

5 

6 

7 


Now use Ceva's Theorem to prove the medians of a triangle concurrent. 

Theorem of Menelaus 

The following theorem is known as the Theorem of Menetous* (Men- 
elans was an Alexandrian mathematician of the first century a.d.) Tt 
is important to note that this theorem involves the concept of sensed 
magnitudes —t hat is, the measure of a segment in one direction is 
considered to be the opposite of its measure in the other direction. 

[For example, AB - -BA.) 
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Theorem 144 If ABC is a triangle and F is on AM, E is on AC, 
and D is on an extension of BC, then the three 
points D t E, and F are collinear if, and only if. 


(i)(S)(?f)= 

f \ X Sf J 


Once again, copy the proof and see if you can 
supply the reasons for the major steps. 

Proof: 


Part One (“Only if 3 part] 


D< E, and Fare collinear. 

Draw BH, AJ, and CK, each 
< —* 

perpendicular to FD. 

CK | 5 II BH 

ACKE - AAJE; ABHF - AAJ'F; 
ADKC ~ ADHB 

BD_BH.GE_CK b AF_A[ 

DC " KC> EA “ AJ > FB " BH 

Part Ttvo [“If” part ) 


-1 


(fHi) («o - i 

Let FE intersect BC at D'. 

ED 1 _ BD 
D'C ” DC 

Point D is the same as point D'. 
D p E, and F are collmear. 


1 Given 

2 _ 


3 

4 

5 

6 


2 

3 

4 

5 

6 





In the diagram at the right, R is the 
midpoint of AC, and BC is extended to point 
Q $o that BC: CQ = 5:2, Use the Theorem of 
Menelaus to find AP:PB. 


C D D 1 
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16 


Chapter Summary 


Concepts and Procedures 

After studying this chapter, you should be able to 

• Use a formula to determine the distance from a point to a line in 
the coordinate plane (16.1) 

■ Use a formula to find the area of a triangle when only the coordi¬ 
nates of its vertices are known (16.2) 

■ Use a formula to find the diameter of a triangle's circumscribed 
circle (16,2) 

■ Recognize a relationship among the parts of a triangle with a 
segment drawn from a vertex to the opposite side (16,3) 

■ Recognize a relationship involving the sides and the diagonals of a 
cyclic quadrilateral (16,4) 

■Use the concept of mass points to solve problems (16,5) 

■ Use formulas to calculate the radii of a triangle's inscribed circle 
and a triangle’s circumscribed circle (16.6) 

■ Find or prove five additional formulas (16,7) 


Vocabulary 

dreumdrde (16,2) 
dreumradius (16.6) 
inradius (16.6) 


mass point (16-5) 

point-line distance formula (16,1) 

sensed magnitude (16-7) 
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Review Problems 


1 Use the figures below to solve for x 
and y. 


A D 



3 in the figure shown, AF = 12, AD:DC = 
8:7, and OF intersects BD at G so that 
BC = 5(GD), Find BF, 


B 



4 Given: ZD AC = 90°, 

DE = EF = FC, 

AE = 7, AF = 8 

Find: DF, to four significant digits 



5 The ratio of a triangle's inradius to its circum radius is 4:6N/2, if 
the triangle's area is 8 and the product of the measures of its 
sides is 64V2, what is its semiperimeter? 
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6 A quadrilateral RHOA, is inscribed in a circle, D. If RO = 12 h 
AR = 5 n RH — 2, and the radius of 0D is 6, what is AH7 

7 In the diagram at the right, the measures 
of two sides and an angle bisector of a 
triangle are shown. Find the measure of 
the third side of the triangle. 


8 Find, to four significant digits, the distance from the point 
(-2, 5) to the graph of x — 3y = 7, 

9 Find the distance in space from the point (3, 4, 2) to the plane 
represented by 3x — 4y + 12z = 20- 

ID Find the distance between the graphs of 3x — 4y 4- 10 = 0 and 
Ox - 8y + 15 = 0, 

11 Write equations of the two lines that are parallel to the graph of 
x - 4y = 7 and three units from the point (5, 1). 


12 Find the area of a triangle with vertices at (5. l) T (16 h —4), and 
(3, 12), 

13 What is the area of the circle in the 
diagram at the right? 
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List of Postulates and Theorems 


Postulates 

Any segment or angle is congruent lo itself, (Reflexive Property) ?12 

Jf there exists a correspondence between the vertices of two triangles such that 116 

three sides of one triangle are congruent to the corresponding sides of the other 
triangle, the two triangles are congruent (SSS) 

If there exists a correspondence between the vertices of two triangles such that two 117 

sides and the included angle of one triangle are congruent to the corresponding 
parts of the other triangle, the two triangles are congruent. (5AS) 

If there exists a correspondence between the vertices of two triangles such that two 117 

angles and the included side of one triangle are congruent to (he corresponding 
parts of the other triangle, the two triangles are congruent. (ASA] 

Two points determine a line (or ray or segment]. 132 

If there exists a correspondence between the vertices of two right triangles such 156 

that the hypotenuse and a leg of one triangle are congruent to the oornesrponding 
parts of the other triangle, the two right triangles are congruent (HL) 

A line segment is the shortest path between two points, 1B4 

Through a point not on a line there is exactly one parallel to the given line. 224 

(Parallel Postulate) 

Three noncullinear points determine a plane. 270 

If a line intersects a plane not conlaining it, then the intersection is exactly one 271 

point. 

If two planes intersect^ their intersection is exactly one line. 271 

If there exists a correspondence between the vertices of two triangles such that the 339 

three angles of one triangle are congruent to the corresponding angles of the other 
triangle, then the triangles are similar. (AAA) 

A tangent line is perpendicular to the radius drawn La the point of coni act. 459 

If a line is perpendicular to a radius at its outer endpoint, then it is tangent to the 459 

circle. 

Circumference of a circle = -rt t diameter, 4S9 

The area of a rectangle is equal lu the product of the base and the height for that 512 

base. 

Every closed region has au area. 512 

If two closed figures are congruent, then their areas are equal. 512 
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If two closed regions intersect only a Jong a common boundary, then the area of 512 

their union is equal to the sum of their individual areas. 

The area of a circle is equal to the product of ir and the square of the radius. 537 

Total area of a sphere = 4-zrr^ where r is the sphere’s radius. 571 

The volume of a right rectangular prism is equal to the product of its length, its 576 

widths and its height. 

Fbr any two real numbers x and y, exactly one of the following statements is true: 637 

x < y, x - y, or x > y. (Law of Trichotomy) 

If □ > b and b > c, then a > c. Similarly h if x < y and y < z, then x < z. (Transitive 687 

Property of Inequality) 

If a > b, then a + x > b + x. (Addition Property of Inequality) 687 

If x < y and a > 0, then o - x < a * y. (Positive Multiplication Property of .583 

Inequality) 

If x < y and o < 0 K then a ■ x > a - y. (Negative Multiplication Property of 686 

Inequality) 

The sum of the measures of any two sides of a triangle is always greater than the 691 

measure of the third side. 

Theorems 

f If two angles are right angles, then they are congruent. 24 

2 If two angles are straight angles* then they are congruent. 24 

3 If a conditional statement is true, then the contrapositive of the statement is also 46 

true, (If p r then q O If -q, then -pd 

4 If angles are supplementary to the same angle, then they are congruent. 76 

5 If angles are supplementary to congruent angles, then they are congruent. 77 

6 If angles are complementary to the same angle, then they are congruent, 77 

7 If angles are complementary to congruent angles, then they are congruent 77 

8 If a segment is added to two congruent segments, the sums are congruent. (Addition 82 

Property) 

9 If an angle is added to two congruent angles, the sums are congruent. (Addition 83 

Property) 

10 [f congruent segments are added to congruent segments, the sums are congruent. 83 

[Addition Property) 
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List of Theorems, continued 


11 

If congruent angles are added to congruent angles, the sums are congruent, (Addi¬ 
tion Property] 

83 

n 

If a segment (or angle] is subtracted from congruent segments (or angles]* the 
differences are congruent, [Subtraction Property) 

84 

13 

If congruent segments for angles) are subtracted from congruent segments {or an¬ 
gles), the differences are congruent, (Subtraction Property) 

84 

14 

If segments (or angles] are congruent, their like multiples are congruent. (Multipli¬ 
cation Property) 

83 

15 

Tf segments (or angles) are congruent, their like divisions arc congruent. (Drvision 
Property] 

90 

16 

If angles (or segments) are congruent to the same angle (or segment], they are 
congruent to each other. (Transitive Property) 

95 

17 

If angles (or segments) arc congruent to congruent angles (or segments), they are 
congruent to each other. (Transitive Property) 

95 

18 

Vertical angles are congruent. 

10! 

19 

All radii of a circle are congruent. 

126 

20 

if two sides of a triangle are congruent, the angles opposite the sides are congruent. 

(If A, then A,) 

14B 

21 

If two angles of a triangle are congruent, the sides opposite the angles are congru¬ 
ent. (If A, then A.) 

143 

22 

If A = (x u yj and B = [x 2l yj, then the midpoint M = [x m , y m } of AB can be found 
by using the midpoint formula: 

171 

23 

if two angles are both supplementary and congruent, then they are right angles. 

180 

24 

If two points arc each equidistant from the endpoints of a segment, then the two 
points determine the perpendicutar bisector of that segment- 

185 

25 

If a point is on the perpendicular bisector of a segment, than it is equidistant from 
the endpoinis of that segment 

185 

26 

If two non vertical lines are parallel, than Iheir slopes are equal - 

200 

27 

tf the slopes of two nonvertical lines are equal, then the lines are parallel 

200 

28 

If two lines are perpendicular and neither is Vertical, each line's slope is the 
opposite reciprocal of the other's. 

200 

23 

If a line's slope is the opposite reciprocal of another line's slope, the tw r o lines are 
perpendicular. 

200 

30 

The measure of an exterior angle of a triangle is greater than the measure of cither 
remote interior angle. 

215 
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31 If two lines are cut by a transversal such that two alternate interior angles are 217 

congruent, the lines are parallel. (Alt. int. Zs = f| lines} 

32 If two lines are cut by a transversal such that two alternate exterior angles are 217 

congruent, the lines are parallel. (Alt. ext. Zs = [J lines) 

33 If two lines are cut by a transversal such that two corresponding angles are 217 

congruent, the lines are parallel. (Gojt. Zs = => |f lines) 

34 If two lines are cut by a transversal such that two interior angles on the same side 213 
of the transversal are supplementary, the lines are parallel. 

35 If two lines are cut by a transversal such that two exterior angles on the same side 21 & 
of the transversal are supplementary, the lines are parallel. 

36 If two coplanar lines are perpendicular to a third line, they are parallel, 218 

37 If two parallel lines are cut by a transversal, each pair of alternate interior angles 225 

are congruent. [[| lines ^ alt. int, Zs =] 

33 If two parallel lines are cut by a transversal, then any pair of the angles formed are 225 
either congruent or supplementary. 

39 If two parallel lines are cut by a transversal, each pair of alternate exterior angles 226 

are congruent, (|| lines dp alt ext. Zs =j 

40 If two parallel lines are cut by a transversal, each pair of corresponding angles are 226 
congruent, f|j lines ^ corr. Zs =} 

41 If two parallel lines are cut by a transversal, each pair of interior angles on the 226 

same side of the transversal are supplementary. 

42 If two parallel lines are cut by a transversal, each pair of exterior angles on the 226 

same side of the trangversal are supplementary. 

43 In a plane, if a line is perpendicular to one of two parallel lines! it is perpendicular 227 
to the other. 




44 If two lines are parallel to a third line, they are parallel to each other, ffransitive 227 

Property of Parallel Lines) 

45 A line and a point not on the line determine a plane. 271 

46 Two intersecting lines determine a plane, 271 

47 TWo parallel lines determine a plane, 271 

48 If a line is perpendicular to two distinct lines that lie in a plane and that pass 277 

through its foot then it is perpendicular to the plane. 

49 If a plane intersects two parallel planes, the lines of intersection are parallel. 283 

50 The sum of the measures of the three angles of a triangle is ISO. 255 

51 The measure of an exterior angle of a triangle is equal to the sum of the measures 296 

of the remote interior angles. 
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52 A segment joining the midpoints of two sides of a triangle is parallel to the third 236 

side, and its length is one-half the length of the third side. (Midline Theorem] 

53 If two angles of one triangle are congruent to two angles of a second triangle, then 302 
the third angles are congruent. (No-Choice Theorem) 

54 If there exists a correspondence between the vertices of two triangles such that two 302 
angles and a nuiiincluded side of one are congruent to the corresponding parts of 

the other, then the triangles are congruent. (AAS) 

56 The sum Sj of the measures of the angles of a polygon with n sides is given by the 308 
formula S s = (n — 2)180, 

56 If one exterior angle is taken at each vertex, the sum S* of the measures of the 308 

exterior angles of a polygon is given by the formula S c = 360- 

57 The number d of diagonals that can be drawn in a polygon of n sides is given by 308 

the formula d = 

58 The measure E of each exterior angle of an equiangular polygon of n sides is given 315 
by the formula E = ^jr- 

58 In a proportion, the product of the means is equal to the product of She extremes. 327 
(Means-Extremes Products Theorem] 

60 If the product of a pair of nonzero numbers is equal to the product of another pair 327 
of nonzero numbers, then either pair of numbers may be made the extremes, and 

the other pair the means, of a proportion. (Means-Extremes Ratio Theorem) 

61 The ratio of the perimeters of two similar polygons equals the ratio of any pair of 334 
corresponding sides. 

62 If there exists a correspondence between the vertices of two triangles such that two 330 
angles of one triangle are congruent to the corresponding angles of the other, then 

the triangles are similar. (AA] 

63 If there exists a correspondence between the vertices of two triangles such that the 340 
ratios of the measures of corresponding sides arc equal, then the triangles ere 

similar. (SSS~)l 

64 If there exists a correspondence between the vertices of two triangles such that the 340 
ratios of the measures of two pairs of corresponding sides are equal and the 

included angles are congruent, then the triangles are similar. (SAS—) 

85 If a line is parallel to one side of a triangle and intersects the other two sides, it 35! 

divides those two sides proportionally. (Side-Splitter Theorem) 

66 If three or more parallel lines are intersected by two transversals, the parallel lines 351 
divide the transversals proportionally. 

67 If a ray bisects an angle of a triangle, it divides the opposite side into segments that 352 
are proportional to the adjacent sides. (Angle Bisector Theorem] 
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68 If an altitude is drawn to the hypotenuse of a right triangle, then 378 

a. The two triangles formed are similar to the given right triangle and to each other 

b. The altitude to the hypotenuse is the mean proportional between the segments 


of the hypotenuse 

a Either leg of the given right triangle is the mean proportional between the 
hypotenuse of the given right triangle and the segment of the hypotenuse adja¬ 
cent to that leg (Le., t he projection of that leg on the hypotenuse] 

69 The square of the measure of the hypotenuse of a right triangle is equal to the sum 384 
of the squares of the measures of the legs. (Pythagorean Theorem) 

10 If the square of the measure of one side of a triangle equals the sum of the squares 385 
of the measures of the other two sides, then the angle opposite the longest side is a 

right angle. 

11 If P = (x in y t ) and Q = (x 2 , y 2 ) are any two points, then the distance between them 393 
can be found with the formula 

PQ = V[Xi - .x,f + fy-j - y,) a or PQ = V(Axj J + (Ay}* 

72 Ill a triangle whose angles have the measures 30, 60, and 90, the lengths of the sides 405 
opposite these angles can bn represented by x, xVi, and 2x respectively, (30°-60 4 - 

9tf-Triangle Theorem] 

73 In a triangle whose angles have the measures 45, 45, and 90, the lengths of the sides 406 
opposite these angles can he represented by x* x> and xV2 respectively, [45°-45*- 

90*-Triangle Theorem) 

74 If a radius is perpendicular to a chord, then it bisects the chord, 441 

76 If a radius of a circle bisects a chord that is not a diameter,, then it is perpendicular 441 

to that chord, 

76 The perpendicular bisector of a chord passes through the center of the circle. 441 

77 If two chords of a circle are equidistant from the center, then they are congruent, 446 

78 If two chords of a circle are congruent, then they are equidistant from the center of 446 

the circle. 

79 If two central angles of a circle (or of congruent circles) are congruent, then their 453 

Intercepted arcs are congruent. 

60 If two arcs of a circle (or of congruent circles) are congruent, then the correspond- 453 
ing central angles ere congruent. 

61 tf two central angles of a circle for of congruent circles) are congruent, then the 453 

corresponding chords are congruent. 

82 If two chords of a circle (or of congruent circles) are congruent, then the corre- 453 

spending central angles are congruent. 

83 If two arcs of a circle [or of congruent circles] are congruent, then the correspond- 453 
ing chords are congruent. 
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u 

If two chords of a circle (or of congruent circles) are congruent, then the corre¬ 
sponding arcs are congruent. 

Am 

85 

If two tangent segments are drawn to a circle from an external point, then those 
segments are congruent- (TWi>Tangent Theorem) 

460 

86 

The measure of an inscribed angle or a tangent-chord angle (vertex on a circle) is 
one-ha If the measure of its intercepted arc. 

m 

87 

The measure of a chord-chord angle is one-half the sum of the measures of the arcs 
intercepted by the chord-chord angle and Its vertical angle. 

470 

m 

The measure of a secant-secant angle, a secant-tangent angle, or a tangent-tangent 
angje (vertex outside a circle) is one-half the difference of the measures of the 
intercepted arcs. 

471 

m 

If two inscribed or tangent-chord angles intercept the same arc, then they are 
congruent. 

479 

98 

If two inscribed or tangent chord angles intercept congruent arcs, then they are 
congruent. 

479 

91 

An angle inscribed in a semicircle is a right angle. 

480 

92 

The sum of the measures of a tangent-tangent angle and its minor arc is 130. 

480 

93 

If a quadrilateral is inscribed in a circle, its opposite angles are supplementary. 

487 

94 

If a parallelogram is inscribed in a circle, it must be a rectangle. 

438 

95 

If two chords of a circle intersect inside the circle, then the product ol the 
measures of the segments of one chord is equal to the product of the measures of 
the segments of the other chord, (Chord-Chord Power Theorem) 

493 

96 

If a tangent segment and a secant segment are drawn from an external point to a 
circle, I hen the square of the measure of the tangent segment is equal to the 
product of the measures of the entire secant segment and its external part- 
(Tangent-Secant Power Theorem] 

493 

97 

If two secant segments are drawn from an external point to a circle, then the 
product of the measures of one secant segment and its external part is equal to the 
product of the measures of the other secant segment and its external part, (Secant - 
Secant Power Theorem) 

494 

98 

The length of an arc is equal to the circumference of its circle times the fractional 
part of the circle determined by the arc. 

500 

99 

The area of a square is equa] to the square of a side. 

512 

180 

The area of a parallelogram is equal to the product of the base and the height- 

513 

101 

The area of a triangle is equal to one-half the product of a base and the height (or 
altitude] for that base. 

517 
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102 The area of a trapezoid equals one-half the product of the height and the sum of 523 

the bases, 

103 The measure of the median of a trapezoid equals the average of the measures of the 524 
bases. 

104 The area of a trapezoid is the product of the median and the height. 524 

105 The area of a kite equals half the product of its diagonals. 523 

106 The area of an equilateral triangle equals the product of one-fourth the square of a 531 

side and the square root ol 3. 

107 The area of a regular polygon equals one-ha If the product of the apothem and the 532 

perimeter, 

103 The area of a sector of a circle is equal to the area of the circle times the fractional 537 
part of the circle determined by the sector's arc. 

103 If two figures are similar, then the ratio of their areas equals the square of the ratio 544 
of corresponding segments. (Similar-Figures Theorem) 

110 A median of a triangle divides the triangle into two triangles with equal areas. 546 

111 Area of a triangle = Vsfs^^Ks^liOfs^-d), where q, b, and c are the lengths of 550 

the sides of the triangle and s = semiperimeter = u + ^ + c ~ . (Hero's formula) 

112 Area qf a cyclic quadrilateral = V[s - u}[s - b)(s - c](s - d), where o h b> c h and d 550 
are the sides of the quadrilateral and s = semiperimeter = *Juhi_L±i! 

(Brahmagupta's formula) 

113 The lateral area of a cylinder is equal to the product of the height and the §71 

circumference of the base, 

114 The lateral area of a cone is equal to one-half the product of the slant height and 571 

the circumference of the base. 

115 The volume of a right rectanguiar prism is equal to the product of the height and 576 
the area of the base. 

116 The volume of any prism is equal to the product of the height and the area of the 576 
base. 

117 The volume of a cylinder is equal to the product of the height and the area of the 577 
base. 

118 The volume of a prism or a cylinder Is equal to the product of the figure's 577 

cross-sectional area and its height. 

113 The volume of a pyramid is equal to one third of the product of the height and the 583 
area of the base, 

120 The volume of a cone is equaE to one third of the product of the height and the 584 

area of the base. 
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121 In a pyramid or a cone, the ratio of the area of a cross section to the area of the 584 

base equals the square of the ratio of the figures' respective distances from the 

vertex. 

122 The volume of a sphere is equal to four thirds of the product of tt and the cube of 569 
the radius. 

123 The y-form, or slope-intercept form, of the equation of a non vertical line is 610 

y = nix + 5, where b is the y-intercept of the line and m is the slope of the line. 

124 The formula for an equation of a horizontal line is y = b. where b is the 611 

y-coordinate of every point on the line, 

125 The formula for the equation of a vertical line is x = o, where a is the x-coordinate 612 
of every point on the line. 

126 If P = (x 1? y ]7 zj and Q = (x*. y* P are any two points, then the distance between 626 
them can be found with the formula 

PQ = V(x s - xj 1 + [y a - yj 2 + fe - z ,) 2 

127 The equation of a circle whose center is (h, k) and whose radius is r is 633 

[x - hf + (y - kf = r 2 , 

128 The perpendicular bisectors of the sides of a triangle are concurrent at a point that 660 
is equidistant from the vertices of the triangle. (The point of concurrency of the 
perpendicular bisectors is called the circumcenter of the triangle.) 

129 The bisectors of the angles of a triangle are concurrent at a point that is equidistant 661 
from the sides of the triangle. (The point of concurrency of the angle bisectors is 

called the incenter of the triangle.) 

130 The lines containing the altitudes of a triangle are concurrent. (The point of 661 

concurrency of the lines containing the altitudes is called the orthocenter of the 
triangle.) 

131 The medians of a triangle are concurrent at a point that is two thirds of the way 662 

from any vertex of the triangle to the midpoint of the opposite side. (The point of 
concurrency of the medians of a triangle is called the centroid of the triangle.) 

132 If two sides of a triangle are not congruent, then the angles opposite them are not 692 

congruent, and the larger angle is opposite the longer side. (If then A.) 

133 If two angles of a triangle are not congruent, then the sides opposite them are not 692 
congruent, and the longer side is opposite the larger angle. (If A, then A.) 

134 If two sides of one triangle are congruent to two sides of another triangle and the 697 

included angle in the first triangle is greater than the included angle in the second 
triangle, then the remaining side of the first triangle is greater than the remaining 

side of the second triangle. [5AS =£) 

135 If two sides of one triangle are congruent to two sides of another triangle and the 697 

third side of the first triangle is greater than the third side of the second triangle, 

then the angle opposite the third side in the first triangle is greater than the angle 
opposite the third side in the second triangle. (SSS #) 
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T36 The distance d from any point P = (x ls yj to a line whose equation is in the form 713 
cl x + by + c - 0 can be found with the formula 

d = l a *i + byi + c| 

Va 2 + b 2 


137 


138 


139 


140 

141 

142 

143 


144 



The area A of a triangle with vertices at [x u y t )> (x a , y a J, and [x Jr yj can he found 
with the formula 

A = - I X]V r 2 + x L y a + x* — — x 2 y-\ — x 3 y 2 1 


In any triangle ABC, with side lengths a, b„ and c, 

—3— = q - . ^_ = ft _ £ - ft 

sin A A sin AB sin ^1D 

where D is the diameter of the triangle's circumcirole- 


in any triangle ABC, with side lengths b r and c t 
o 2 n + b*m = cd 1 + cmn 

where d is the length of a segment from vertex C to the opposite side, dividing that 
side into segments with lengths m and n. (Stewart's Theorem) 

If a quadrilateral is Inscrihable in a circle, the product of the measures of its 
diagonals is equal to the sum of the products of I he measures of the pairs of 
opposite sides. (Ptolemy's Theorem) 

The inradius r of a triangle can be found with the formula r = y„ where A is the 
triangle's area and s is the triangle's semiperimeter. 

The clrcumradius R of a triangle can he found with the formula fl = where a, 
b, and c are the lengths of the sides of the triangle and A is the triangle's area. 

IfAESC^is a triangle with D on BC, E on AC, and F on AB h then the three segments 
AD, BE, and CF are concurrent if, and only If, 



If ABC is a triangle and F is on AB< E is on AC P and D is on an extension of BC, 
then the three points D, E, and F are coll inear if, and only if. 


ttt-t 


(HXiXi) - - 
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Selected Answers 
to Odd-Numbered Problems 


1.1 Getting Started 

|T~AB. BA, line f 3 No 5 a B h AC or ZCKA c E 
d {} e EC f /.ABC g 1ABEC 9 J 11 a 3?j b 28 

1.2 Measurement el Segments and Angles 

I 1 a ei°« r b 7i°42' 3 Ll and /.2 5 a a7°icr 
® b e^a- 1 7 a ZS b Same sizs g Z4 9 a 90 b 45 

c too d 142* 11 51*53'5(r 13 22 15 y = X + 17 
17 4 (K miP <30 b 20 < x < 50 19 No 
21 -10; 40 23 72^° 

1.3 Collinearity, Betweenness, and Assumptions 

| I 134 3 d B end I) b No; yes c AB and SC tl Yes 

e Not necessarily f B g G h AF i EB, ED j E and 
B 5 7 7 a e.g,, 33" and 4(f b e-g-, 00° and 7DF c e.g., 
45* and 45 b 9 135 13 a 15 b 3 15 BO; 100; 50 
17 1:05:27 

1.4 Beginning Proofs 

| $ 110 D 13 b Yes c It is the midpl- of AA r . 

1.5 Division of Segments and Angles 

I 1 a W a UU b WX S Wv 3 a JG b OK 5 a 2^9 
1 b 14 7 43 0 Yes 19 16 21 a 2 b No 33 60 

1.6 Paragraph Proofs 

5 Cannot be proved 

1.7 Deduciivt Structure 


l Undefined terms; assumptions (postulates): 
definitions- theorems and other conclusions 3 a Yes 
b No 

5 a i if B n then A- 

ii Iflfet ran 

iii If an angle is acute, then it is e 45 n angle. 

iv If a point divide* a segment into two congruent 
segmenls, it is the midpoint of the segment. 

b i end ii are not necessarily true 1 , iiii is not lrue; iv, a 
definition, is true. 7 Not true if it is a "fair” coin. 
Probabilities don't "grow/* 9 Not correct, since we do 
not know about ZC- 11 Not correct, since we were 
reasoning from the reverse statement. 


1.8 Statement* of Logic 

I i If a person is 18 years old. then (s)he may vote in 
* federal elections, b If two angles are opposite angles 
of a parallelogram, then the two angles ere congruent. 

3 a 5 a h c If bobcats begin to 

browse, then horses head for home. 7 Original 
Statement: If a polygon is a square, then it is a 
quadrilateral with four congruent sides. 

Converse: If a quadrilateral has four congruent sides, 
then it is e square. 

Inverse: If b polygon is not a square, then it is not a 
quadrilateral with four congruent sides. 

Conirapostdve: If a quadrilateral does not have four 
congruent sides, then It is not a square. 9 P => ~g 

1.9 Probability 

I 1 | 3 ] 5 | 7 j 9 ^ 11 ^ 13 18 15 a i b | 

Review Problems 

I 1 a AR, AD, RA, RD, DA, DR b BA,BC c DF d CB 
u 60"; 52"; 123* f No g No angle can be called Z.B, 

since 3 angles; have B as a vertex, h AC 1 RF ( /.l 
k A l FE 3 a 69*4'35" b 50*59 r 4;T 5 a BC a RT 

b IA - /.S 7 20 9 No 17 a -3 b -13 19 & \ 

b 21 a 3fl° b 140° C 127** 23 14 23 15 

29 48*50 44" 31 a =44,5* b =44°33' 

33 7 < PR < 31 35 a SO < m/.Q < ISO 
b 59 < x < 134 37 a 6 < w < 10 41 *■ 3:32:44 
43 ”2:38:11 

2.1 Perpendicularity 

| 1 a is A, B, C, D b Ls EHF, GHF, EFG 
3 a 21*42'26" b 45 5 (4, 0) 11 IS; 30; 45 15 a jg 
h JL c i 

2.2 Complementary amt Supplementary Angles 

1 /lA and JLC 3 (90 - y)* 5 30 and 60 11 125 
13 a Each angle is a right angle. (If 2x = 180. then 
jt = au.J b Each angle is a 45* angle. [If 2x = 90. then 
x = 40.) 15 *=94,84 19 27 21 30 23 12 25 70 


Selected Answers 



















2.4 Congruent Supplements and Complements 


I I a 49 b 131 c 49 d 41 p 139 f 41 g 139 
S 35 and 55 15 37 or 51 17 165° IB 93 21 3:2 

2.5 Addition and Subtraction Properties 

I 1 a AD S AC h ZJFG ss 21JHG 0 12; 21 15 Bisector 
1 of ZABC 17 a Yes b ZABC = 13Cf; BF X AC 

19 152* 

2.6 Multiplication and Division Properties 

I 7 a X = 6 b y = a 0 (7, 2) 15 X = - 5; 4 < y < 6 Or 
' -4 < y < -2, 

2,7 Transitive and Substitution Properties 

] 9 70 13 a 150 — x — y b ISO - y c 130 - x 

17 Can be proved false 19 ^ 

2,8 Vertical Angles 

I 1 m FE, FC: FD, FA‘ BA, BC b ZEFA and ZCFD; 

1 ZEFD and ZCFA 3 43 7 No 13 They are right Zs, 

15 122|orl40 

Review Problems 

I 7 5 cm 13 22* 15 4 17 {2, -5), (6, -11) 19 a 1 

b ^ 21 43 q 43' 29 50 31 110 33 a x - 2 y = y or 

i = 3y b y = 124 - x C 31 35 a 23 b Same 
37 $14 

3.1 Wlrat Are Congruent Figures? 

| 1 ATCR; Reflexive Property 3 AYTW: Verl. Zs are = 

3,2 Three Ways to Prove Triangles Congruent 

I I a CH a Kg Z| a ZM h PS a TR, ZPVS a ZTVR 
cBZs AX, ZBWZ ^ ZAYX 21 Z1 s X2 

3.3 CPCTC and Circles 

I 7 A ■=- 490.0 sq cm; C °* 78.5 cm 19 a [13, 0) b IQOtt, 
* or =*314 

3,4 Beyond CPCTC 

I 1 a Median b Altitude c Altitude <1 Both 13 At 

* any point (x, y] where y = 11 Or y — 1 

3.6 Types ef Triangles 

1 Scalene 3 a Right b Obtuse c Righl d Acute 
e Right f Acute 11 W 13 4 

3 J Anglo-Side Theorems 

I”" ZB, ZA, ZC 11 Mo 25 22 ; 3; 60* 


3.8 The HL Pustulate 

| 15 a (4, 0) b CPCTC C (10, 0) d 54 

Review Problems 

I 1 a S b A c N d N a N 7 a 26: B0 b 114 9 8 

* 15 X = -5 or x = 11 17 60 

Cumulative Review Problems, Chapters 1-3 

laCbGjc ZFAB d D e ^ 3 46 b 42W 5 94 
15 72; 6Ch 45 17 -14; 28 19 35 m 

4.1 Detours and Midpoints 

[7^ 7 6 

4.3 A Right-Angle Theorem 

| 5 (-1, 8) 7 7 12.6 15 45°; 60" 

4.4 The Equidistance Theorems 

[74 9 (15.2) 19 a 8 units b fa, -2) 

4.5 Introduction to Parallel lines 

I a Z3 and Z7 ? Z4 find ZB h Z1 and Z5, Z2 and Z6 

* C Z1 and Z7, Z2 and Z4 ? 43 find Z5 n ZB and Z6 

d Z7 and ZB, Z3 Hud Z4 a Z1 and ZO, Z2 and Z& 

3 a (4- 6) b (9 t 10) c Parallel d Congruent 

e ZANM and ZACB 5 a '4 h c Parallel 

4.8 Slope 

|"T a|b|cjdf)flN{f slope f ^ 3-4 

5 a | b -4 c d ^ 9 a | b|c Colltnear 

II a ZBCD b ZC'EB 13 AC 15 (7,7) 

Review Problems 

| 9 a (9 P 4} h ^ C No; diffareul slopes d — 2 

e 7 units 19 mZQ = 90 

5.1 Indirect Proof 

[7 a (2u, 2b) li Yes 9 a Coro b Alt, iut- 

5.2 Proving That Lines Are Parallel 

1 1 a Corr. Zs *= =?> || lines b All, int. Zs - =£ | lines 
1 c Alt. ext Z«a=>| lines 3 [1, 5), (1, 7 ], (2, 6), (2, 8], 

(3, 7) r (2, gj, [4, fi), (4, 6) 5 BC | DE; corr. Zs - ^ 

[i lines 7 “0-4 9 BE | DF; alt- ext- Za *= || lines 

11 D < x < nn 15 No, because the slopes are not 
equal. 17 16 < X < 66 23 No, because if x = 25, 

then ZQED supji. ZROD anti PC | R£ r a contradiction 
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5,3 Congruent Angles Associated with Parallel 
Lines 

1 5 41 7 No 11 LZ a ^ 13 x = 19.72; 
mil = 42.2008 17 Yes; 60 23 All but [4, 11] 

5.4 Four-Sided Polygons 

I 1_&-d 3 f 7 a ST and RV b SV and ET c K5 and 

1 VT d iSRV and 4TVR e iRST Eind iVTS 
f iSTR a iVRT, 4TSV s iRVS 9 A polygon 
consists entirely cf segments. 11 a 360 b 540 19 112 

sq units 21 a 0 h 2 c 5 d 9 e n - 8 f n g A 

5,5 Properties of Quadrilaterals 

1 5 44 7 a; 5; 5 11 240 13 a m h p c q and r 79 28 

21 Kl = KE, IT — ET 23 a (19, 15) 

b Slope UM = -f; slops RO = f 25 1 27 ^22.7 
29 a a = iao - y + x h y - x < 90 


Review Problems 


laFHcFdFeFfFgfhTiFjF 
k F 5 Not necessarily 7 a No b No c Yes 9 b 

Cumulative Review Problems, Chapters 1-6 

I 1 a Rhombus b Parallelogram c Right triangle 
* d Square 3 131 11 a 140 b 5B 15 110 

7,1 Triangle Application Theorems 


1 1 70 3 40; 140 5 48; 60; 72 7 9 9 a A b A c N 
1 d A e N 11 40; 50 15 no 17 a 40 b Rhombus 

21 25§ 

7.2 Two Front-Oriented Triangle Theorems 

9 50 17 a Rectangle b Rectangle e Square 
d Rhombus e ParallelogrBin f Parallelogram 
S Rhombus 


5.5 Proving That a Quadrilateral 1$ a 
Parallelogram 

| 7 ft Yes li Tfesf c bl7 c 56 11 a S bS 

c A d A 17 145 21 a I b No- You will win || of 

the time and lose ^ of the time. 

5 J Proving That Figures Are Special 
Quadrilaterals 

1 Rectangle 3 21 5 a lfts ! - 4(jx li 22x - 10 
* C A = 125,-3; P-= B2.4 13 a Parallelogram 
b Trapezoid c Isosceles trapezoid d Rectangle 
e Rectangle f Rhombus g Kite h Quadrilateral 
17 a rhombus b kite c Square 19 A *= x 2 + 6x: 

F = 52 m 21 «29-01 23 -y; 4 25 1 29 a 324 - x 2 
b 0 < area < 144 

Review Problems 

|"l a Parallelogram b Kile C Trapezoid d Square 

e Square 3 0 < x < 25 7 a Yes b No c Yes 13 y 
17 «= 78,540 sq units 19 a S b A c S d S 25 70 

6.1 Relating lines to Planes 

1 1 No; no 3 No; yes 11 Yes; no 13 Not necessarily 
1 15 7; ABC. ABF, BCF, CUP. DAP, ACP, BDP 

6.2 Perpendicularity of a Line and a Plane 


6.3 Basic Facts Abort Parallel Planes 

laF b T c F d T e T 5 - 2; right; the slopes 

are opposite reciprocals, so EF 1 FG. 


7.3 Formulas Involving Polygons 

I 1 a 360 b 900 c 1080 d 1800 e 16,380 3 a 5 b 9 
C 2 do 5 a 70 b 45 C 65 73 11 a Quadrileteral 
b Hexagon 13 a Heptagon b Decagon c 2 2-go n 

15 13 < x < 36 17 48 19 | 23 40, 50; 130 

7.4 Regular Polygons 

f 1 a 120 b 90 c 45 d 24 e is|| 3 a 6 b 9 € 10 

d ISO a 4fl 7 Equiangular decagon 11 Pentagon 
13 a A b S c A dS eS F N 17 x = 30; y = 12 

Review Problems 

I 7 45 9 50 1.1 20 13 a 5580 b 360 15 90 

I 19 a 32.5 b 122.5 c 25 21 a A b S c S d N 
23 No 29 32 

Q..1 Ratio and Pro port ion 

I I a 9 b 4 and 9; 3 and 12 3 a 4 b y c y 5 a 

b c Yes 7 ^ 9 Rectangle 1.1 a ±10 b ±V15 
e ±Vob 13 8; 12; 20; 28 15 § 17 150 19 
21 ^ 25 75 27 § 

8.2 Similarity 

| 1 b, c, end d 3 90; 30; 7-5 5 6; 9 7 f 9 5,6; 7.5 

11 205 13 ^ 15 11 FI by 14 fl 17 iao cm by 240 cm 
19 10V3; 7.5V3 

8.3 Methods nf Proving Triangles Similar 

7 Cannot be proved- 19 a Yew, by SAS— b Yes, by 
coir. is — => || line?? 
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0.4 Congruences and Proportions in Similar 
Triangles 

| 7 4; 14 0 25 m 17 fcf 1ft 12 21 0 SAS- b ZBDC 

c IB 23 & 

0.5 Three Theorems Involving Proportions 

[ue b J a?;9 5 1 7 9 9 §; 10 11 51 13 fjf 

19 a 24 cm b 4x + a 21 10.5; 17.5 27 By m 

Review Problems 

| 1 h and c; a and d 3 ±10 5 | 7 ^ 9 ^ 11 4; 15 

13 rj § 15 =*679 ft 19 (-13 ? 0| 25 30 27 ™ 

29 3; 9; 12 31 225 35 32 

0.! Review of Radicals and Quadratic Equations 

1 1 a 2 b 3 V 3 c 6 V 2 d 4\?2 e 7V2 f 10 V 2 g 2 V 5 
ll 3 a y b y c 2Vz d ZV3 a a ±5 

b ±12 c ±13 d ±y e ±2V‘I f ±aV2 7 a {6, -1} 
b (2, -0} c {5, 3} d (6, -3} e {12. -3} f {9, -4} 

9 a 20 b 2vf c ^8.2 11 j|, 5 } 13 a -li b 3 - x 
c pif d -xyVx 

9.2 Introduction to Circles 

I C - 19.6*; or «61.53; ,4 - 96.04-77, or -301.72 

*3 a 180 b -12.6 5 12,5*. or ^39.27 7 a 40 b 40 

9 (3,3) 11 a [~3, 14) b -1 13 (7, 1); (-3, 7) 15 z| 

9.3 Alii tud e- on - Hypotenuse Theorems 

ll a VzT h V77 c 4 3 a 6 h e c 4VS d 4 e 9 
Impassible 5 a 0 b 54 C 15 + OV'3 9 25; 25; 25 

II 25*. or ^73.54 13 60; 30 17 a 2V7 b is| 

C 4V6 d 7|| 19 1.6 21 2V5 

9:4 Geometry's IVIost Elegant Theorem 

1 1 a v'41 h a C 12 d 5 fl ID f 2 g 3V5 3 40 km 
' 5 9 7 10 9 a (2, 3) b8;fl CIO d Yae 
11 a V'x 2 + y 2 b V4 4 ^ c So d 12c 13 10 km 
15 60 17 VS 19 ^5.56 m 21 6V5 23 a 1500 sq m 
b “36 m 35 0 3 b No 27 7 ft 29 50 

31 a Parallelogram b 54 33 12V'2 35 ^ 

9.5 The Distance Formula 

|l a 2 b 4 c 5 d 10 6 V^9 f 2V5 5 225* 7 §; 10 

11 a 1317 b 132.7 13 a *=-42.4_h ^0.6 15 *=24.0; 

kite 21 40 27 (4 4 2V3, 3 - 2V3) or (4 - 2V§, 

3 4 2V3) 


9.6 Families of Right Triangles 

| 1 a 25 b 36 c 21 d f e 60 3 a 250 b 46 c 23 

d 2.4 e 264 5 a 12 b 2V7 c 10 d 0.5 c 34 
f 5V7 g 72 h 45 i I2V7 7 50 dm 9 a 24 

b 300V5 11 40; 60 13 ^23 km 15 a 144 h | 

C V7 17 a IfiOEO&lss Iraptizoid b 48 C 4v'10 21 140 
tim 23 1 | I) ^ 2,1 [22, 99, 1,01,]; (20, 40, 52]; (20, 21, 
29); (15. 20, 25); (12, 10, 20) 

9.7 Special Right Triangles 

I 1 a 7: 7V3 b 20; 10\^ C 10; 5 d 348; 173VS e 114; 
1 114V3 a a zV3 h iWI C 13Vl 5 11VZ 7 3V§ mm 
9 a 5V2_h 13 13 a_ (1, 1 ) b 1 c l 15 33 

17 a 3V'3 b 9 c 6V3 d l;2 19 *57,9 21 a_4S 
b 6 4 ev5 23 (0, 2V?) 25 a 2 + 2.VS b 2V5 

41H12 - 5Vl> 

£7 55- 


9.8 The Pythagorean Theorem and Space Figures 

|l a 5 ll 1 3_3 SVVlO 5 H 14 b 7 c 25 d 56 

e 14V5 7 PB and PD 9 30 11 a (-3, 0) b =-7.1 
C ”4.7 1 3 a 5Vl3 b 9VH 15 2Vl 17 4 
19 d = Vq^ + b* + c* 21 Impossible 


9.9 Introduction to Trigonometry 

cl S§7a2V5b^C^9a^b£c§ 
11 a 45 b 30 13 a I b 3^31 15 5 21 3 

9. 1 0 Trigonometric Ratios 


I d ='0,3584 b “ 1.2799 c ="0,9962 d 1.0000 
6 “0 8600 3 a 45 ll 30 C 60 5 “15 7 “24° 

9 “37*, “53°, 90“ 11 d “67* b SvTT 13 10 
15 “104 dm 17 a “36.4 b “37,37 c “74 s d “66 s 

19 a | b “34 21 a “52° b “11 d ^ - inTZI 


Review Problems 


1 a 9 b 5 c 5 d VT5 3 a 30 b 5V3; 3 c 7 d 15 
0 4V5 f S e 5 VS; lOV^ h y 1 26 j 4v‘2; 4V2 

5 3Vs 7 7 ft 9 4B 11 Vfl5 13 13 15 -=14.5 17 S 
19 a 120 b 45 c 55 21 a 9U b IHO c 10*, or 
*= 31.42 25 75 km 25 Swim directly across and wa)k 
27 7.5 29 a 12 b lOVlS 33 1:2 35 7 37 a ^35" 
b 60 ° 
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Cumulative Review Problems, Chapters 1 -9 

[ 1 3 a 1200 b 30 c 14 S 14-4 m 7 52 9 a ±\ 

b f 13 a 55“ b IS 15 17 27 21 a 7 6 
h (2V3,-4) 25 25 27 f 29 No; opposite aides ara 
not of equal length 31 ^ 


10.1 The Circle 

| 5 B mm 11 8 in 17 a 13 b 5 c 24 23 2 25 24 

10.2 Congruent Chords 

I I Same distance 7 a *253,53 sq mm b “59.09 mm 
11 a 3 b 5 13 10 15 a 5 b 24 + 6>/? 


19.3 Ares of a Circle 

|~lae b 2 c 5 d 4 e3 f~7 g i 3 a 9(i b ilo 

c 230 d 180 e 220 9 a ^ b | c | d | 11 132 

13 a 15a- b lflw 19 a 5V2 b 135 23 a n[n ~ ^ 
b n[n - 1) 

10.4 Secants and Tangents 

| 1 17 cm 5 a Q = (16, 0); S = (36, 0) b 3 11 a 2VI3, 
or =7,21 b -f 13 a 12 cm b Yes 17 a 9 b 17 

19 a | b | c | 23 60 mm 25 10 27 * L rr 1 11 * 1 


29 


C ~ <3 4 b 


10.5 Angles Related to a Circle 

| 1 62 3 a 35 h ?S 5 a 140 b 80 C 20 d 3l| e 100 
7 85*; 23° 0 W* 11 81* 13 125* 15 75 17 a j 

h « c l d aS 19 64 : nB a 132 b 10 c 20 

d 30 23 33° 35 25° 27 I7s| 29 a 70 b 110 
33 20* 35 90 


10 6 More Anglo-Arc Theorems 

] 3 to mm 5 97" 7 137° 9 42 11 a 6 cm 
1 fa 18 + oVa cm 13 15 15 10V3 17 a 2T b 81* 

23 4 27 47* 

1(1.7 Inscribed and Circumscribed Pnlyguns 

I 1 113* 7fy 3 a 7CT b 110° c 85" d SO 5 5 No 
7 a Square b Isosceles 9 a 65 b 65 Q C 85° d 95* 

11 46 IS 115 or 30 17 a Yes b No c Yes 19 a 20 

b | 21 a Midpoinl of hypotenuse b Interior of A 

c Exterior of A 23 a A bScS dN e S fS 
25 48 27 If the equiangular polygon has an odd 
number of aids*, it will be equilateral, 


10 8 The Power Theorems 

I I a 15 b 3 c 25 3 a 20 b 21 c 48 5 3.5 7 6 
9 1 or 6 13 5 13 2.5 15 900 mi 17 26; 39 19 a 4 
b 12 - 4V5 < y < Q 

ID.9 Circumference and Arc Length 

j 1 a 21 - 7 T mm; =■ 05-97 mm b lZn-mm; ^>37.70 mm 
3a%b5^cy dlOf 5M0 + Bur b 24 4 4ir 

C 12 + 3tt d 6 4 ?TT 7 138 m 9 ii 4W3 b fin 
c 9?r 11 ^2l4m 13 =* 96-5 nu “71-4 m 15 ILItt iu, 
17 (24V^ + 22^r] cm 

Review Problems 

| 1 a 94 b 94 C 43 3 a 16 b 8 c 4 5 125 7 a 

b 12 4 l.Srr 13 4§ 15 a | b ^ 17 45 fl , 105* 135°, 75* 

19 20 23 6: is 25 «258 cm 29 8:5 31 =“16-68 fl 

11,1 Understanding Aron 

[ 1 a 207 b 78 c 30 3 a 120 b 84 5 a 144 b 50 
c 7 d 38 e 81 7 a 10 b 7 9 256 sq cm 

11 II 11 l by L5 m 13 (ia> 8) 15 1.3 < x < 2.3 17 jB 

11.2 Areas of Parallelograms and Triangles 

fl a I98sqmm b 1 02 sq cm c 35 _3 a 35 b 144 

5 40 7 14 9 a 18V3 b 72 c 36V3 11 a 64 b 128 

13 12 15 85 17 33 19 a 156 b 180 t 81 

21 a ^72.7 b ** 120.2 c 120.0 23 12 25 a 30 b 12 

27 a 6 b A = |Vg 29 50 31 120 

11,3 Tbe Area of a Trapezoid 

1 a 104 b 13 3 10.5: 73.5 5 11 7 a 396 b 78 9 24 
11 89 13 72 15 16 act units 17 a 42V5 b 27VI 

11,4 Areas of Kites and Related Figirfi* 

| 1 60 3 5 5 a 336 b 500 7 76 9 a 8; 28; 18 b 30 

11.5 Areas of Regular Polygons 

1 36 3 a 108V3 b 4SV5 c 27V3 d 36V8 5 a. |2 

1 h 6V3 c 216V^ 73 mm 9 324 11 288V3 13 a 11: 

5.5 b 12 m: 2V3 m c 4 cm; 2V3 c:iti 15_a 108V^ 

b 288 c 216V3 17 a 36 - 9V3 b 27V5 c 36\^ 

in a 45UVa b 6 c A » ^ 21 a 150 + 1QQV2 
b 50 4 100V2 23 1764VI - 3024 
25 a ^ab + ^ob 4 -^c 2 * * b ^|e 4 b) (a 4 b) 

c a 2 + b- = c* 
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11.6 Areas of Circles, Sectors, and Segments 


I 1 a w, 2tt b 647T, I S ir c 225ir, 30 tt 3 20 i? cm 5 a tt 
1 b 32* c 2tt d 27 ir e 75* f 9* 7 150 + 25 tt 

9 a 24ir b 12ar C Ojt 11 a J6?r - 32 b - 16V 3 

C 12* - 9v1 13 a 18*, 50* ? 24±* IS 12* 

17 32 sq cm 19 a 59* - 50V3 b 10* 21 a 120 
b 120 23 f§ 

11.7 Ratios of Areas 

I I a 1:1 b i:2 C 15:8 d 5:6 3 « 1:1 b 1:2 c 2:1 
1 5 3:4 7 1:10 0 a 64:225 li 1:2 c 1:1 d 4:9 
11 5:4 13 250 IS 16:01 17 4:9 19 a 4:1 b 8:1 
C 1:1 d 1:2 e 30 21 5:H 

IIS Hero's and Brahmagupta's Formulas 

1 □ 6 b 2V5 c 10V^ d eVS e 60 f 04 3a% 

1 b 4VlS c 24 d 16vf 3 =-32-50 9 2VE II a It 
approaches a A. L It bedtimes Hera's fnrmida- 
13 a [6 r 8 - 3VS) b =37.7 

Review Problems 

I I a B4 b 42 C_75 d 52 e 2D f 0 3 a 70 h 24 

c 16 Vi 5 4BV3 7 10 9 190 11 B1 sq m 13 a 9ir 

h 16-if C 100 - 25* 15 0 5:0 h 9:16 17 560 
29 120 21 A = 77V^ P ^ 50 23 a 338 b 6 

25 a ^ b 27V3 - 9* c 6 - * 27 a 9tt - 18 

b Stt- 0V3 29 Circle 31 a [12, 13) b 156_ 

33 143 VS 35 l&WS - 9* 37 432 39 72V5 - 24w 

41 ll|* 43 390 45 ^lOb.B 

12.1 Surface Areas of Prisms 

I I a 550 sq cm b 202 sq nun c BIU sq In. 3 a 55U 

b 120 C 7EJO 5 a 150 b 204 7 a L.A. « 4B0; 

T-A. - 552 b L.A- = 120: T.A, = 132 C L.A, = 2500: 
T.A = 2620 d LA- = 360; T-A = 360 + 10&VS 
9 LA. = 616; T.A. = 712 11 a 0; U; O; B; 12; 6; 1 

b c 432 5q in. 

12.2 Surface Areas of Pyramids 

I 3 a 60 b 240 C 340 3 a The base is not regular. 

1 li 936 C 1856 5 a 192 li 48 C 30 d 144 e 1:4 
f 36 7 a 72 b 432 C 324 cl 755 H a 17; 10: 

L.A. = 504; T.A. = 064 b 16 11 a 36 V3 b 2V6 
13 Cube 

12.3 Surface Areas of Circular Solids 


1 a 19617 h 3617 C 35* d 2517- 3 6 5 a - Z; | 

b Rhombus 7 a 96* b 6617 c 4BD* 9 flurtm by 

14 cm 11 a 64 b 32 13 140* 


12.4 Volumes of Prisms and Cylinders 

I 1 a 3D0* b 720 3 387 5 a 343 b e 1 * 3 C 5 7 a -23 
1 CU ft b =1456 lb 9 V = 808: T.A. = 620 ll fi 
13 250V2 15 109 17 a =521 CU bl_ b 439^ hi. 

19 V = ^jp*; T.A. =j 600 + 21 EIUtt 

12.5 Volumes of Pyramids and Cones 

[ 1 4GHJV3 3 a 400 b 300 5 a 1060* b 369* c 450# 

1 7 -1451 cu ft 9 200 11 72* 13 720 cu m 

17 a 1WV2 b 19 48 

12.6 Volumes of Spheres 

| 1 a 30* h 972 w C 3 - 481 cu m 5-523 cu ft 

7 a 240* b 13217 n =■=71 nu mm 11 a 138* cu ft 

b 105 ir sq ft 13 a = 524 cu m h = 2721 cu m 
15 =-li% 

Review Problems 

1 a L.A. = 48; T.A. = 84 b L.A. = 5B*; T.A. = 88* 
f 3a V = 3&U* r T.A. = 192 t r b V = 549; T.A. = 408 
c V = IOOit; T.A. « 90ir 5 a 5 b 6 7 582,500 cu cm 
9 36* 11 a 75* b 45* + 60 13 35 15 5040 
17 215 cu in. 19 120 + 48* 21 333W3 

Cumulative Review Problems,, Chapters 1-12 

| 1 01 S a 5 b f c 44 d in a f b f c a 

9 W 11 a 60 b 83 c 5U d 73 13 a 25 b 16 
15 64 17 36 19 a 60 b 135 c 120 d 45 e No 
23 2* 25 7 27 100 m 29 a 3 b 1 2 31 35 33 3 

35 32° 37 20 39 Ttes 41 fi| 

13.1 Graphing Equations 

I 7 x-mlflrcept: 3; y-iidencepft -0 9 Yes 11 Tfes 13 9 
1 15 a [2,5) b 14 and 4 r 9 d 63 17 =21.5 

19 y - 2 - 6[x - 5) 21 a 23 ^2.6 

13.2 Equations pf lines 

|la3:7 b4:0 c|;-\/3 d -6; 13 e -5; -6 

f0;7 1 jr = -e 5 a and c 7 a 1 b y = x + 5 
c d y - -|x - ^ 9 | 13 y - 12 ■ J(x - 4) 

15 y = -7k + 40 17 l 19 y - 7 = + 1) 

21 No 23 y = -|jt + 4 25 [3. 13) 

27 a y = -|k + 1 b y = - 1 C y = |x +1 
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13,3 Systems of Equations 

1 a (6, 4) b (2, 5) o (-3, -7) d (3, 2) 3 a (12, 0) 
1 b {(id, y)|y = 3-v - 7} 5 (-2, 3j 7 (4, -2) 

9 y ~ 1 = + 2) 11 (-1, 2) 13 (f^g, 


13.4 Grapiling Inequalities 

[ 9 a ( 1 , 1); (2, 4); (3, 9) b 9* 

13.5 Three-Dimensional Graphing and Reflections 

3 *7.8 5 a 20 b HO c aVTO d Yes e (11, 5, 0) or 

I (-3, S, 0} 7 (3, 10) 9 a (3, 6,-2) b *11,6 

11 (-3, 7) 13 (5, -1) IS a 10 b y = - 2x + l 

17 (9,2*) 

13.6 Circles 

I I a * 3 + y* = 16 b [* + Zf 4 (y - l) 3 = 25 

c x 2 + (v 4 2) 2 = 12 li (x + 6f 4 y- = * 3 a (0, 0); 

6; 12; 12r, 36* b (-3, 0); 3; 3 t; f* C (3, -6)i 10; 

20; 20 it; 1 09ff d (-5, 2 ); 0; 18; 16*; 61 AT 5 a Yes 
b No 7 (-6, 3); (3, 3); (1, 18); (1, -4) 9 a On 
b Inside c Outside d Outside 11 a (0, 4): 5 
b (- 7, - 3); 6 C (- 5, 6); VjT d (4, - 7); 10 13 5VS 

15 y 4 8 = §(x - 8) 17 17* 19 b -=2.90 

13.7 Coordinate-Gecmetry Practice 

1 1 x 2 4 y 2 = 25 a 25* b 10* 3 a *13.7 b =30,5 
■i a S h 5 c 5 7 10 9 -0,5 11 12 
13 a (X 4 3) ! 4 (y — 3) 1 = 9 b *1,9 15 35 17 50 

19 21 (x 4 4J 2 4 y* = 36 23 ^ 24 a SVT3 

b 1/429 27 20 29 a (7, 0) b (3p, o) c ( 2a ~ 2Xi , o) 

Review Problems 

|l No 3 -4 5 a 10 b (7, 2) C § 7 a SO b 27 

c 18* 9 a y = 2x 4 1 bx = 2 c x ■ -5 
d y = 3x - 2 e y = *x - 2 f y = 3x - 7 

8 y = |x - 3 11 Yes 13 IS (10, 5) 17 a 2\'5 

by = 2x-l0 c y - 4 = — 5(x - 7) 
d y - S = - 5(x - 9) 0 y - e = j(x - 9) 21 a {(2, 7)} 

b ((7, -1)} c {(-3, 4), (5, 4)} 23 *9,2 25 Point circle 

27 III and IV; -fj and -^) 29 2V10 

31 =339,3 33 (-^, f) 35 (^, o) 37 {[2,14). 

(-26, 42)} 


14.1 locus 

I -- 

1 The locus is I wo lines parallel to AB and 3 cm on 

each side of AR. 2 The locus is (he perpendicuEiir 
bisector of the segment joining the two given points. 

5 The locus is two circle? with the same center as the 
given circle and wilh radii of 2 in, and 22 in. 7 The 
locus is a circle concentric wilh the given circles and 
with a rad his equal to ihe average of the redii of the 
given circles. If ihe radii of the given circles are 3 and 
8, ihe radius of Ihe locus is 9 x~ + y 2 = 18 
II The locus does not include the given point but 
otherwise is a circle tangent internally lo the given 
circle at Ihe given point and passing through the 
center cf the given circle. 12 The locus is ihe 
perpendicular bisector of the segment joining the two 
points, is The locus is a segment ruining the 
midpoints of the sides containing the given vertex. 

17 x = 2.5 19 The tocos jg the union of point Q and 
Ihe circle with canter Q and radius 18. 21 The locus 
is a circle with Us center at the fool of the 
perpendicular From P to m and with a radius of 8, 

23 The locus does not include T and V but otherwise 
is a circle with cental at (he midpoint of TV and 
diameter TV. 25 a Perpendicular bisectors of the 
juries b Angle bisoclors 29 [x - 2} 2 + y- * 4 

14.2 Compound Locus 

I 1 a & l poinl r or 2 point? b 1 point, or ,2 points 
c 1 point, or 2 points d <£, 1 point, or a line e 4 
points f $ r l point or a ray 2 l poinl ^ a point, 
or a segment b ^ or a segment 7 1 point, 2 points, 

2 points, or 4 point? 9 2 points 11 $ or 1 point 13 

1 point, 2 points, 3 point?, or 4 points 15 1 point 2 

point?, 3 prints* ., ., or e points 17 A sphere and ils 
interior 

14.3 The Concurrence Theorem? 

I 3 Find the incenler. 5 Centroid and inoentar 
7 Centroid 9 Equilateral 11 The locus is the 
cireumcenter of the triangle formed by joining the 
three points. 12 a 9V^ b 162V? c 81 V 3 d 30 

15 (f,f) 17 a (| 4) b (|,4) 

Review Preble ms 


1 The loons is the perpendicular biscclor of SB 
(minus the midpoint of AB). 3 4 points 5 The lorn? 
i? si point and a circle. 7 x* + y 1 = 25 J3 y = 3x + 5 
15 The locus is ihe perpendicular hi sector of FQ 
(minus the midpoint of PQ}. 17 The tooue is a circle 
lhat is tangent inlornally to ihe given circle al (he fixed 
poinl and whose radius i? half the original circle's but 
which excludes the fixed point 19 4 points 25 The 
locus does not include P and Q but otherwise is a 
circle wilh FQ as diameter. 
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16,1 The Point-Line Distance Formula 


15- 1 Ntrmber Properties 

I a {x\x > 25} b fc|x > 6} c [*|x ^ -7) <J {x|* > 1} 
3 x aXCaeds £ by B. £ ZA > Z2 7 45 < x < 9(] 

9 0 < x < | 11 x > 3 13 ZDBC > ZDCB 

IS {x\~S < x < 2} 17 44 19 a Compc ZB > comp, 
ZA b Comp, ZB > zA e Comp- ZB, ZA, comp. ZA, 
ZB 

15.2 inequalities in a Triangle 

I 1 BD < mzi < im 3 a PR; PQ b Hypotenuse 
* 5 a AB b WZ 7 The other 9 46 < mZB < 70 

II a ZR r zq r ZF bR 13 2 cm 19 a 714.0 
b ^'96B.6 c ^ 2164,2 

15.3 The hinge Theorems 

I 1 3 HE 7 a ZY: zX b Obtuse 13 Right 

1 15 a M b ZB 17 ZXZW, ZX, ZXWY, ZY. ZXWZ 
19 1399 21 b 

Review Problems 

It ZA, ZB„ ZC 3 a ZCBD; Converse Hinge Theorem 
' H Z.X; Ifi, then A e L l ; Ex (erior-Augfe-InequaBly 
Theorem 5 x > fi 7 a 9 BC, AC. AB 11 a AB 
b 12 < P < 6 + 6s/z 13 a Vai; vH; 7 b Obtuse 

c Z.P, iR, 2LQ 19 AC, AB - HU. CD, AD. B!5 23 5 

Cumulative Review Problems, Chapters 1-lb 

| 1 V = 12#, A = 24 it 3 16° 5 21 7 a 3 b 13| c No 
9 42 11 a 13, 14. 15; - 0 , | b Acute 

c y = fx + 4; - 3: 4 d y = - 4 e [3, -4) F x - 3 

g 12 h |1, -4]; 6 i 04 13 135 _1_S 12V3 19 175* 

31 a 11 b 180" 23 36 35 a V26 b y = 5x - 35 
C y = 3x + 37 d y = - 3x + 29 27 20 tn 29 76* 

31 Acute 33 ir:2 H7 1 point, nr 1 points 41 4i, 1 
point, 2 points. 3 points, 4 points, a ray, a ray and a 
point, or a lino 45 20V3 47 a A cone viiLh a conical 
hole in it h 594 if 49 5 


| 1 3 3 fij 5 i=5.8l 7 *=3,051 Q -1 or -21 
11 x + y — a = 0 and 3x - ay + 2 * □ 

16.2 Two Other Useful Formulas 

1 *=6.110 3 31 5 -|f or^ 


16.3 Stewart's Theorem 

i - 11 + a .Vmr 3 14 s ivm 

16.4 Ptolemy's Theorem 

1 3 00 8 5 3V6 - 4 Dr 3Vl + 4 


16.5 Mass Points 

1 10:3 3 10 5 ^ 


16.6 loradius and Circumradius Formulas 

I , 2Vt4. 45Vl4 V±0. l*£/m 5 HVTO h „ 4 744 

^ ~f~’ — sT" J 13 ' 45S 0 a IP u ' ^ 

Review Problems 

| 1 x = y - V93 3 28 5 6 7 9 ^ 

11 X - 4y - 1 + 3vT? = O and 
X - 4y - 1 - 3V17 = 0 13 46 tt 
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Glossary 


acute angle An angle whose measure is 
greater than 0 and less than 90. (p. 11) 

acute triangle A triangle in which all three 
angles are acute, [p. 143] 

alternate exterior angles A pair of angles 
in the exterior of a figure formed by two 
lines and a transversal lying on alternate 
sides of the transversal and having 
different vertices, (p. 194] 

alternate interior angles A pah of angles 
in the interior of a figure formed by two 
lines and a transversal, lying on alternate 
sides of the transversal and having 
different vertices, (p. 193) 

altitude (of triangle] A perpendicular 
segment from a vertex of a triangle to the 
opposite side, extended if necessary. 

[p + 1.32) 

angle A figure formed by two rays with a 
common endpoint, [p. 5) 

angle of depression The angle between a 
downward .line of sight and the 
horizontal (p. 423) 

angle of elevation The angle between an 
upward line of sight and the horizontal 
(p. 423) 

(mini his A region bounded by two 
concentric circles- [p. 540) 

apothem A segment joining the center of a 
regular polygon to the midpoint of one of 
the polygon's sides, (p, 532) 

arc A figure consisting of two points on a 
circle and all points on the circle needed 
to connect them by a single path. [p. 450) 

area The number of square units of space 
within the boundary of a closed region. 

(p, 511) 


arithmetic mean The average of two 
numbers. The arithmetic mean of the 
numbers a and b, for example h is \[a +■ b). 
(p. 328] 

auxiliary line A line introduced into a 
diagram for the purpose of clarifying a 
proof, (p. 132) 

base [of isosceles triangle) In a 

nonequilateral isosceles triangle^ the side 
that is congruent to neither of the other 
sides, (p. 142) 

fwr.se (of trapezoid) Either of the two 
parallel sides of a trapezoid, (p. 236) 

base angle In an isosceles triangle or 
trapezoid, the angle formed by a base and 
an adjacent side. (pp. 142, 236) 

bisect To divide a segment or an angle into 
two congruent parts, [pp. 28, 29) 

center (of arc] The center of the circle of 
which an arc is a part. [p. 450) 

center (of circle] See circle , 

central angle An angle whose vertex is at 
the center of a circle, (p. 450] 

centroid The point of concurrency of the 
medians of a triangle, [p. 662] 

chard A segment joining two points on a 
circle, (p, 44U) 

chard-chord angle An angle formed by two 
chords that intersect at a point inside a 
circle but not at the circle's center- 
(p. 470} 

circle The set of all points in a plane that 
are a given distance from a given point in 
the plane. (That point is called the circle's 
center.) (p. 439) 
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cinumc enter A point associated with a 
polygon, corresponding to the center of 
the polygon's circumscribed circle, [The 
circumcenter of a triangle is the point of 
concurrency of the perpendicular 
bisectors of the triangle's sides.) (p, 486) 

circumference The perimeter of a circle, 

(p. 370) 

circumscribed polygon A polygon each of 
whose sides is tangent to a circle, [p. 486) 

cotiinew* Lying on the same line, [p. 18) 

common tangent A line tangent to two 

circles (not necessarily at the same 
point]—called a common infernal tangent 
if it lies between the circles or a common 
external tangent if it does not. (p, 461) 

complementary angles Two angles whose 
sum is 99* (a right angle), (p. 66) 

compound locus The intersection of two or 
more loci, (p. 656) 

concenfric circles Two or more copianar 
circles with the same center, (p. 439) 

conclusion The ‘"then’* clause in a 
' conditional statement, (p, 40) 

concurrent lines Lines that intersect in a 
single point, (p, 660) 

conditional statement A statement in the 

form “If p, then q” where p and q are 
declarative statements, (p. 46) 

congruent angles Angles that have the 
same measure, [p. 12) 

congruent arcs Arcs that have the same 
measure and are parts of the same circle 
or congruent circles, [p. 452) 

congruent segments Segments that have 
the same length, [p, 12) 

congruent triangles TViangles in which ail 
pairs of corresponding parts [angles and 
sides] are congruent, (p. Ill) 

construction A drawing made with only a 
compass and a straightedge, (p, 666) 


contrapos/tive A statement associated with 
a conditional statement "If p, then q ; T 
having the form "If not q T then not p. M 
(P 44) 

converse A statement associated with a 
conditional statement “If p T then q r M 
having the form "If q> then p. M (p. 40] 

convex polygon A polygon in which each 
interior angle has a measure less than 
180, [p. 235) 

coplanmr Lying in the same plane, (p: 192) 

corresponding angles In a figure formed by 
two lines and a transversal, a pair of 
angles on the same side of the transversal, 
one in the interior and one in the exterior 
of the figure, having different vertices, 

(p. 194] 

crass section The intersection of a solid 
with a plane, [p. 577) 

cyclic quadrilateral A quadrilateral that 
can be inscribed in a circle, [p. 550] 


diagonal (of polygon) A segment that joins 
two nonconsecutive (nonadjacent) vertices 
of a polygon, (p, 235) 

diagonal (of rectangular solid) A segment 
whose endpoints are vertices not in the 
same face of a rectangular solid, [p. 413) 

diameter A chord that passes through the 
center of a circle, (p, 446) 

distance The length of the shortest path 
between two objects, [p. 184] 


equia/^irJar Having all angles congruent. 
(P> 143) 

equilateral Having all sides congruent. 

[p. 142) 

exterior angle An angle that is adjacent to 
and supplementary to an Interior angle of 
a polygon, (p. 296) 
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extremes The first and fourth terms of a 
proportion. In the proportion o:6 = c\d 

(or £ = ^ for example, a and d are the 
extremes, (p. 327) 

face One of the polygonal surfaces making 
up a polyhedron, (p. 413) 

foot {of line] The point of intersection of a 
line and a plane, (p. 270} 

fourth proportional The fourth Term of a 
proportion. In the proportion a:b = c:x 

(or | ^ for example, x is the fourth 

proportional, (p. 323) 

frustum The portion of a pyramid or a 
cone that lies between the base and a 
cross section of the figure, (p. 535) 

geometric mean Either of the two means of 
a proportion in which the means are 
equal. Also called a mean proportional 
(P- 327} 

hypotenuse The side opposite the right 
angle in a right triangle, (p. 143) 

hypothesis The "if” clause In a conditional 
statement, [p, 40) 

incenter A point associated with a polygon, 
corresponding to the center of the 
polygon's inscribed circle. (The incenter 
of a triangle is the point of concurrency of 
the triangle's angle bisectors.) (p. 437) 

inscribed angle An angle whose vertex is 
on a circle and whose sides are 
determined by two chords, (p. 469) 

inscribed polygon A polygon each of 
whose vertices lies on a circle, (p, 436) 

inverse A statement associated with a 
conditional statement Tf p, then qT 
having the form "If not p, then not q,” 

(p. 44) 

isosceles trapezoid A trapezoid in which 
the nonparallel sides arc congruent. 

(p. 236) 


isosceles triangle A triangle in which at 
least two sides are congruent, [p. 142) 

interior angle An angle whose sides are 
determined by two consecutive sides of a 
polygon, (p. 303) 


kite A quadrilateral in which two disjoint 
pairs of consecutive sides are congruent, 
(p. 236) 


hrteraf surface area The sum of the areas 
of a solid's lateral faces, (p. 562] 

leg {of isosceles trapezoid] One of the 
non para I lei, congruent sides of an 
isosceles trapezoid, (p. 236) 

leg {of isosceles triangle) One of the two 
congruent sides of a nonequ [lateral 
isosceles triangle, (p. 142} 

/eg (of right triangle] One of the sides that 
form the right angle in a right triangle, 
tp. 143) 

locus A set consisting of all the points, and 
only the points, that satisfy specific 
conditions, (p, 649) 


major arc An arc whose points are on or 
outside a central angle, (p. 451) 

mean proportional See geometric mean, 

means The second and third terms of a 
proportion. In the proportion o:b = c:d 

(qt for example, b and c are the 

means, [p. 327) 

median {of trapezoid] A segment joining 
the midpoints of the nonparallel sides of a 
trapezoid- (p. 523) 

median (of triangle] A segment from a 
vertex of a triangle to the midpoint of the 
opposite side. (p. 131) 

midpoint A point that divides a segment or 
an arc into two congruent parts. [pp + 28* 
453) 
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minor arc An arc whose points are on or 
between the sides of a central angle, 
tP 451) 

oblique lines Two intersecting lines that 
are not perpendicular, [p. 65) 

obtuse angle An angle whose measure is 
greater than 90 and less than 180. [p> 11) 

obtuse triangle A triangle in which one of 
the angles is obtuse, (p. 143) 

opposite rays Two collinear rays that have 
a common endpoint and extend in 
opposite directions, (p. 100) 

orthocenter The point of concurrency of 
the altitudes of a triangle, (p. 661) 

parallel lines Coplanar lines that do not 
intersect, (p. 195) 

parallelogram A quadrilateral in which 
both pairs of opposite sides are parallel. 

(p, 236) 

perimeter The sum of the lengths of the 
sides of a polygon, [p. B] 

perpendicular Intersecting at right angles. 
(P SI) 

perpendicular bisector A line that bisects 
and is perpendicular to a segment, (p. 185) 

plane A surface such that if any two points 
on the surface are connected by a line, all 
points of the line arc also on the surface, 
[p. 192) 

postulate An unproved assumption, (p. 39) 

prism A solid figure that has two 
congruent parallel faces whose 
corresponding vertices are joined by 
parallel edges, (p, 561) 

proportion An equation stating that two Or 
more ratios are equal, (p. 326) 

protractor An instrument, marked in 
degrees, used to measure angles, (p. 9) 

pyramid A solid figure that has a 
polygonal base and lateral edges that 
meet in a single point, (p. 565) 


quadrilateral A four-sided polygon. 

(p, 236) 

radius [of circle) A segment joining the 
center of a circle to a point on the circle. 
Also, the length of such a segment. 

(P- 439) 

radius (of regular polygon] A segment 
joining the center of a regular polygon to 
one of the polygon's vertices, (p. 532) 

ratio A quotient of two numbers, (p. 325) 

ray A straight set of points that begins at 
an endpoint and extends infinitely In one 
direction, (p. 4) 

rectangle A parallelogram in which at least 
one angle is a right angle, (p. 236] 

rectangular solid A prism with six 
rectangular faces, {p. 413) 

regular polygon A polygon that Is both 
equilateral and equiangular, [p. 314] 

rhombus A parallelogram in which at least 
two consecutive sides are congruent. 

(p, 236) 

right angle An angle whose measure is 90. 
(P- 

right triangle A triangle in which one of 
the angles is a right angle, (p. 143] 

scalene triangle A triangle in which no 
two sides are congruent, (p. 142) 

secant A line that intersects a circle at 
exactly two points, (p. 459) 

secant-secant angle An angle whose vertex 
is outside a circle and whose sides are 
determined by two secants, (p. 471) 

secant segment The part of a secant that 
joins a point outside the circle to the 
farther point of intersection of the secant 
and the circle, (p, 460) 

secant-tangent angle An angle whose 
verlex is outside a circle and whose sides 
are determined by a secant and a tangent, 
(p. 471) 
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sector A region bounded by two radii and 
an arc of a circle, (p, 537) 

segment [of circle) A region bounded by a 
chord of a circle and its corresponding 
arc. (p. 538) 

semicircle An arc whose endpoints are the 
endpoints of a diameter, (p. 451) 

similar polygons Polygons in which the 
ratios of the measures of corresponding 
sides are equal and corresponding angles 
are congruent, (p, 333) 

s&ew fines *I\vo lines that are not ooplanar. 
(p. 283) 

slant height A perpendicular segment from 
the vertex of a pyramid to a side of the 
pyramid’s base, (p, 413) 

square A parallelogram that is both a 
rhombus and a rectangle, (p, 236) 

straight angh An angle whose measure is 

180. (p. 11) 

supplementary angles Two angles whose 
sum is 180® [a straight angle), (p. 67) 


tangent A line that intersects a circle at 
exactly one point, (p. 459) 

tangent-chord angle An angle whose vertex 
is on a circle and whose sides are 
determined by a tangent and a chord that 
intersect at the tangent’s point of contact, 
(p. 469) 


tangent circles Circles that intersect at 
exactly one point, (p, 460] 

tangent segment The part of a tangent line 
between the point of contact and a point 
outside the circle, (p, 460} 

tangent-tangent angle An angle whose 
vertex is outside a circle and whose sides 
are determined by two tangents, (p. 471) 

theorem A mathematical statement that 
can be proved, (p. 23] 

transversal A line that intersects two 
coplanar lines in two distinct points, 

(p. 192) 

trapezoid A quadrilateral with exactly one 
pair of parallel sides, (p, 236) 

triangle A three-sided polygon, (p, 5) 

trisect To divide a segment or an angle into 
three congruent parts, (pp. 29, 30) 

vertex [of angle) The common endpoint of 
the two rays that form an angle, (p. 5) 

vertex [of polygon ) The common endpoint 
of two sides of a polygon, [p. 6) 

vertex angle The angle opposite the base of 
a nonequilateral isosceles triangle, (p, 142) 

vertical angles A pair of angles such that 
the rays forming the sides of one and the 
rays forming the sides of the other are 
opposite rays, (p, 100) 

volume The number of cubic units of space 
contained by a solid figure, [p, 575) 


762 


Glossary 



Index 


A 

AAA postulate, 339 
AA5 theorem, 302 
A A theorem, 339 
Abscissa, 611 
Acute angle, 11 
Acute triangle, 143 
Lest for, 385, 692 
Addition ^subtraction method of 
solving systems, S1£M9 
Addition property 
of inequality, 607 
for segments and angles, 
82-03 

Alternate exterior angles, 

193-94, 217. 226 
Alternate interior angles, 

193-94, 217 P 225-26 
Al titude-Gn - hypotenuse 
theorems, 377-73 
Altitudes 
of cones, 571 
of pyramids, 413, 565 
of triangles, 131-32 

concurrence of, 661-62 
inradius and, 734 
Analytic proof, 393 
Angle Bisector Theorem, 352 
Angles, 5 
acute, 11 

addition property for, 33 
alternate exterior, 193-94, 
217, 226 

alternate interior, 193-94 h 
217, 225-26 
associated with circle 
central, 450-51, 452-53, 
463. 472 

chord-chord, 470, 472 
Inscribed, 371, 468-69, 

472, 479-BO 
secant-secant, 470-72 
secant-tangent, 470-72 
tangent-chord, 463-69, 

472, 479 

tangent-tangent, 470-72, 
430 

base, 142, 148, 236 


bisectors of, 29, 39 
construction of, 668 
as loci, 650 
in triangle, 352, 661 
classification of, 11 
complementary, 66, 77 
congruent, 12-13, 24, 76-77, 
33^34, 89-90, 95, 112, 
667-63 

copying, 667-68 
corresponding 

of congruent and similar 
polygons, 111-12, 1.25, 
333. 345 

formed by transversal, 
193-94, 217, 226 
of depression, 423 
division properly for, 90 
of elevation, 423 
exterior 

formed by transversal, 
193-94, 218, 226 
of polygon, 216. 296, 308, 
315, 691 
interior 

formed bv transversal, 

^ 193-94. 218, 226 
of polygon, 216, 295, 296, 
308, 691 

measures of ? 9-1 0 r 11-12 
snm of, in polygon, 295, 
307-8 

multiplication property for, 
89 

obtuse, ll 

right 11, 61, 66, 130, 480 
Straight 11, 67, ISO 
substitution property for r 
95-96 

subtraction property for, 84 
supplementary, 67, 180, 218, 
225-26, 487 

transitive property for, 95 
trisectors of, 30 
vertex, 142 
vertices of, 5 
vertical, 100-101 
Annulus, 540 


Apotbem, 831-32 
Arcs, 370-71, 450-53 

associated angles and h 45 l r 
453, 468-72, 479 
centers of, 450 
congruent, 452-53 
in constructions, 666-67 
lengths of. 371 a 499-500 
major, 451 

measures of, 371, 451-52 
midpoints of, 453 
minor, 451 

semicircles, 451, 479-80 
Area(s), 511. See also Lateral 
area- Surface area. 
of annulus, 540 
of circle, 126, 370, 440, 537 
"cut and paste 1 " method of 
calculating, 516-17 
of cyclic quadrilateral, 550 
“divide and conquer” 

method of calculating,. 
513, 513, 523 
of kite, 528 

of lunes of Hippocrates, 542 
of parallelogram, 516-17 
properties of. 512 
ratios of, 543-44, 534 
of rectangle, 512 
of regular polygon, 531-32 
of rhombus, 528 
of sector of circle, 371 * 537 
of segment of circle, 538 
of square, 512 
of trapezoid, 623-24 
of triangle, 517, 717-18, 734 
encasement principle 
and, 609, 640, 717 
equilateral, 531 
Hero's formula for,. 550 
units of, 511 

Arithmetic mean, 328, 383 
Arithmetic progression, 322 
ASA postulate, 117 
Assumptions from diagrams, 19 
Auxiliary line, 132 
Average, 170, 328 
Axis of rotation, 574 
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Base 

of cylinder, 570 
of isosceles triangle, 142 
of prism. 561 
of pyramid, 413, 565 
of trapezoid. 236 
Base angles 

of isosceles triangle, 142, 148 
of trapezoid, 236 
Betweenness, 16 
Bisector 

of angle, 29, 89 

construction of, 683 
as locus, 650 
in triangle, 352, 661 
of segment, 23-29 

perpendicular, 135, 441, 
660, 668-69 
Boundary line, 622-24 
Brahmagupta's formula, 550 

e 

Career Profiles, 35, 94, 137, 

191, 215, 275, 313, 359, 
397, 498, 542, 569, 632* 
685, 690, 716 
Cavalierrs principle, 592 
Center 
of arc, 450 
of circle, 125, 439 
of regular polygon* 531 
Center of gravity, 662, 729 
Central angle* 450-51* 452-53, 
'463, 472 

Centroid, 617, 662, 729 
Ceve's Theorem, 734-35 
Chain of reasoning, 46 
Chain rule. 46 
Chord, 371, 440-41* 446, 

452-53 

Chord-chord angle, 470, 472 
Chord-Chord Power Theorem, 
493 

Circle(e), 125, 370-71, 439=509 
angles associated with 
central, 450-51, 452-53, 
468, 472 

chord-chord, 479, 472 
inscribed, 371, 468-69, 
472, 479-30 
secant-secant 470-72 
secant-tangent, 479-72 
tangent-chord, 468-69* 
472, 479 

tangent-tangent, 470-72, 
480 

arcs of, 370-71* 450-53, 
468-72, 479-80, 
499-500, 666-457 
area of, )26, 370, 440, 537 
center of, 125, 439 
chords Of, 371* 440^41, 446, 
452-53, 493 


circumference of* 126* 370, 
440. 499 

circumscribed about 

polygon, 486-88, 550, 
718^19, 724-25, 

731-32 

concentric, 439 

congruent, 439 

diameter of, 370, 440, 713-19 

equations of, 633-34 

exterior of, 446 

imaginary, 634 

inscribed in polygon, 

486-87, 731 

walk-a round problems and, 
463 

interior of, 439-40 
line of centers. 461 
point, 634 

radius of 125, 126, 439, 441 
secants to, 459-60, 493-94 
sectors of 371, 537 
segments of 538 
tangent., 460-61 
tangents to, 459-60, 493 
common, 461-62 
Gircumcenter, 486-87* 617* 660 
Clrcumcirde, 718, 731 
Circumference, 126, 370* 440* 
499 

Circumradius, 731-32 
Circumscribed polygons, 463, 
486-87, 731 
Classification 
of angles, 11 

of triangles, 142-43, 335, 692 
Clock problems, 14 
Colllnearity, 18, 19, 735-36 
Common tangent, 461-62 
Compass, 666 

Complementary angles, 66, 77 
Completing the square, 634 
Compound locus, 656 
Concentric circles. 439 
Conclusion (of conditional 
statement), 40, 44, 
176-77 

Conclusions, drawing, 72-73 
Concurrence, 660-62, 729, 
734-35 

Concyclic points, 491 
Conditional statements, 40, 
44-46, 176-77 
Cone, 570 

cross section of, 584 
frustum Of, 574, 587, 538 
lateral area of, 571 
total area of, 571 
volume of 583-84 
Congruence 

of angles, 12-13, 24, 76-77* 
83-84. 89-90, 95, 112, 
667-68 

of arcs, 452-53 


of chords, 446 
of circles, 439 
of polygons, 111-12 
of segments, 12-13. 82-84, 
89-90, 95* 112, 352, 
667, 674 

of triangles, 111-13 
by AAS, 302 
by ASA, 117 
by HL, 156 
by SAS, 110-17 
by SSS, 115-16 
Consecutive angles, 241, 242 
Consecutive sides* 234 
Constructions, 666-67 
angle bisection, 668 
angle copy, 667-68 
division of segment into 
congruent parts, 674 
fourth proportions f 675 
mean proportional, 674 
parallel to given line, 673 
perpendicular bisector, 
668-69 

perpendicular to line, 669 
segment copy, 667 
triangles, 678-86 
Contrapositive, 44-46 
Converse, 40-41, 44-45 
Convex polygon, 235 
Coordinate geometry, 62, 
170-71* 198-200, 
392-93, 605-47, 
713-14, 717-18 
Coordinate proof, 393 
Coordinates, 62, 61.1 
Goplanarity, 192, 195, 269-70, 
283 

Corresponding angles [formed 
by transversal), 
193-94, 217, 226 
Corresponding parts 
of congruent polygons, 
111-13, 125 

of similar polygons, 333, 
339-40, 345 
Cosine, 418-19, 424 
Cosines, Law of* 427 
Counterexample, 37 
CPCTCr 125 
Crook problems, 229 
Cross sections, 577, 584 
Cube, 413, 575 
Cyclic quadrilateral, 550, 
724-25 
Cylinder, 570 

cross section of, 577 
lateral area of, 570-71 
total area of* 571 
volume of, 577 

0 

Decagon, 307 

Deductive structure, 39-41 
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Definition, 39-40 
Degree [angle measure]* 9-10, 
11-12 

Depression, angle of, 423 
Detour proof* 169-170 
Diagonals 

of cyclic quadrilateral,. 
724-25 

of quadrilaterals. 241-42, 
523 

of polygon, 235, 308 
of rectangular solid* 413 
Diagram 

assumptions from, 19 
missing, 176-77 
Diameter, 370* 440 

of circumscribed circle, 
718-19 

Dilation, 332* 333 
Distance 

geometric definition, 134 
from chord to center* 441 
from point to circle, 494 
from point to line, 179, 
713-14 

Distance formula* 392-93 
point-line, 713-14 
three-dimensional, 626 
1 "Divide and conquer 1 " method, 
513* 518* 523, 578 
Division of segment* 674 
external* 331 
Division Property* 90 
Dodecagon* 307 


Edge, 413 

lateral, 561, 562* 565 
Elevation, angle of, 423 
Encasement principle, 609, 640, 
717 

Endpoint, 4* 5 
Equality, properties of 
addition, 82-83 
division, 90 
multiplication, 89 
reflexive* 112-13 
substitution, 95-96 
subtraction, 33-84 
transitive, 95 
Equations 

of circles, 633-34 
graphings 605, 606 
of lines 

general linear form, 612* 
712 

horizontal;, 611 
intercept form, 612 
slope-intercept form, 610* 
612 

two-point form* 612 
vertical, 611-12 
y-form. 610* 612 


quadratic* 367-68 
systems of* 618-19 
Equiangular polygon, 150* 
314-15 

Equiangular triangle, 143, 150 
Equidistance* 134-35 r 446, 650 
Equilateral polygon, 140, 150, 
314 

Equilateral triangle* 142-43* 
159 

area of* 531 
Euclid, rule of, 403 
Exterior 

of circle. 440 
of figure formed by 

transversal culting 
Lines* 193 

Exterior-Angle-] neqne I ity 
Theorem, 216* 691 
ExLerior angles 

formed by transversal, 
195-94* 213, 226 
of polygon, 216, 296* 308* 
315, 691 
Extremes* 327 

F 

Face, 413, 565 

lateral, 561-62^ 565 
Foot (of Line in plane), 27Q r 
276-77, 565 

45 o -45°-90 n triangle, 406 
Fourth proportional, 323 
construction of, 675 
Frustum, 574* 585* 587* 588 

G 

General linear form of 

equation, 612* 712 
Geometric mean* 327-28* 383- 
See also Mean 
proportional. 

Given information 

detour proofs and* 169-70 
drawing conclusions from 
72-73 

properties of equality and* 
84, 90 

representing, with diagram, 
176-77 

Graphs 

coordinate system for^ 62 
of equations., 605-606 
of inequalities, 622-24 
three-dimensional, 626 

H 

Harmonic mean, 383 
Hemisphere, 572* 589 
Heptagon. 307 
Hero's formula, 550 


Hexagon, 307 
Hexahedron, 569 
Hinge theorems, 697 
Historical Snapshots* 197* 240* 
281, 365, 603, 642, 655, 
727 

HL postulate, 156, 305 
Horizontal line 
equation of, 611 
slope of, 199 

Hvpotenuso, 143, 156, 334, 
418-19, 734 
altitude on* 377-78 
Hypothesis* 40, 44, 176-77 

[ 

“If. . .* then ..." state¬ 
ments. See Conditional 
statements. 

Imaginary circle, 634 

Implication* 40 

Incenter, 487, 661 

Included angle or side* 115* 117 

Indirect proof, 211-12 

Inequalities 

graphs of* 622-24 
in triangles, 19, 216, 691-93* 
697 

systems of* 623-24 
Inequality* properties of, 

687-88 

Inradius* 731* 734 
Inscribed angle, 371, 468-69* 
472* 479-80 

Inscribed polygon, 486-08, 550, 
718-19* 724-25, 731-32 
Intercepted arc* 371* 451* 453, 
460-72, 479 

Intercept form of equation, 612 
Intercepts* 606* 610* 612 
Interior 

of circle, 43SMQ 
of figure formed by 

transversal cutting 
lines, 193 
Interior angles 

formed by transversal, 
193-94* 210, 226 
of polygon* 216* 295* 296, 

308, 691 

Intersection. See also 
Concurrence, 
of line and plane, 269-70, 
271, 276-77 

of lines or segments 6* 61, 

62, 100, 192, 271, 618 
of loci* 656 
of planes* 271, 203 
Inverse* 44-45 
Isosceles trapezoid* 236* 256 
properties of, 242 
Isosceles triangle, 142, 148-49, 
532* 565 
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s 


Kite, 189,190, 236, 256 
area of, 528 
properties of, 242 


L 

Lateral area 
of cone, 571 
of cylinder, 570-71 
of prism, 562 
of pyramid, 566 
Lateral edge, 561* 562, 565 
Lattice point. 641 
Law of Cosines, 427, 719 
Law of Sines, 427, 718 
Law of Trichotomy, 687 
Lags 

of isosceles trapezoid, 236, 
242 

of isosceles triangle* 142 
of right triangle, 143, 156, 
334* 418-19 
Li ne of centers, 461 
Linas, 3 

auxiliary, 132 
concurrence of, 660 
coplanar, 192, 269-79 
determination of, 132 
distances from points to, 

174. 713-14 
equations of* 610-12 
feet of. 270* 276-77, 565 
horizontal 

aquations of, 611 
slope of, 199 

intersecting, 61, 62, 100,192* 
271. 618 

intersection of, with planes, 
269—270, 271, 276-77 
number, 3-4, 62 
oblique, 65 

parallel 195, 200“ 217-18, 
224—27, 271, 283, 
851-52 

parallel to plane, 282, 283 
perpendicular. 61-62,130. 

185, 209* 218, 227 
perpendicular to plane* 
276—77, 283 
secant* 459 

skew, 195* 274* 282-83 
slopes of* 193-200 
tangent, 459, 461 
vertical 

equations of* 611-12 
slope of, 199 
working. 667 

Line segments. See Segments. 
Locus, 649-51 
compound, 656 

Logic, 41, 44-46, See also Proof. 
Lunes of Hippocrates. 542 


!U1 

Major arc, 451 
Maseres, rule of* 403 
Mass points, 728 
Mathematical Excursions* 17, 
81, 130, 318, 383, 492, 
536, 701 

Mean 

arithmetic, 328* 333 
geometric, 327-28* 333. See 
also Mean 
proportional, 
harmonic, 383 

Mean proportional 327, 377-78 
construction of, 674 
Means (of proportion), 327 
Means-Extremes Products 
Theorem* 327* 345 
Means-Exlremes Ratio 
Theorem* 327 
Measures 

of angles* 9-10, 11-12 
of arcs,, 371, 451-52 
of exterior angles of polygon, 
216* 296, 308, 315, 691 
of interior angles of polygon, 
216* 295, 296, 303, 691 
of segments, 9 
Median(s] 

of trapezoid, 523-24 
of triangle* 31, 131* 132* 546* 
662 

Midiino Theorem, 296-97 
Midpoint 
of arc* 453 

of segment, 28-29* 170-71 
of aide of polygon, 131* 
296-97,' 523 

Midpoint formula, 170-71 
Minor arc, 451 

Minute (angle measure], 11-12 
Missing diagram, 176-77 
Multiplication property 
of inequality. 638 
for segments and angles, 39 

IV 

Negation, 44 
n-gon, 307 

No-Choice Theorem* 302 
Nonagon, 307 

None on vex polygon, 235, 312 
Number line* 3-4,, 62 

o 

Oblique lines, 65 
Obtuse angle, 11 
Obtuse triangle, 143 
test for, 385, 692 
OciaHCin N 307 
Octahedron, 569 
Opposite rays, 100 


Opposite reciprocals, 2D0, 257, 
614 

Ordered pair* 62, 605 
Ordinate, 611 
Orfhoccnier, 661-62 
Overlapping triangles, 138 

P 

Paragraph proof, 36-37 
Parallelism 

of line and plane, 282, 283 
of lines* 195* 200, 217-18, 
224-27. 271, 283, 
351-52 

of planes* 282-83 
Parallel Postulate* 224* 295 
Parallelogram, 203 r 219* 236* 
249, 437-38 
area of, 516-17 
properties of, 241 
Pentadecagon, 307 
Pentagon, 307 
Pentagonal prism* 561, 562 
Perimeter (s)* 8 

circumference as* 370 
ratios of, 334 
of right triangle, 734 
Perpendicular bisector, 185, 

440* 660 

construction of* 668-69 
Perpendicularity. See oho 

Perpendicular bisector, 
of line and plane* 276-77, 
283 

of lines, 61 - 62 , 180* 200* 

218, 227 
Pi 126, 499 
Planes, 192* 269 

determination of* 270-71 
intersection of. 271, 283 
intersection of, with lines, 
269-70, 271, 276-77 
parallel, 282-33 
Plato, rule of, 403 
Point circle, 634 
Point-line distance formula, 
713-14 

Point of tangency, 459 
Points, 3 

betweenness of, 18 
bisection. See Midpoint, 
colli near* 13, 19. 735*36 
coordinates of* 62 
coplanar, 192, 269-70, 649 
distances between, 184, 
392-93* 626 
distances to lines* 179* 
713-14 

equidistant, 184-85 
lattice, 641 
loci of, 649-51, 656 
mass* 728 
iriseclion* 29 
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Point-slope form of equation, 

612 

Polygons, 234-35. See also 

Quadrilaterals; Triangles, 
circumscribed, 466-67, 731 
convex, 235 
diagonals of, 235, 308 
equiangular, 150, 314-15 
equilateral, 140, 150, 314 
exterior angles of. 308, 315 
inscribed, 486-88, 550, 

718-19, 724-25, 731-32 
interior angles of, 308 
names of, 235, 307 
regular, 314 

areas of, 531-32 
as bases of regular 
pyramids, 565 
simiEar, 333-34 

Polyhedra, 561. See dso names 
of specific solids. 
Postulate, 39, 41, 72 
Power theorems, 493-94 
Principle of reduced triangle, 

399 

Prism. 561. See also 

Rectangular solid 
cross section of, 577 
lateral area of 562 
total area of 562 
volume of, 576, 577 
Probability, 49 

tree diagrams and, 412 
Progression, arithmetic, 322 
Proof, 23-24, 39-41, 46, 61 r 72 
analytic, 393 
coordinate, 393 
detour, 169-70 
indirect, 211-12 
paragraph* 36-37 
two-column, 2,3—24 
working backwards in, 346 
Properties 
of equality 

addition, 82-63 
division, 90 
multiplication, 89 
reflexive, 112-13 
substitution, 95-96 
subtraction, 63-84 
transitive, 95 
of inequality, 687-88 
of special quadrilaterals, 
241-42 
Proportional 
fourth, 323 

construction of, 675 
mean, 327, 377-78 
construction of 674 
Proportions, 326-28. See also 
Ratios. 

shadow problems and, 

346-47 

in similar triangles, 345 


theorems involving, 351-52, 
377-78 
Protractor, 9 

Ptolemy's Theorem, 724-25 
Pyramid, 413, 685 
cross section of, 584 
lateral area of, 566 
total area of, 566 
volume of, 533 
Pythagoras, 385 
rule of 403 

Pythagorean Theorem, 204, 
384-65 

converse of, 385, 692 
distance formula and, 
392-93 

space figures and, 413-14 
Pythagorean triples, 393-99 
rules for generating, 408 


Quadratic equations, 367-63 
Quadrilaterals, 236 
cyclic, 550. 724-25 
inscribed, 487-83, 550,. 
724-25 

kite, 189, 190, 236, 256 
area of, 528 
properties of, 242 
parallelogram, 203, 219. 236, 
249,, 487-88 
area of 516-17 
properties of, 241 
rectangle, 15, 236, 255, 488, 
562 

area of, 63, 512 
properties of, 241 
rhombus, 182, 139 h 236, 256 
area of 528 
properties of, 242 
square, 236, 256 
area of 512, 528 
properties of, 242 
trapezoid, 219, 230, 256 
area of 523-24 
isosceles, 236, 242, 256 


R 

Radicals, 367-68 
Radius 

of circle, 125,126, 439, 441 
of regular polygon. 531-32 
Ratios, 31, 325-26 

of areas, 543-44. 584 
of parts of triangles, 405-6, 
418-19 

proportions and, 326 
in similar figures, 333-34, 
340, 345, 543-44, 584 
trigonometric. 418-19, 
423-24 
Rays, 4, 5 
opposite, 100 


Reciprocals, opposite, 200, 257, 
614 

Rectangle, 15, 236, 255, 483, 

562 

area of 63, 512 
properties of 241 
Rectangular solid, 413, 575 
Reduced triangle, 399 
Reduction, 332 
Reflection, 8,112., 626-28 
Reflexive Property, 112-13 
Regular polygon, 314 
area of, 531-32 
as base of regular py ramid, 
565 

Regular pyramid, 413, 565 
Rhombus, 132, 139, 236. 256 
area of, 528 
properties of, 242 
Right angle, 11, 61, 66, 180, 480 
Right triangles, 143, 156, 

377-78 

families of, 398, 406 
45M5M5*, 406 
perimeter of, 734 
Pythagorean Theorem and, 
204, 384-85 
test for, 385, 692 
SF-btr-OO 0 , 405, 4J8 
Rotation, 16, 64, 204 
axis of, 574 
surface of 574, 597 

s 

SAS postulate, 116-17 
Scalene triangle, 142 
Secant, 459-60 
Secant- secant angle, 470-72 
Secant-Secant Power Theorem, 
494 

Secant-tangent angle, 470-72 
Second (angle measure), 11-12 
Sector, 371, 537 
Segment (of circle), 538 
Segments, 4, 6 

addition property for, 32-83 
bisectors of, 28-29 

perpendicular, 185, 441, 
660, 668-69 

congruent, 12-13, 82-84, 
89-90, 95, 112, 352, 
867, 674 

coplanar. 192. 269 
copying, 667 
distances and, 184, 392 
division of 674 
external, 331 
division property for, 90 
r measures of, 9 
midpoints of, 28-29, 179-71 
multiplication properly for, 
39 

secant, 460, 493-94 
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substitution property for, 
95-96 

subtraction property for, 84 
tangent, 460, 461, 493 
transitive property for, 95 
trisectors of, 29 
Semicircle, 451, 479-30 
Sensed magnitude, 735 
Shadow problems, 343-47 
Side-Splitter Theorem, 351 
Similar-Figures Theorem, 545 
Similarity, 333-34 
of polygons, 333-34 
ratios of areas and, 543-44, 
584 

of triangles, 333, 339-40, 
345-46, 377-78 
Sine, 418-19, 423-24, 716-19, 
734 

Sines, Law of, 427, 718 
Skew lines, 195, 274. 282-E3 
Slant height 
of cone, 571 

of regular pyramid* 413 r 565 
Slide, 113, 207' 

Slope, 198-200, 610-11 
Slope-intercept form of 

equation, 610. 612 
Sphere, 571 

surface area of 571 
volume of, 5E9 
Square, 236, 256 
area of, 512, 526 
properties of 242 
SSS postulate, 115-16 
Stewart's Theorem, 721-22 
Straight angle, 11, 67,180 
Straightedge, 666 
Substitution method of solving 
systems. 618-19 
Substitution Property, 95-96 
Subtraction property 

for segments and angles. 

83-64 
special 689 

Supplementary angles, 67, 160, 
218, 225-26, 487 
Surface area 
of cone, 571 
of cylinder* 571 
of prism, 562 
of pyramid, 566 
of sphere, 571 

Surface of rotation, 574, 597 
System 

of equations, 618-19 
of inequalities, 623-24 

T 

Table of values, 605 
Tangent (trigonometric ratio), 
418-19, 423-24 


Tangent-chord angle. 468-69, 
472, 479 

Tangent circles, 460^61 
Tangents, 459-60, 493 
common, 461-62 
Tangent-Secant Power 
Theorem, 493 

Tangent-tangent angle, 470-72, 
460 

Tetrahedron, 568 
Theorem, 23-24, 39, 40-41, 72 
Theorem of Menolaus, 735-36 
30°-60 p -90" triangle, 405, 418 
Three-dimensional distance 
formula, 626 

Three-dimensional graphs, 626 
Tick marks, 12 
Transitive property 
of inequality, 637 
of parallel lines, 227 
for segments and angles, 95 
of similar triangles, 344 
Transversal, 192-94, 217-18, 
2,24-27 

Trapezoid ,2 19, 236, 256 
area of, 523-24 
isosceles, 236, 256 
properties of, 242 
Tree diagram, 412 
Triangles, 5-6 

acute, 143, 385, 692 
altitudes of, 131-32, 377-78, 
661-62, 734 

angle bisectors in r 352, 661 
areas of, 517, 717-18, 734 
encasement principle 
and, 609, 640, 717 
equilateral, 531 
Hero’s formula for, 550 
centroids of 617 r 662, 729 
oircumcenfers of, 617, 660 
oircumcircles of, 715^19, 732 
circumradii of, 731-32 
classification of, 142^3, 385, 
692 

congruent, 111-13, 125 
by AAS, 302 
by ASA, 117 
by HL, 156 
by SAS, 116-17 
by SSS, 115-16 
construction of, 678-80 
equiangular. 143, 150 
equilateral, 142-43, 150, 531 
exterior angles of, 216, 296 p 
691 

mcenters of, 661 
inequalities in, 19, 216, 
691-93, 697 
inradii of* 731, 734 
isosceles, 142,. 148-49, 532, 
565 


medians of, 31,131,132, 

546, 662 

mid line of, 296-97 
obtuse, 143, 385, 692 
orthocenters of, 661-62 
overlapping, 138 
reduced, 399 

right, 143, 156, 204, 377-78, 
384-85, 398, 405-6, 
418, 692, 734 
scalene, 142 

similar, 333, 345^6, 377-78 
by AA, 339 
by AAA, 339 
by SAS-, 340 
by S5S~* 340 
transitive property of, 344 
sum of angle measures, 295 
vertices of, 6 
Trichotomy, Law of, 687 
Trigonometric ratios, 418-19, 
423 

table of, 424 
Trisectors 
of angle, 30 
of segment, 29 
Two-column proof, 23-24 
Two-point form of equation, 

612 

Two-Tangent Theorem, 460 


Undefined term, 39 

Union, 6 

Units of measure 

for angles, 9^10, 11-12 
for areas, 511 
for segments, 9 
for volumes, 575 

v 

Venn diagram, 45 
Vertex 

of angle, 5 
of pyramid, 413, 565 
of triangle, 6 
Vertex angle, 142 
Vertical angles, 100-191 
Vertical line 

equation of, 611-12 
slope of 199 
Volume(s), 575 

CavalieiTs principle and, 
592 

of cone, 583-84 
of cylinder, 577 
“divide and conquer’ 4 

method of calculating, 
578 

of frustum, 585, 587, 588 
of prism, 576, 577 
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of pyramid, 583 
of sphere, 5B9 
units of, 575 

w 

Walk-around problems, 403 
Working line, 667 


X 

x-axis n 62 

x-coardinate, 611, 612 
x-intcrcept, 606, 612 


Y 

y-axis, 62 

y-coordinate, 611 

y-form of equation, 610, 612 

y-mlcrcept, 606, 610. 612 
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Symbols Used in Geometry 






AB 

segment AB 

= 

is equal to 

A6 

line AB 

* 

is not equal to 

AB 

ray AB 

> 

if> greater than 

&B 

arc AB 

< 

is less than 

AB 

length of AB 

* 

is not greater than 

z_s 

angles 


is greater than or equal to 


angle A 


is less than or equal to 

mLA 

measure of A 


is approximately equal to 

A 

triangle 


is equivalent to 

A 

triangles 


implies 

Q 

circle 

~ P 

not p or p is false 

© 

circles 


therefore 

* 

cross-sectional area 

{ } 

set 

o 

parallelogram 

0 

null set 


congruent 

u 

union 


not congruent 

n 

intersection 


congruent segments 

Vi 

square root of x 

ii 

congruent angles 

le ! 

absolute value of a 

i 

perpendicular 

Ax 

change in x 

X 

not perpendicular 

TT 

pi 

L 

right angle 

0 

degrees 

II 

parallel 

t 

minutes 

1 

nol parallel 

u 

seconds 

// 

parallel lines 

a 

t 

o -T- b, ci:b; ratio of a to b 

~ 

similar 




770 


Symbols Used in Geometry 












<T 




Mifflin 


y- * 1 

■ Richard Rhaadr *. 

George Milauskas .'% 1 _, 

Robert Whipple ^ * 

'h, v 


■v*r 


ISBN 3-BG609-965-4 

D-ogyes 


* 











